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This book has been arranged on the following plan : — 

Definitions are deferred till they are about to' be used. 

Equations and Problems are introduced at the earliest 
possible stage, in order to interest beginners. 

Each rule is accompanied by very full explanations, 
so that the book may be used for private study as well 
as in the class-room. 

Beginners should read carefully ail the explanations, 
and study the illustrative examples, before attempting 
the "examples for practice." As many as possible of 
these last should be then worked out, the harder questions 
being passed over at first and marked for solution at a 
later stage. 

Most of the examples are original. Some, however, 
have been taken, with acknowledgment, from Examination 
Papers and from oijier works. 

JAMES MACKEAN, 

DeeemHter 1880, 
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CHAPTER L 

DEFINITIONS AND EXPLANATIONS. 

1. Algebra is that branch of mathematics in which 
letters stand for numbers or quantities, and in which 
symbols and modes of arrangement indicate the relation 
of these numbers or quantities to one another, and the 
operations to be performed on them. 

2. Numbers may be represented by letters, by combina- 
tions of letters, or by combinations of letters and figures, 
such as, a, m, a; ; ah, dey ; a^, «^, h^ax^f m%2, ahca^y^z, eta 
These are generally spoken of as quantities. 

3. When a letter, or a combination of letters or of 
letters and figures, is used for a number, twice that letter 
or combination is used for twice the number, thrice the 
letter or combination for thrice the number, and so on. 
Now twice a letter or a combination is indicated by placing 
2 in front of it ; thrice, by placing 3 in front, etc. 
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Thus, if a represent 5, 2a will represent 10; 3a will 
represent 15; 6a, 30; 9a, 45; etc. 

In the same way, if a^^c stand for 8, then 2a^h^c will 
stand for 16, ba^h^c for 40, etc. 

The number, therefore, placed in front of a letter or a 
combination indicates how often that letter or combination 
is to be taken ; that is, it acts as a multiplier. 

It is called the coefficient 

In the expression 3a, 3 is the coefficient ; in 4a&^c, 4 is 
the coefficient. 

When there is no coefficient expressed, one is understood : 
thus a is the same as la, and x^y^ the same as \x^y\ 

4. Sometimes, instead of a number, a letter or letters 
may stand as the coefficient : thus, in a5, a may be con- 
sidered the coefficient of 6 ; in ahc^, ah may be taken to be 
the coefficient of c\ When letters are thus used, those 
near the beginning of the alphabet generaUy form co- 
efficients to those near the end : thus, in ax^, a%Qcy^^ and 
26cy^2J, the coefficients of as^, xy\ and y^« are respectively 
a, a^6, and 26c. 

5. It is here to be observed that as long as the letters and 
the small figures that stand to the right of them remain 
the same, the quantities are said to be like, whatever the 
coefficients may be ; but if either the letters or the small 
figures be different, the quantities are said to be unlike. 

a, 5a, and 7a are all like quantities. 
So also are \2ah\ 7db\ and Zah^c. 
But a, a^, 4a25, bah\ and 2ttxy are all unlike quantities. 

6. Algebraic quantities are further divided into two 
kinds, called positive and negative, these being in character 
directly opposite or contrary to each other. If the posi- 
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tive signify a sum to be added, then the negative means 
a sum to be subtracted ; if the positive signify a certain 
amount of money due to a person, then the negative indi- 
cates an amount due by a person ; if a positive quantity 
represent motion in a given direction, then the negative 
stands for motion in a contrary direction. 

Positive quantities are marked by placing before them 
the sign + (read phis), and negative ones by placing before 
them the sign - (read minus). When no sign is expressed, 
phis is always understood. 

a, + a^6, and mocy are all plus or positive quantities. 

- a, ~ a^ft, and - mxy are all minus or negative quan- 
titiea 
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7. The character + (read plus) is the sign of addition, 
and signifies that the quantities between which it is placed 
are to be added together. Thus, 3 + 5 means that 5 is to be 
added to 3, the sum being 8 ; and 4 + 6 + 8 that these three 
numbers are to be added together, the amount being 18. 

8. From the different kinds of quantities to be added, 
algebraic addition naturally divides itself into the follow- 
ing cases: — 

L Addition of Like Quantities. 
(1.) With like signs. 
(2.) With unlike signs. 
II. Addition of Unlike Quantities. 

9. Let it be required to add 2a to 3a. 

Whatever a may be, 2a means 2 times a, and 3a means 
3 times a (Art. 3); their sum must therefore be 5 times a, 
that is, 5a. 
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So also 6a5^ + 4a5^ must amount to lOab^, and 6xt/z + 
3xyz + Qcyz to 9xi/z, 

If it be required to add - 2a to - 3a, we find, as before, 
that 2a and 3a amount to 5a ; but as the given quantities 
are each negative, their sum must also be negative : it is 
therefore -ba. 

In the same way, - 606^ - 406^ amount to - lOab^; and 
- 7mn - 5mn - 3mn to - 16mn, 

Should the quantities to be added be such as 8a - 5a, 
that is, a positive and a negative, we find that algebraical 
addition becomes arithmetical subtraction. 8a is the sum 
of 3a and 5a, and can be written 3a + 5a, so that 8a - 5a 
becomes 3a + 5a - 5a. This may be understood to mean 
that 5a is first to be added to 3a, and then to be taken 
away from it (Art 6), the result being evidently the 
same as if nothing had been either added or taken away. 
Therefore the sum of 8a - 5a is 3a. 

So also l2Qcy - Tosy is equal to 5a3y. 

Now let the negative quantity be the greater, as in 
7a26-12a26. This may be written 1a%-Ta%-ba%. 
Here the plus TaV) destroys the minus la^hj and - ba^h is 
left untouched; it is therefore the algebraic simi of 
7a% - 12a26. 

In like maimer, - 4a&c is the sum of ahc - 5a6c. 

If the given sum contains a number of terms, as in 
6a5a;2 - *Jahx^ + ^ahx^ — 6ahx\ we may, by one of the 
methods already illustrated, find the sum of the first two, 
then of this answer and the third, and so on to the end. 
Thus, 6abx^-7abx^ amounts to -dbx^, —abx^ + Sabx^ to 
7abx^, and 7abx^ - 6abx^ becomes 2abx^, which is the com- 
plete answer. But it would evidently amount to the 
same thing to take, first the sum of the positive terms by 
themselves, then the sum of the negative ones, and finally 
the difference between the two results : thus, the sum of 
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the plus quantities is liabx^; of the minus ones, - I2ahx^; 
and the total sum is i4:abx^ - I2aba:^y or 2ahx^, 

In the same way the sum of ia^xj/ - Qah^ - Sa^an/ + 
Zahiy is found to be - Ta^xy, 

10. From the above examples we easily derive the 
following : — 

L BULES FOB THE ADDITION OF LiKE QUANTITIES 

(1.) When the signs are like, add the coefficients, prefix 
the proper sign, and affix the common letters. 

(2.) When the signs are not all like, add separately the 
positive and the negative coefficients, find the difference 
between the two sums, prefix the sign of- the greater, and 
affix the common letters. 

11. When the quantities to be added together are un^ 
like, the process can only be indicated, not performed. 
We cannot actually add, say, 3a and 56 together, so as to 
make one quantity, any more than we can add three 
horses and five cows. We can only represent their sum 
by the expression 3a + 55. 

In the same way, the sum of 3a and — 56 will be repre- 
sented by 3a - 56. 

We have therefore the following : — 

II. BULE FOR THE ADDITION OF UnLIKE QUANTITIES. 

Write the quantities in order, one after the other, and 
place its own sign before eacL 

When some of the quantities are like, add them by 
themselves first. 

lUnistrative Examples, 

(1.) Find the sum of 7a:, 4aj, 9a:, and boc 

7a: + 4a: + 9aj + 5a: are equal to 25a^ 
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(2.) Find the sum of 4a - 8a + 6a - a + 3a. 

4a - 8a + 6a - a + 3a amount to 13a - 9a or 4a. 
(3.) Find the sum of 6a - 56 - 2a + 3c + 46. 

6a - 56 - 2a + 3c + 46 are equal to 4a - 6 + 3c. 
(4.) Find the sum of 3a - 2a5 - y + «, 4a + 3y - 2Zf 6x - 
4y + 6z, and - 2a - iz. 

In questions of this character, it is usual to place like 
quantities under one another in columns, the sum of each 
being written below : — 

3a - 2a; - y-\-z 
4a + 3y - 2z 
6a3 - 4y + 6z 
-2a -4g 

5a -f 4a: - 2y. 
KXAMPT.KB FOR F&ACTICB.— L 

(1.) 3a + 26- c (2.) 7a2-5a6+ 6^ 

5a + 46-5c a2-6a6 + 362 

a + 76-3c 8a2-4a6 + 562 

9a + 36-5c 12a2- a6 + 762 

6a+ 6- c IQqg- a6 + 962 

(3.) Add together 6x^ + 4icy + 5y^, 3x^ -^7x1/ + ^y\ 2x^ + 
bxy + y^, x^ + 2xy + ^y^, and ^x^ + xy + y^. 

(4.) Find the sum of - 5a:3 - 2a:y - 7y3, ^ia^-3xY 

(5.) 4a2-262+ c2 (6.) 7a26- 3a6c + 56c2 

-8a2-362 + 4c2 - a26- 5a6c-26c2 

3^2 ^ 452 _ 4c2 8a26 + a6c - 36c2 

5a2 + 262 + 6c2 - 5a26 + 1 Oa6c - 46c2 

a2-562-t- c2 -2a26- 3a6c+ 6c2 

(7.) Add 4a;-7y + 32J, 15a; + 5y-85;, 2a; -52;, 7x-3y 
+ 5zy -Sx + 2y- 6zy and 4a; + 7y + 1 1». 
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(8.) Wliat is the sum of 12a:3 + i0a;2-8aj + 6, -It^- 
5^2 + 5, 18rc3_i2a;2_i2aj_10, - 15a:3 + 6a;2- 10a:, and 
lla:3_8a;2_a: + 2? 

(9.) 3a + 56 -6aj + 4y 
+ 75 - 7c + 4a; - 5y 
4a + 4c - 8a; - 42 
- 2a - 5c + 3y + 52 
3a - 66 + 8c + 3a; - 2y - 6g 

(10.) Add together 3a2 - 4a + 3a; - 7aa;, 4a2 + 8aa; + 5a;2 

- 2a;, 7a - 5a; + 3aa; - x% and - 4aa; - a; + 6a;2 - 2a;. 

(11.) Find the sum of 7a* + 2a262 - Sa^J + 2a63 + 9a* 

- 5a262 _ 56* + 7a36 + 8a262 _ 4^4 + %i « iQah\ 

(12.) Reduce to its simplest form — 
3a;2 - 7aj + 5a;3 4.7 _ 2a;* - isi^ + 2x + ^a^ - ^ot? - 3a;2 + a; - 6. 

12. Literal Coefficients. — When such quantities as aa;2, 
26a;2, and - 4ca;2 are to be added, a, 26, and - 4c are con- 
sidered the coefficients of a;2 (Art. 4), and, being unlike 
quantities, their sum is found by Rule II. (Art. 11) to 
be a + 26 - 4c. They are then enclosed in curved lines, 
and placed before the a;2 as its total coefficient, thus : 
(a + 26 - 4c)a;2 

In the same way, the sum of Zahxy^, - 56ca^2^ and 
7aacy^ is (3a6 - 56c + 7ac)a^2^ 

A similar method is applied to the summation of such 
quantities as (5a - 36)a;, (46 - 2c)a;, and (2c - a)x. Here 
the quantities within the curved lines are the coefficients 
of X, and their sum having been found by the previous 
rules to be 4a + 6, the result is written (4a + 6)a^ 

EXAjUFLES FOR FBACTICB.-IL 
Find the sum of — 

(1.) 4a2a;, 3a6a;, and - 262a;. 
(2.) 3my, - 5wy, and - 2my. 
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(3.) a3aj2 - 3a2«2 + 3aar8 - a;2. 
(4.) (3a-3b)yz + (2b-'2c)2/z + (c-a)yz. 
(5.) 3z^ + a^z^ + (5-2ab)z^-4:Z^. 
(6.) (oa-2b)x + 3i/-2ax + (a--3)y + 2hx. 
(7.) x^ + a^x^ + aa:^ + ax^ + a:^ + ah^. 
(8.) {m - n)xy + (2w -p + 2q)xy + (2p - Z)xy + (5 - 3n)iry 
+ (3/71 - 5')£cy + 2na;y - 3/xry - ^'icy. 
(9. ) (a2 - 2a5 + 62)a; + 2ay + (^2 + 2a6 + 62)a; - 2hy. 

+ 6^« and 

a?x + (a2 + 52)a:2 _^iaj3 

58a; -62jb2 + {a-h)a? 

(c3 - a^)x -ah? + 26a:3 

(53 - 2(?)x + (52 - c2)a;2 + (c - 5)a:3 

-53a; + (a2-52)a;2 +aa? 

(1 2.) 3a; + (2a - % + (3a - 5)2! 

(4a - 2)a; + (35 - 2c + l)y + (25 - a)z 

- 2cx + (3c - 2a + 3)y + (3c - 25)» 

(35 - \)x _ 35y + (5 - 2a - 3c)» 

(a + 2c)a; -cy + (4a -5)2? 

13. Snbstitntions. — ^When in any set of quantities the 
numerical values of the letters are known, it may be 
required to find the value of the whole set, or, as it is 
called, the expression. 

Thus, if the value of a be 6, of 5 be 4, and of c be 2, 
what is the value of the expression 5a - 35 + c ? 

Here, as a is equal to 6, 5a must be equal to 30, and as 
5 is 4, 35 must be 12. 

The total numerical value will therefore be, 30-12 + 2, 
that is, 32-12, or 20. 

In like manner, the value of 7a + 95 - 13c, for the same 
values of a, 5, and c, will be 42 + 36 - 26, or 52. 
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KXAMPLKfl FOR FBACTICR—m. 

Find the values of the following expressions when a is 
equal to 2, h equal to 4, c to 6, c? to 8, a; to 7, y to 5, and 
«to3— 

(1.) 7a + 56 + 3c -4a;. 

(2.) 9c - 8c? - 7y + 3;j?. 

(3.) 5a-26 + 3c-4y. 

(4.) 15a-13c + llo?-9a: + 7«-5. 

(5.) 12a-85 + 4c-o?-a; + 3y-62;. 

(6.) 4a + 76 + 10c-13J+lla;-9y-7«-3. 

14. Equations.— The phrase "is equal to," or "equal to," 
being in very frequent use, is generally, for the sake of 
brevity^ represented by the sign = (read equal to)) and 
when two algebraic expressions are connected by this sign, 
we have either an identity or an equation : an identity 
when the one side may be derived from the other by the 
operations of addition, subtraction, multiplication, etc. ; an 
equation, when the one side cannot be so derived from the 
other. 

5a; + 7a; - 3a3 = 9a; is an identity. 

5a; + 7a; - 3a: = 18, and 6a;2 _ 3 — 4aj2 + 5^ are equations. 

Observe that an identity remains true whatever values 
be given to the letter or letters it contains, while an 
equation is satisfied only by the substitution of some parti- 
cular number or numbers. 

An equation may therefore be described as an equality 
between two or more quantities, some of which are of 
known value, some unknown. 

15. A quantity whose value is not known is spoken of 
as an unknown quantity ; and the finding the value or 
values of the unknown quantity or quantities in an equa- 

2 
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tion constitutes what is called the solution of the equa- 
tion. 

These values when found are tenned the roots of the 
equation. 

16. Unknown quantities are generally represented by 
the last letters of the alphabet; and when these appear by 
themselves, or with coefficients only, and not in such com- 
binations as a^y 3^, yh, etc., the equation is said to be simple. 

6a; + 7a5 - 3a; = 18 is a simple equation, while Qa^ - 3 
= ix^ + 5 is not. 

Simple equations are also called equations of the first 
degree, or of one dimension. 

17. Solution of Simple Equations containing one Un- 
known Quantity, and involving no algebraic operation 
higher than addition :— 

Find the value of x when 2aj= 6. 

Here it is plain that if two times x equal six, x itself 
must equal three, the half of six ; or, 

a; = ^ = 3. 

Again, if 7a; = 16, then x must equal the seventh part 
of sixteen ; or, 

a; = Y = 2f 

From this it appears that an equation of the above form 
is solved by dividing the known quantity by the coefficient 
of the unknown one. 

Given 3aj + 9a; - 5a: = 21 to find the value of oc. 
By Art 10, 7a; = 21 

• • a; = —w- = o. 



18. The sign .*. is used to represent therefore, and •/ to 
represent because. 
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EXAMPT.ES FOR FBACTICB.— lY. 

Find the value of the unknown quantity in the follow- 
ing equations : — 

(1.) 7a; + 3a; + 5a; + 6a; = 84. 
(2.) 13a;-7a;-4a; + 6a; = 42-16 + 37. 
(3.) 17a;-12a; + 8a;-5a; = 24-16 + 4. 
(4.) 4a; + 7a; + 6a;-6a; = 66-19-7. 
(5.) -9y + 13y-17y + 21y=104. 
(6.) 492/-29y-19y + 232/ = 888. 

19. Problems producing Simple Eanations. — In apply- 
ing algebra to the solution of problems, we put a letter — 
say X — to represent the quantity which we desire to find. 
The value of this quantity, of course, is not known, 
but its relation to some given quantity or quantities 
must be known; and the first part of the process of 
solution consists in setting down this relation in algebraic 
language. This leads us to an equation; and the finding 
of the value of its unknown quantity completes the solu- 
tion of the problem. 

niuat/rative Examples, 

(1.) What number added to twice itself makes 105 ? 

There is here stated a relation between the unknown 
number and the given one, which enables us to form an 
equation. 

Let a; = the required number. 

Then 2a; = twice the number. 

And 2a; + a; = the number added to twice itself. 

But by the question — 

105 = the number added to twice itself , 
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that is, there are two quantities each equal to the same 
quantity. 

Now, it may be taken as an '' admitted truth," or axiom, 
that " Things which are equal to the same thing are equal 
to one another." We have, therefore, the equation — 

2a; + a;=105 
By addition 3a; =105 

And .'. (Art 17) a; = 35 = the required number. 
Proo/, 35 + 2x35 = 35 + 70 = 105. 

(2.) A parcel contained 60 lbs. of tea ; there were three 
times as many lb& at 2& 8d. as there were at 3&, and 
twice as many at 2& 4d. as at 2s. 8d. How many IbsL 
were there at each price 1 

There are here three quantities to be found, but they 
are so connected with one another that if any one of them 
be known, the others can immediately be ascertained. It 
is therefore only necessary to consider this question as 
involving one unknown quantity, which may be the num- 
ber of lbs. at 3&, at 2a 8d., or at 2a 4d. It will be most 
convenient to let it be the smallest number. 

Let a; = the number of Iba at 3a 
Then 3a; = the number of Iba at 2a 8d. 
And 6a; = the number of Iba at 2a 4d. 
.*. a; + 3a; + 6a; = the total number of lbs. in the parcel 
But 60 = the total number of Iba in the parcel 

By the axiom stated above we have therefore — 

a; + 3a; + 6a; = 60. 
Or, 10a; = 60. 
,\ x= 6 = number of lbs. at 3a 
3a; =18 = number of Iba at 2a 8d. 
6a; = 36 = number of lbs. at 2a 4d. 
Proof, 6 + 18 + 36 = 60. 
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(3.) Two persons divide £47, 3s. between them in such 
a manner that for every pound the one receives, the other 
receives a guinea. What does each receive ? 

Let a; = the number of shares each gets. 
Then 20aj = the number of shillings the 1st gets. 
And 21a; = the number of shillings the 2nd gets. 
.'. 20aj + 21a; = the total sum in shillings. 
But 943 = the total sum in shillings. 
/. 20ir + 21ir=943. 
Or, 41a; = 943. 
/. a; = 23. 
/. 20 X 23 = 460s. = £23 = share of 1st. 
And 21 X 23 = 483s. = £24, 3s. = share of 2nd. 

KXAMPT.KB FOR F&ACTICR— V. 

(1.) Three boys have among them 72 marbles ; the 
second has twice as many as the first, and the third thrice 
as many as the first. What number has each ? 

(2.) A Maypole having been snapped by the wind, it 
was found that the part broken off was four times the 
length of the piece left standing. The original height 
having been 30 feet, it is required to find the lengths of 
the parts. 

(3.) A father is five times as old as his son, and their 
united ages amount to 36 years. What is the age of each ? 

(4.) Divide the number 96 into two parts, so that the 
one may be seven times the other. 

(5.) A purse contains £52, 18s., made up of an equal 
number of guineas, sovereigns, and crowns. How many 
pieces are there of each kind ? 

(6.) A dairyman sold 40 quarts of a mixture of milk 
and water, there being one pint of water to two quarts of 
milk. How much water had he added ? 
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(7.) £1 was divided among A, B, and C in such a way 
that for every fivepence A got, B received fourpence, and 
G threepence. How much did each get ? 

Let X = number qf shares each got 

(8.) A railway train starts from Edinburgh for London 
at the rate of 21 miles per hour, while another starts at 
the same time from London for Edinburgh at the rate of 
19 miles an hour. The distance being 400 miles, when 
will they meet, and how far from London? 

(9.) Divide £360 among A, B, and C, so that A may 
have three times as much as C, and B half as much as A 
and C together. 

(10.) The fares on a railway being for third class one 
penny per mile, second class three-halfpence per mile, 
and first class twopence per mile, how far can three 
passengers, one in each class, be carried at the same time 
for 18s. 9d.] 

(11.) At a sale of farm stock a lot, consisting of horses, 
oxen, and sheep, was bought for £500. There was found 
to be the same number of horses as of oxen, and twice as 
many sheep as of either. Now a horse cost £35, an ox 
£17, 10s., and a sheep £5. How many were there of 
each] 

(12.) In a certain factory a woman earns twice as much 
as a boy, and a man thrice as much as a woman. There 
are 50 men, 135 women, and 12 boys, and it takes 
£101, 17s. weekly to pay their wages. What is a man's 
wage per week ? 
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20. Subtraction is indicated by the sign - (read 
tninus) being placed before the quantity to be subtracted. 
Thus, 7-3 means that 3 is to be subtracted from 7 ; so, 
6a -4a means that 4a is to be taken from 6a j and 
%a-{^ — 4a) means that - 4a is to be taken from 6a. 

Sometimes the sign ro (read difference) is placed be- 
tween two quantities to show that the smaller is to be 
taken from the greater. 

21. The subtraction of 4a from 6a presents no difficulty; 
we easily perceive that the remainder must be 2a; but the 
difference between 6a and - 4a is not so readily seen. 

It will be at once admitted that if we add any number 
to another, and then take it away again, no change will be 
made on the original number. Thus, 

7 = 7 + 5-5, and 8a; = 8a; + 3a; - 3aj. 

So, if 4a be first added to 6a, and then taken away, the 
%a will remain unchanged, or 

6a = 6a + 4a - 4a. 
If now from this expression for 6a we take away or sub- 
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tract the -4a, the remainder will plainly be 6a + 4a; 
that is, 6a-(-4a) = 6a + 4a, orlOa. 

In the same way, 12a5 - ( - 5a;) = 12a; + 5a;= 17a;, and 
- 8a262 _ ( - 3a262) = _ Sa^fts + Sa^fta = - Sa^ft* (Art 10). 

From these examples it appears that, to subtract a plus 
quantity, we write it with a minus sign; and to subtract a 
minus quantity, we write it with a plus sign. 

22. This may be shown more generally. 
Let it be required to subtract y - » from x. 

X 

x-y + z. 

First subtract y from x. As the quantities are unlike, 
this can only be done by indicating it ; that is, by placing 
the minus sign before the quantity to be subtracted. The 
result la x-y; but the quantity to be subtracted is less 
than y by the amount of 2 : we have therefore, in taking 
away the whole of y, taken away z too much, and must 
add zio x-y ia order to obtain the true remainder. This 
gives VLB x-y + z as the difference between x and y - 2, in 
which we observe that the sign of x (which represents 
the minuend) remains unchanged, while the signs of y 
and z (the quantities to be subtracted) have both been 
reversed. 

23. From this we have the following : — 

EuLE OP Subtraction. 

Change the signs of the quantities to be subtracted, and 
proceed as in addition. 

Illustrative Exa/mples, 
(1.) From 3a2 - 5aa; - a;2 take 2a2 _ 3aa; - ^x\ 
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Change the signs of the terms to be subtracted, and 
place them as in addition : — 

Sa^ - box - x^ 

- 2ag + 3aa; + 4x8 

a^-2ax + 3x^ 

Here, the + 2a^ becomes - 2a\ and - 2a^ being added 
to + 3a2 gives + a^ ; - 3ax becomes 4- 3aa;, which, being 
added to -box, yields -2ax; -ix^ is changed into 
+ 4a;2, and the sum of - a^ and + iix^ is + ^a^. The re- 
quired remainder is, therefore, a^ - 2ax + 3a^, 

(2.) Take 4a - 56 + 6c - 3y from 7a4- 56 + 3c - x. 

7a+ 56 + 3c -a; 
- 4a 4- 56 - 6c 4- 3y (Signs changed.) 

3a 4- 106 - 3c - {K + 3y. (By addition.) 

The beginner may set down the quantities with the 
signs changed, as has been done in these two examples ; 
but as soon as possible he ought to acquire the power of 
making the change mentally, the quantities being set down 
with their proper signs. 

(3.) Subtract 3x^ - bxij + 7y^ from -2ix^''5x7/ + 6y2 

- 2a!^ - bxy 4- 61/2 
Zx^ - 5a^ 4- 7y2 

- bx^ - y^ 

24. Literal Coefficients. — When the coefficients are 
literal, the operation is performed in the same manner, 
the coefficients being collected and enclosed within curved 
lines, as in addition (Art 12). 

IWustrcUive Examples, 

(1.) Subtract 3aa; from 26a:. 

The coefficient of x in the minuend being 26, and in the 
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subtrahend 3a, the coefficient of the remainder is 2b - da, 
and the complete answer is therefore (26 - 3a)x. 
(2.) From 

(5a2 _ 2a6 + 62 4- ic^)x^ take (ia^ - 2a6 + 62 + iac)x^. 

5a2 - 2a6 + 62 + 4c2 
4a2 - 2a6 + 62 + 4a<; 

a2 — 4ao + 4:c2 
.'. Ans, = (a2 - 4ao + 4c2)a;2. 

(3.) Subtract aa - 26y - 3cx from 3aa; - 6y + 2c2^. 

-i/w. = 3ax - 6y 4- 2cy - oo; + 26y + 3cx (Art. 23) 
= 2ax + Scx + by-\-2ci/ (Art 10) 
= (2a + 3c)a; + (6 + 2c)y (Art. 12). 

(4.) Collect (3a + h)x + (a - 3c)y + (6 - c)x 

- (2a - 3c)y + (a - 36)y - (3a - 2c)x. 

Ana, = (3a + h)x 4- (6 - c)a; - (3a - 2c)x 

4- (a - 3c)y 4- (a - U)y - (2a - 3c)y 
= (3a 4- 26 - c)a; - (3a - 2c)a; (Art 12) 

4- (2a - 36 - 3c)y - (2a - 3% 
= (26 4- c)x - Uy (Art 24). 
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Subtract iaxy from Taxy. 

Subtract - 6a2 from ba\ 

Subtract - 7a6 from - 4a6. 

Subtract - 3a;y2 from - ^xy\ 

Subtract 5a6c from - 2a6c. 

Subtract 12am from 4am. 

Subtract 36 from 5a. 

Subtract - 7a6c from Qa^. 

Subtract 2a2 - 362 from 5a2 - 462 

Subtract bxy - 6y^ from 3xy + 2y\ 

Subtract 2a2 - 3a6 - 62 from 5a2 - 3a6 - 362 
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(12.) Subtract 3a - 46 + 5c from 7a - 26 + c, 

(13.) Subtract 2a2 - 362 + c^ from 2x^ - 32^2 4. c^, 

(14.) Take 7aa; - 96y -llcz from 4aa3 - 6by - 8c«. 

(15.) Take ix^ + 5x^-7x + Q from 4ar* + 3^3 _ 3^52 _ 5^;. 

(16.) Subtract a2-2a6 + 62 from a2 + 62, and from the 
remainder take 2a6 - c2 - cP. 

(17.) Take the sum of a^ - a2 - a - 6^ and a26 - 062 from 
a3_3a26 + 3a62-63. 

(18.) Find the difference between a-b + c-d and 
a-y + c-z. 

(19.) From 4a2a;2 take 56ca;2 

(20.) Take 3cajy from 3aa;y4-26a5y. 

(21.) Subtract {2mn - m^)y^ from (imn - 3n^)yK 

(22. ) Take dex - e/y +/gz from 060; + hey + cdz, 

(23.) From 5a2a5 - 2y - 3a; subtract 

(a2 _ j2)a. _ (262 _ 1 - 4a2)y. 

(24.) From the sum of (a2 + 2a6 + 62)a;2 and (a2-2a6 
+ 62)a:2 take their difference. 

25. Brackets. — When an expression containing two or 
more terms is to be treated as one, it is frequently en- 
closed in brackets. 

Brackets are of various forms, as— 

( ) { } [ ] ( ) etc. 

A line drawn above or below a number of terms is 
sometimes used for the same purpose, and is called a 

vinculum — as in a + 6 + c, and —7 — 

26. (3a4- 46 - 2c) + (5a -36 + 5c) 4-(2a- 26 -c). 

This expression simply means that the quantities in the 
second and third pair of brackets are to be added to those 
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in the first. Therefore, placing them below one another, 
as in addition, we have^ 

5a - 36 + 5c 

2a -26- c 

lOa- 6 + 2c 

But it is plain that addition may be performed horizontally 
as well as vertically, and that if we remove the brackets 
and write the quantities in one line, the result, when the 
coefficients of like quantities are collected, must be the 
same — 

3a + 46 - 2c + 5a - 36 + 5c + 2a - 26 - c = 10a - 6 + 2c. 

27. (3a; - 4y + 52;) - (5a; - 3y - z). 

This means that the quantities within the second pair 
of brackets are to be taken from those in the first pair; 
and performing the subtraction in the usual way — 

3a; - 4y 4- 52 
5x-Sy-z 
we have - 2a; - y + Qz 

But it is known (Art 23) that subtraction is changed into 
addition by altering the signs of all the quantities to be 
subtracted. 

If, therefore, we write the quantities in one line, taking 
care, in removing the brackets, to change the signs of the 
quantities to be subtracted (that is, of those within the 
brackets preceded by - ), we shall simply have to collect 
the coefficients of like quantities, as in addition. 

The above sum then becomes — 

3x-4:y + 5z-5x + Zy + z = -2x-y + 6z, 
So also — 
(7a2 - 562) _ (5^2 - 4a6 + 362) = 7a2 - 562 _ 5^2 + 4^5 _ 3^2 

= 2a2 + 4a6 - 862. 
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28. When an expression in brackets forms part of 
another also enclosed in brackets, it is said to be within 
double brackets — as in 205^ - {3x^ - (2x - 1)}. 

In this case either of the pairs may be removed before 
the other ; thus, removing the outer ones first — 
2x3. {3ic2-(2a;-l)} = 2aj3-3a:2 + (2a:- 1) = 2a:3_3a,2 + 2a. _ 1 ; 

or, beginning with the inner ones — 

29. When several pairs of brackets are employed, as in 

ix-[3x + 7y-{St/ + 5z'-{3z-2x-y)}], 

they may be removed in any order, but it is generally pre- 
ferable to begin with the outer pair. 

A little practice will soon enable the student to decide 
upon the order to be adopted in any particular casa 
ix - [3x + 7y- {3y + 525 - (Sz - 2x^y )}] 

= ix - 3x -71/ + {Sy + 6z - {3z - 2x - y)} • 

= x-7y + 3y + 5z- {Zz- 2 x~-^) 

= X''4y + 5z-3z + 2x-y 

= x-iy + 2z + 2x'-y 

= 3x-5y + 2z 

The writing down of this work may be shortened by 
leaving out those brackets that are preceded by + ; thus, 
ix -[3x + 7y-{3y + bz- (3z -2a?- y)}] 
= ix'-3x-7y + 3y + 6z- {3z -2x-y) 
= x-4y + 5z-3z + 2x-y 
= 3x'-5y + 2z 

EXAMPLES FOB PRACTICE.— VIL 

Remove the brackets from the following : — 

(1. ) 8a - (7x + 3a) + (4a; - 2a). 

(2.) 4x2 - {(2a; - 3a;2) - (a; - 5a;2)}. 

(3.) {(8a2 + 562) - (3ab + c^)}- {(4a2 - 3ab) - (3^2 + c2)}. 



30 SUBTRACTION. 

(4.) 73i^'-[6x^'-{5x-(3+x-2x^ + 4a^)}], 

(5.) 2a2 _ {3a - (4 - 5a) - 4a2} - {2a^ - 8a + 2) . 

(6.) 2a-[2a4-6-{2ajf26-(2a + 36-2a + 46)}]. 
(7.) 1_[1_{1-(1-1-1-1)-1}-1]. 

(8.) x^ ^y^ ^ (301^1/ -- 3x1/^) ^ {a^ + y^- {3a^ "Sxi/)}. 
(9.) 
{a3 + 63 - (a^ + a62)} - [(a^ - 6 3 + 2a5)- {a^b -(a62-2a6)}]. 
(10.) l-[2a;-{3iB2-(4a:3«5a:4 + 6a:3 + 5aJ!) + 4a;j + 3]. 

(H.) 

3a-[46-.{2a-(4c-2c-6-36) + 46-(a-36-2c)}]. 
(12.) 

a2-{y2-(22-«)-y}-.a.-[{y-(x + 2j)}-{y2-(a:2 + jj2)}]. 

30. After the student has wrought these examples by 
the method indicated above, he may go through them 
again, removing the whole of the brackets in each example 
at onca This may be done by observing carefully and re- 
memb^ting the effect of the sign that precedes each pair. 

Resolve a^ - [(«« _ 1) _ {a + 1 - (a3 _ i^T[) + a^l 

1 2 8 4 

Observe the efifect of the signs marked 1, 2, 3, 4, and 
write down the result 

a^^a^^l+a + l-a^ + a^-l-^a^^a^ + a+l. 

EXAMPLES FOB PRACTICE.— Yin. 

Substitutions. — ^When a? =5, 2/ = 7, « = 9, a = 6, 6 = 4, 
c = 2, find the value of the following : — 
(1.) 4a -66 + 2(5. 
(2.) (a + x)-'{b + y) + (c + z). 

(3.) 5a;-{7y-(925-2aj)}. 

(4.) 4a - [46 - {4c - {3x - 21/ - 2)}]. 

(5.) 1 3a - [7a; - {8y - (32; - c) - 1 26} + 134 

(6.) a-l-[36-2-{c-3-(x-5-y-»)}-a]. 
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31. It is frequently necessary to place within brackets 
fcerms that appear singly. From what has been said in 
Arts. 26 and 27, it follows that when a positive sign is 
to stand before the brackets, no change in the signs of 
the terms is required; but when a negative sign is to 
stand before them, the sign of each single term must be 
reversed. 

3a + 26 -4c placed within brackets preceded by + be- 
comes + (3a + 26 - 4c), or (3a + 26 - 4c). 

The same placed within brackets preceded by - becomes 
-(-3a-26 + 4c), or -(4c-3a-26). 

In placing quantities within brackets, it is almost always 
required to put before each set the same sign as its first 
term had before being put in brackets. 

Paying attention to this requirement, arrange a® - 5a^ - 
3a* - 2a^ - ia^ + 5a in sets of two — 

(a6 _ 5^5) _ (3^4 + 2a3) - (4a2 - 5a). 
Do the same in sets of three— 

(a6 _ 5a5 - 3a4) - (2a3 + 4a2 - 5a). 

In the last question, enclose the second and third terms 
of each set within double brackets — 

{a« - (5a5 + 3a4)} - {2a3 + (4a2 - 5a)}. 
EXAMFIES FOB PRACTICE.— DC. 

(1.) Place 3a - 56 + 4c in brackets preceded by a positive 
sign. 

(2.) Place -4a2 + 2a6-62 in brackets preceded by a 
positive sign. 

(3.) Place -ax-hy-k-cz in brackets preceded by a 
negative sign. 

(4.) Place a^-a^ + 2a'-2 in brackets preceded by a 
negative sign. 
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Place the following, first, in sets of two, secondly, in 
sets of three : — 

(5.) (6.) a-^h-c-d+e-f. 

(7.) (8.) 3a + 46 + 3c-4a:-3y-4«. 

Arrange the following in brackets in sets of three, with 
the second and third of each set within an inner pair : — 

(9.) 5a3 - 3a2 - 2a - 46^ + 262 _ j. 

(10.) a^ + 2a^'-3x'-y^ + 2y^+3i/. 

(11.) (12.) Enclose the answers in (9.) and (10.) within 
another pair of brackets preceded by minus. 

32. Equations involving no higher algebraic process 
than subtraction. — In the equations already given (Arts. 
17 and 19), the term or terms containing the unknown 
quantity alone appeared on the first side, and the numbers 
alone on the second sida Now, the unknown quantity and 
the numbers may appear on either or on both sides, and the 
first part of the process of solving consists in arranging the 
terms so that those containing the unknown quantity shall be 
all on the one side, while all the numbers are on the other. 

Illustrative Examples, 

(1.) Suppose 8a5+ 11 = 51. 

Jl<et 11 be subtracted from both sides. 

Then 8a;+ll -11 = 51 -11. 

But 11-11=0. 

.-. 8a; = 51-ll. 

Observe that the number 11, which was given on the 
first side, now appears on the second side with its sign 
changed. 

The solution is completed as in Art. 17. 

8a; = 40. 
.'. a5 = 5. 
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(2.) Let llaj = 40 + 3aj. 
Subtract 3x from both sidea 

Then lla;-3a; = 40 + 3a;-3aj. 
Or llx - 3a: = 40, for 3a: - 3a; = 0. 

8a;=40, and /. x—5. 

In the second last line, 3a; given on the second side 
appears on the first side with its sign changed. 
(3.) 7a;4-12 + 5a; = 274-4a;+25. 
1 st. Collect like terms — 

12a; + 12 = 52 + 4ai 

2nd, Take 12 and 4a; from each sida 

Then 12a; -4a; + 12- 12 = 52- 12 + 4a; -4a;. 
Or 12a;-4a; =52-12 

8a; = 40, and /. a; = 5. 

Here again in the second last line a number given on the 
first side with the sign ( + ) appears on the second with 
the sign ( - ), and the quantity 4a; given ( + ) on the second 
side becomes ( - ) on the first. 

In clianging their sides they have changed their signs, 

(4.) Given 6a; - 25 = 15 - 2a;L 

In order to bring all the unknown quantities to the first 
side and the numbers to the second, it will here be neces- 
sary to add 2x and 25 to both sidea 

Then 6a; - 25 + 2a;+ 25 = 15 - 2a; + 2a; + 25 
Or 6a; + 2a; =15 + 25. 

.*. 8a;= 40, and a; = 5. 

Once more the quantities whose sides have been changed 
have changed their signs. 

33. From this we have the following 
KuLE. — Arrange all the terms containing the unknown 
quantity on one side (generally the first), and all those 

3 
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containing numbers on the other, changing, at same time, 
the signs of those whose sides are changed Complete the 
solution as in Article 17. 

(5.) 12a:-23 + 7a: + 5 =4a;-8-9a; + 38 
12a: + 7a;-4a;4-9a: = 23-5-8 +38 
28a:-4a; = 61-13 

24a; = 48, .'. a; =2. 

(6.) 7a;-13 -12a;+ 5 =13a;-38- 8a: 
7a;- 12a;- 13a; + 8a;=13 - 5-38 
15a;- 25a; =13 -43 
-10a;=-30 

34. As the results are both minus, transfer each to the 
other side, changing their signs by the above rule. 

Then 30 = 10a;, and 3 = a;. 

But plainly, if 3 = a;, a; = 3, and if 30 = 10a;, 10a; = 30. 
Therefore, when in any solution both sides come out 
minus, they may at once be made plus. 



(1. 

(2. 
(3. 

(5. 
(6. 
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7a; + 5 = 19. 

3a;-5 = 19. 

13a; + 6 = 5a; + 22. 

10a;-13 = 12 + 5ai 

7a; + 3-6a; = 21-5a;. 

1 3a; - 3 7 - 8a; - 1 7 + 4a; = 0. 



35. When any of the quantities are enclosed in brackets, 
it is necessary to remove them before collecting, care being 
taken to change the signs of those terms that are within 
brackets preceded by minus. 

Thus, - (4a; - 7) becomes - 4a; + 7. 
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Illustrative Example, 

8a;-4-(34-5a!) = (2a;-3)-(3a;-4) 
8a; -4-3- 5a; = 2a; -3- 3a; + 4 
3a;- 7 = 1 -a; 

4a; = 8, .". a; = 2. 

(7.) 7a; - (3a; + 5) = 2a; + 1. 
(8.) (5a; + 2)-8-(2-5a;)=-3. 
(9.) 3-(13a; + 4) = a;-(13-4a;). 
(10.) (8a;-7)-(-l-a;)-(4a; + 9) = 0. 
(11.) {7a; -(15 -4a;)} -{20 + (2a; -8)} =9. 
(12.) 
7a;-(10a;-15) = 17-[4a;-{15-(3a;+13) + 5a;} + ll]. 

Problems involving Subtraction ^- 

Illustrative Examples, 

(1.) Three pieces of cloth measure in all 154 yards ; the 
first is 7 yards longer than the second, and the second 
9 yards longer than the third. Find the length of each. 
Let X = the number of yards in first pieca 

Then a; - 7 = the number of yards in second piece. 
And a; - 7 - 9 = the number of yards in third piece. 
Adding, we have 3a; - 23 = number of yards altogether. 
But 154 is the number of yards altogether. 

.-. 3a; -23 = 154. 
Transposing, 3a; = 154 + 23 = 177. 

/. a; = 59 = number of yards in first piece, 
a; - 7 = 52 = number of yards in second piece, 
a? - 16 = 43 = number of yards in third piece. 
Proof, 59 + 52 + 43 = 154. 
The solution may also be obtained by putting x — number 
of yards in third piece ; then a; + 9 will =. those in second, 
and a; +16 = those in third. This gives 3a; + 25 = 154, 
from which a;- 43 = number of yards in third. 
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Similarly, x may be made » number of yards in second 
piece, and then 3a5 - 2 = 154, from which a; = 52 = number 
of yards in second. 

The following question requires the use of brackets in 
its solution : — 

(2.) A, who has three times as much money as B, gives 
B £10 ; and now, A's money falls as far short of J&80 as 
B's does of £60. What had each at first ? 

Let X = number of pounds B had, then 3x = number A 
had. /. JC + IO and 3a; -10 will equal their respective 
sums after A has given B £10. But the former of these 
is as much less than £60 as the latter is less than £80. 
Or, 60 - (a; + 10) = 80 - (3a; - 10). 
Clearing off brackets, 60 - a; - 10 = 80 - 3a; + 10 
Transposing, 3a; - a; = 80 + 10 - 60 + 10 

Collecting, 2a; = 40. 

.-. a; = £20 = B's, and 3a; = £60=:A'& 

KXAMPT.TO FOB PRACTICB.— XL 

(1.) In a parliamentary division 527 members voted, and 
the majority was 59. What were the numbers on each side ? 

(2.) A rod 29 feet long is divided into two parts so that 
one part is 7 feet longer than the other. Find the parts. 

(3.) A congregation consisted of 950 persons; there 
were three times as many men as children, and forty more 
women than men. Required the number of women. 

(4.) Divide a cord 5 feet 5 inches long into two parts 
such that the one shall exceed the other by 1 foot 3 inches. 

(5.) A carriage with horse and harness cost together 
£114, 15s.; the carriage cost £34, 10s. more than the 
horse, and the horse £17, 5s. more than the harness. Find 
the price of eacL 

(6.) What number is that to which, if 9 be added, the 
sum will be 13 less than thrice the number itself? 
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(7.) In dividing a quantity of nuts among a number of 
boys, I found that if I gave 18 to each I should have 23 
too few, but if I gave 16 to each I should have 19 over. 
How many boys were there, and how many nuts 1 

(8.) A is thrice as old as B, and ten years ago their 
united ages amounted to what A's alone does now. Find 
their ages. 

(9.) A farmer bought a number of sheep at 25s. a head, 
but found himself £5, 15& short of the amount required 
to pay for them ; had he given only 23s. for each, he 
would have had J£5, 15& over. How many did he buy, 
and what money had he ? 

(10.) A traveller sets out on a journey, intending to 
finish it in six days, and to travel twenty miles a day, 
but finds from the state of the roads that he must 
travel each day three miles less than on the preceding one. 
It is required how far he must go the first day so that he 
may complete his journey within the given tima 

(11.) A vessel, whose rate of sailing is 7 miles an hour, 
leaves port at midnight, and at 5 a.m. a steamer, whose 
rate is 10 miles, is sent to overtake it At what time will 
the latter get sight of the former, if it is visible when 
they are 8 miles apart ? 

(12.) Two purses contained equal amounts. In one 
there were 15 crowns, 12 florins, and 17 of a certain 
foreign coin ; in the other, 7 guineas, 6 half-crowns, and 
3 of the same foreign coins. Find the value of one of the 
foreign pieces. 

The foXUAJoing questions may require the aid of brackets in 
their solution : — 

(13.) Adam has three marbles more than Peter, and 
Peter four more than James ; now Adam and James have 
together as many less than 30 as Peter has less than 19. 
How many has each ? 
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(14.) A mother is seven times as old as her child, and 
the father nine times, while the united ages of the mother 
and child fall short of the father s age by four years. [Re- 
quired the age of each. 

(15.) Two numbers differ by 24, and the one is as much 
above 87 as the other is below it What are they 1 

(16.) How long is it after midnight, when just now it 
is as much past 3 A.M. as five hours ago it wanted of 
11 p.slI 

(17.) 50 riflemen went to the targets ; in the first round 
the outers were twice as many as the centres, and the 
centres exceeded the bull's-eyes by three^ while the misses 
were observed to equal the difference between the outers 
and the bull's-eyes. How many hits were made 1 

Put X = nurnber of centres, 

(18.) Three sisters, the eldest of whom was as much 
older than the second as the second was older than the 
third, died one after the other, beginning at the youngest, 
at intervals of 12 and 30 years respectively. The eldest 
at her death was four times, and the second at hers was 
twice, the age at which the youngest died. What were 
their ages on the death of the youngest 1 



CHAPTER in. 



MULTIPLICATION. 



36. Multiplication is indicated by the sign x (read into, 
or mvUiplied by) being placed between the quantities to 
be multiplied together. 

Thus 3x4 means 3 multiplied by 4, and a x 6 means a 
multiplied by h. 

But while 3 can be actually multiplied by 4, producing 
12, a cannot be actually multiplied by 6, and the result is 
simply indicated by placing the letters close to one another; 
or, a X 6 = a5, and ay.hy.c = ahc, A point placed between 
the quantities also indicates multiplication; so that 
ay.hy,c^ a . 5 . c, and ahc all imply the same thing — 
namely, the product of a, 5, and c. 

The quantities to be multiplied together are called 
factors, and the result is called the product. 

37. When more than two quantities are multiplied toge- 
ther, the answer is called the continued product: thus, cibxy 
is the continued product of a, 6, a, and y ; and {a - x){b - y) 
(c - «) is the continued product oia-x, h-y, and c - ». 

38. It is important to observe that factors may be multi- 
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plied together in any order without affecting the value 
of the answer. Thus: 3x4x5 = 3x5x4 = 4x3x5 = 
4x5x3 = 5x3x4 = 5x4x3 = 60; and axbxc^abe 
«= acb = bac = bca = cab = cbcu 

39. Algebraic quantities being either positive or nega- 
tive, it is here necessary to inquire as to the effect on the 
character of the result produced by the multiplication of 
quantities of the same or of different signs together. For 
while, from the analogies of arithmetic, we may safely 
conclude that the multiplication of a positive quantity by 
a positive quantity produces a positive result, we have no 
guide as to the sign of the product when a negative is 
multiplied by a negative. Attention is therefore directed 
to the following articles, 

40. ( + a) X ( + 6) signifies that the positive quantity a is 
to be taken b times. If a or +a be taken once, the 
answer is plainly + a ; if taken twice, it is + 2a (Art 3) ; 
and if taken b times, it is +ba or +ab. 

:. ( + a)x( + 6)= +ah. 

41. ( - a) X ( + 6) signifies that the negative quantity — a 
is to be taken b tunes. If - a be taken once, the answer 
is simply - a ; if taken twice, - 2a (Art 3) ; and if taken 
b times, - 6a or -ab, 

.-. (-rt)x( + ^>)= -ab, 

42. ( + a) X ( - 6) implies that the positive quantity + a 
is to be subtracted b times. If a be subtracted once, the 
answer is -^a (Art 23); if twice, -2a; and if b times, 
-6a or "db, 

:. ( + o)x(-6)= -ab. 
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43. ( — a) X ( - 5) means that the negative quantity - a 
is to be atihtracted b time& If -a be subtracted once, 
the answer is + a (Art 23) ; if twice, + 2a ; and if b 
times, +ba or +ab. 

:. (-a)x(-J)=. +a6. 

44. Collecting these results, we find that a plus quantity 
multiplied by a plus quantity, or a minus by a minus, 
gives a plus product ; while a minus by a plus, or a plus 
by a minus, gives a minus product 

More shortly : In muUipliccUion, like signs give plus, 

UNLIKE signs GIVE MINUS. 

45. Multiplication divides naturally into three cases : — 

L Multiplication of a simple quantity by a 

simple quantity, such as 3a^ by 2b^y. 
IL Multiplication of a compound quantity by a 

simple one, as a^ - 2ab + b^ by ab, 
IIL Multiplication of a compound quantity by a 
compound one, as a^ - 6^ by a — 6. 

Case I. 

46. Moltiidicatioii of a Simple Quantity by a Simple 
Qnantity. 

Multiply bxy by 3a6. 

As the factors may be taken in any order (Art 38), — 
6xyx3(ib = 6 x3 xah xxy=^\bahocy. 

Here the numerical coefficients are actually multiplied 
together for the numerical coefficient of the answer, and 
the letters are placed close together in alphabetical order. 

So, 7m X ^anx = i2amnx, 

47. Multiply a by a. 

axa = aa; but for convenience aa is written a% so aaa 
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is written a', (um€ui is written o^, and so on for any num- 
ber of a's. 

a^, a% a^, eta, are called powers of a, and are read a 
second power, a third power, a fourth power, eta, or some- 
times a to the second, a to the third, etc. 

48. The number that indicates the power to which a 
letter or quantity is to be raised is called the exponent or 
index (plural, indices), and is always written to the right 
of the upper part of the letter. 

When a letter or quantity haa no index, 1 is under- 
stood : thus, a = a\ 

49. Multiply a^ by a\ 

a* = aaa, and a* = aa. 
.'. a^xa^== aaa y,aa^ acMoa = a^ = 0^"^^ 
Here the number of a's in the product is equal to the 
number in the multiplier added to the number in the 
multiplicand. 
Similarly — 

62 X 65 X 6 = 66 X 66666 x 6 = 66666666 = 6^ = 62+5+1. 
From which we observe that the product of any number 
of powers of the same letter is obtained by adding the 
exponents of the powers together. We have therefore the 
following : — 

50. Rule for the Multiplication op Simple Quanti- 
ties. — Write down the proper sign (Art 44). Multiply 
the coefficients together for a new coefficient, and place 
the letters in order after it, the exponents of powers of 
the same letter being added together. 

Illustrative Examples, 

(1.) 3a26c3 X 6a63a;2 = 3 x Qa^'^W^^i^x^ 

= 18a364c3a;2. 



COMPOUND QUANTITIES 43 

(2.) - ia^hx X 2hxhj = - 4 x 2a36i+ia;i+V 

(3.) ^ahnxyy. -Sanxz^^ -Iba^mnx^yz. 
(4.) - Wc X - 4cy = 2^a^c^y^, 

Case II. 

51. Miiltiidication of a Compound Qnantity by a 
Simple one. 

KuLE. — Multiply each term of the compound quantity 
separately by the simple one, as in Case I., and write the 
several products with their proper signs. 

Illustrative Excmtples. 
(1.) Multiply 2a2 -Zah + 4^2 by U%. 

2a2 - 3a6 + 46^ 

^a% 

6a*6-9a862+i2a263. 

(2.) Multiply a:2t^2 _ 4aj2^ + 4 by - 2aa2y. 

-2aa?y 

- 2ax^y^ + 8005^^2 _ Sax^y. 

52. The multiplication of a compound quantity by a 
simple one is frequently indicated thus — 

4a26(5a2 -1006 + 262). 

Case III. 

53. Multiplication of a Compound Quantity by a Com- 
pound ona 

EuLE. — Multiply each term of the multiplicand by 
each term of the multiplier, and collect the results as in 
addition. 
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lUtistraUve Examples, 

(1.) Multiply o« - Sa^b -Sab^ + b^hj a^ + 3ab- b\ 

08 - 3a26 - 3a6« + 63 
gg-f 3a6 -b^ 

a^-Sa^b- 3a^b^+ aW 

3a*6- 9a362 - 9a263 + 3a6* 
- am-^^a^b^ + ^ah^-J^ 

a* - UaW - 5a263 + 606* - 1^. 

(2.) Multiply 00:2 4. 26a; + c by c& - «. 

00:^ + 2bx + c 
dx-e 

ado? + 26c^ + ccfc 
— aex^ - 26ca: - ce 



adai? + (26c? - <ie)7? + {cd— 2bt)x - ce. 

In this question, the coefficients of x and its powers 
being literal, the coefficients of Wee powers are collected as 
in Art 12. The answer may also, by Art 31, be written 
in the form — 

ado? -{ae- 2bd)x^ - (26^ - cd)x - ce. 

54. The multiplication of compound quantities is indi- 
cated by writing them close together in brackets, thus — 
(a3 - 4a26 + 2a62 - b^){a^ - 4a6 + 462). 
(a2 + 06 + 62)(a - 6)(a2 - 06 + 62)(a + 6). 
(a2-(6-c)2}{a2-(6 + c)2}. 

EXAMPLES FOR nUkCTIOE.— XXL 

(1.) Multiply 4a2x3y by 662c2. 
(2.) Multiply 5a362/7i by 1ah^m^x\ 
(3.) Multiply - 9c*x2y3 by ^xy^. 
(4.) Multiply llmVy2by "fym^xhj, 
(5.) Multiply -12jt>3gr3«5by ^2pq^^. 
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(6.) Find the continued product of - ISa^ba^y - 7ac^, 
and ^l^ixyT^, 

7.) Multiply 3a26 + 5a52 by 4a6. 

;8.) Multiply iax-byhj 6a V- 

[9.) Multiply -a2 + 4o6-462by -Saftaj^L 

10.) Multiply 3a; + 2y by 2a; + 3y. 

1 1.) Multiply a2 + 2a6 + 62 by a + h. 

12.) Multiply 3a3 - 2aic - 5a:3 by 3a - ax 

13.) Multiply 4a2 + 2aa; + a;2by 4a2-2aa: + a2. 

14.) Multiply 3a:22^2 _ 2a^ + 1 by 3a; V + 2a:y - 1. 

15.) Multiply a3 - 6a^ + 12a62 _ 8^3 by a - 26. 

16.) Multiply 7a:-y by ly-x, 

17.) Multiply a + 6 + cbya--6-c. 

18.) Multiply— 

4a* + 3a:3 4.2a;2 + a;+l by 4a*-3a:3 + 2a;2_a.+ i, 

Q9.) Multiply x^'\-y^-\-z^--xy-xz-yzhj x + y + z, 
20.) Multiply (2a - 1)^ by (2 - of. 
21.) Find the continued product of a: - 3, a; - 2, anda; + 1 . 
22.) Also of {am - 1)2, (am + !)«, and a2m2 + 1. 
23.) Find— 

(a2 - 2a^2)(a2 - 2aa; + 2a:2)(a2 + 2a!^){a^ + 2aa; + 2a;2). 

24.) Simplify— 
(a + 6 + c)(a + 6 + c?) + (a + c + cf)(6 + c + cQ-(a + 6 + c + eQ2. 
25.) Multiply a;2 + 2aa; + a2 by a; + 6. 
26.) Multiply a^^ - 3aa; + 26 by a;2 - 26a: + 3a. 
27.) Multiply oa; + 6, ax-c, and ax-\-d together. 
28.) Multiply a; - (a - 6) by a; - (6 - c). 
29.) Multiply a^* - (1 + m)a; + 62 by a;2 + (1 - m)x + 62. 
30.) Multiply 7?^\a-h)Q^ + {a- hfx -{a- hf 
by a:3 + (a + 6)a;2 + (a + 6)2a; + (a + 6)3. 

55. Multiplication by Detached Coefficients. — When 
the quantities to be multiplied together contain not more 
than two different letters, and when the powers of these 
increase or decrease uniformly in the terms, considerable 
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trouble may be saved by using the coefficients without the 
letters. 

Multiply a3 - Sa^b + 3a62 - J3 by Sa^ - 2a6 + b^. 

3a2- 2a6 + 6^ 

3a^- 9a46+ 9a362> 3a2^ 

- 2a^b+ 6a362_ 6a263 + 2a6* 

a^b^- Sa^^ + 3ah^-b^ 

3a» - 1 la^b + 16a362 - 12a263 + 5a6* - 6^ 

Here we observe that the same powers of the same 
letters are arranged under one another, and that the 
powers of a regularly decrease, while those of b regularly 
increase. We may, therefore, in the work leave out the 
letters, and only insert them in the last line, thus — 

1- 3+ 3- 1 

3- 2+ 1 

3- 9+ 9- 3 
- 2+ 6- 6 + 2 

1- 3 + 3-1 

3_ll4.16-12 + 5-l. 
As a appears in the first term of the multiplicand raised 
to the third power, and in the first term of the multiplier 
raised to the second power, it must appear in the first 
term of the product in the fifth power, and in every suc- 
ceeding term one power less, b does not enter into the 
first term, but does into each of the others, increasing 
uniformly by one degree in each. Bearing this in mind, 
the complete answer may now be written down — 
3a5 - 1 la46 + 1 6a^b^ - 1 2a263 + ^ab^ - ^5 

56. Should any of the terms in either multiplier or 
multiplicand of what would otherwise be a series, be 
omitted, their places may be filled by 0, which, indeed, 
forms their coefficient. 
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Multiply a:* - 3a:2 _ 2a: + 1 hyx^-h 

1+0+0-3-2+1 

1+0-1 

1+0+0-3-2+1 

-1+0+0+3+2-1 
1+0-1-3-2+4+2-1 

The whole of the questions in the preceding Examples 
for Practice, with the exception of Nos. 17, 19, and 24, 
may be wrought by this method. 

The student is recommended to do them. 

57. Theorems in MultiplicatioxL — There are certain 
results in multiplication which it is of great importance to 
keep in mind. They form a sort of multiplication table 
by the help of which many algebraical calculations may 
be much simplified and shortened. 
L Multiply a + bhy itself. 

a + b 
a + 6 
a^+ ab 

ab + b^ 
a2 + 2ab + 62 
/.(a + 6)2 = a2 + 2a6 + 62. 
That is, the square of the sum of two quantities is equal 
to the sum of the squares of the quantities increased by 
twice their product. 

IL Multiply a - 6 by itself. 

a - b 
a - b 
a^— ab 

- cd) + b^ 
a^-2(d> + b^ 
.•.(a-6)2 = a2-.2a6 + 62 
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Or, the square of the difference of two quantities is 
equal to the sum of their squares diminished by twice 
their product. 

III. Multiply a + bhj a-b, 

a + b 
a - b 



a2+ ab 

.•.(a + 6)(a-6)==a2-62. 

That is, the product of the sum and difference of two 
quantities is equal to the difference of the squares of the 
quantities. 

IV. Multiply a2-a6 + 62 by a + 6. 

a +6 

a^-a^b + ab^ 

a^b-al^ + b^ 
a^ +63 

.•.(a2_a6 + 62)(a + 6) = a8 + 63. 

That is, if the sum of the squares of two quantities 
diminished by their product be multiplied by their sum, 
the result is the sum of their cubes. 

V. Multiply a^ + a6 + 62 by a - 6. 

a2 + a6 +62 

a -6 

a^ + a^b + a62 

— a^ — ah^ — 6* 
a3 ^63 

That is, if the sum of the squares of two quantities, 
increased by their product, be multiplied by their differ- 
ence, the result is the difference of their cubea 
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The following, although not so important, will often be 
found useful : — 

VI. (a2 + ab + b^)(a^ - a6 + b^) = a* + a^^ + b\ 
VIL (a + 6)3 = a3 + 3a26 + 3a62 + 63. 
VIII. (a - 6)3 = a3 - 3a^b + 3ah^ - 63. 

IX. (a + 6 + c)2 = a2 + 52 + ^2 + 2(a6 + a<; + 6c). 
X. (x±a)(x±b)==x^±(a + b)x + ab, 

XI. (x±a)(a3 4:6)=a:2+ (a-6)a;-a6. 
XII. (x+a)(a;+6)(a;+c)=aj3+(a+6+c)aj2+(a6+ac+6c)a;+o6<;. 

In X. and XL either the two upper or the two under 
signs must be taken together, not an upper and an under 
at the same time. 

Application of Theorems. 

lUtistrative Eocamples. 

(1.) (3aj2+2y)2=(3a;2)2+2(3a;2)(2y)+(2y)2, ByTheoreml. 

= 9a:* + 12a;2y + 4y2 

(2.) (a + 36 - 4c)2 = {(a + 36) - 4c}2 

= (a + 36)2 _ 2(a + 36)(4c) + (4c)2, II. 

= a2 + 6a6 + 962--8ac - 246^+J, 6c2 I. 

(3.) (a2 + 2a; + l)(a;2^- 2aj + 1) = (a^+ 1 + 2a:)(a;2+ i _ 2x\ 

= (jK2+l)2-(2a;)2, III. 

= iK* + 2a;2+l-4a;2, 1. 

=-ic*-2a;2 + l. 

(4.) (a;2_2x + 4)(a; + 2) = iB3 + 8. , IV. 

(5.) (4x2 + 6a; + 9)(2aj - 3) = 8a:3 _ 27. V. 

(6.) (4a:2 + 6ar + 9)(4aj2 -6ar + 9)(l 6x4 _ 36^.2 + 81), 

= (16ic* + 36x2 + 81)(16a:*- 36x2 + 81), VI. 
= 256x8+1296x^ + 6561. VI. 

(7.) (x2 + 2x + 3)3={x2 + (2x + 3)}3, 
= (x2)3 + 3(x2)2(2x + 3) + 3(x2)(2x + 3)2 + (2x + 3)3, VII. 
= x« + 6x5 + 9x4 + 12x* + 36x3 + 27x2 + 8x3 + 36x2 + 

54x + 27, VII. and I. 

:= aJ» + 6x5 + 21x4 + 44x3 + 63x2 + 54x + 27. 

4 



50 MULTIPLICATION. 

(8.) (2a-6-c)3={(2a-6)-c}8, 
= (2a - 6)3 - 3(2a - hfc + 3(2a - hy - <?», Theorem VIIL 
= 8a3-12a26 + 6a62-.63-12a2c+12aftc-362c + 6ac2- . 

36c2 - c8, VIII. and IL 

(9.) (5a+36+c)2=25a2+962+c2+2(15a6+5ac+36c). IX. 
(10.) (a; + 7)(a; + 5) = a2+12a. + 35. X 

(11.) (aj-15)(a; + 4)=a2_iia._60. XI 

(12.) (a: + 2)(a;-2)(a:-6)=a8-6a;2-4a; + 24. XII 

EXA1IFLE8 FOR PBACTIOB.— ZIIL 

Expand the following /by the above theorems : — 



(1. 
(2. 
(3. 

(4. 
(5. 

(6. 

(7. 
(8. 

(9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 
18. 
19. 
20. 
21. 
22. 



(7a + 2hcf. 

(5x2 - ./f, 

(a; + 2y + 3»)2. 

(x2_2a; + l)2. 
{a? + 7)(x2 ^ 7). 

(a;2 + 2a; + 4)(x2-2aj + 4). 

{x^ + xy - y^){oi^ - xy + y^), 

{x-\){x-\-\){a?-\-\)(a^ + l). 

(mx + nyy(mx - ny)^, 

(a + 6 + c + c?)(a + 6-c-df). 

(1 + 2a; - 2a;2 - aj8)(l - 2a; + 2a:2 _ igS). 

(l-2a; + 4a;2)(l+2a;). 
(a262 + ahc + c^){ah - c). 
(a2 ^ 4^ _ 4)(a - 2)2. 

(a;2 + 6a; - 9)(a; - 3)2 - (a;2 + 9)(a; + 3)(a; - 3). 
(4a;2-6a;y+93^2)(2a; + 33^)-(4x2+10a» + 252;2)(2a;-52;) 

~ (92/2 - 15y2 + 252;2)(3y + 5s). 

(a2a^^ + ahxy + hY)(a^^ - ohxy + ^V )• 

(a;2 + 3a: + 9)(a;2 - 3a; + 9)(a;4 - 9a;2 + 81). 

(1 + '2,xyf - (1 - 3a^)3 - bxy{\ - xy){3 - 7xy). 

6{x + 4)(a; + 5) - 7(a; - 2)(a; - 3) + 2(a; + 5)(a; - 3). 

(x + 7)(x + 6)(x + 3) - (a; - 3)(a; - 5)(a; - 7). 

(x + i)(x + 3)(a; - 2) + (a; - 6)(a; + 2)(a; - 2). 
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(23.) (x + 2a){x-'b)-(x-a)(x + 2b). 
(24.) {x^ + {a-'b)x + (a-b)^}(x-a + b) + 

{x^''{a + b)x+(a + by}{x'\-a + b), 

58. Sabstitations. — Find the value of the following 
expressions when a =13, J = 7, c = 3, c?=0, a; = 4, y = 5, 
and z = 9. 

Illustrative Example. 

(a + 6)(a;2 _ y) - (2^^ - 2)2 + ab{x -y) + cd{y - z), 

= (13+7)(16-5)-(10-9)2 + 13 X 7 X (4-5) + 3 x x (6-9), 

= 20xll-12+13x7x -(l) + 0, 

= 220-1-91 = 220-92 = 128. 

EXAMPLES FOR FBACTICE.— XIV. 

The values of the letters being the same as above. 
(1.) ahx — bcy + cdz, 
(2.) 3a;2-6a2/ + 7y2. 

(3.) 5(a + 6)a; + 4(6 + c)y-ll(c + c?)2;. 

(4.) x^ - ^v^y + %xhf^ - ix^ + y^. 

(5.) a{b-\-c{x-y)} - 2[a- 3{6 - 4(c-a;) - 2y} +4 

(6.) {a{x^-y)-b\x-y)}{c{y-k-z)''d{y-z)}-{aM-hy'{'Cz)\ 

59. Equations involving Multiplication. 

Illustrative Examples. 

(1.) Given i(x + 2) - 3(2 - a;) = 5(aj + 6) to find a; 
Solution : — 

4aj + 8 - 6 + 3a; = 5a; + 30. (a) 
7a;-6a; = 30-2. 

2a;=28, /. a;=14. 
The student must carefully remember the change of 
sign necessary when brackets preceded by minus are re- 
moved, as in line marked (a). 
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(2.) {x - l)(a: - 4) = (a; - 2){x - 5). Find x. 

2a; = 6, /. a;=3. 

(3.) (a:-l)(a;-2)(a;-3)+a;(a: + 2)(a:+4) = 2(a:3 + 16). 

a^-6a^ + Ux-6-{-x^ + 6a^ + Sx=^2ofi + 32. 
2a:8+19a;-6==2a:8 + 32. 
19a; = 38, /. a; =2. 

(4.) {(a; - 3)2 + a{x - 3) + a^} (a; - 3 - a) = {(a; - 2)2- 

6(a; - 2) + 62} (a; - 2 + 6) - (3a; - 2)(a; - 4). 

(x-3)3-a3 = (a;-2)3 + &8-(3a^-14a; + 8). 
2;3-9x2 + 27a;-27-a3 = a;3-6x2 + 12a;-8 + &8-3x2+14a;-8. 

= a:3 - 9a;2 + 26a; 63-16. 
.-. a; = a3 + 63 + ll. 



60. If, after expansion, the powers of x higher than the 
first do not all disappear, the equation is not a simple one, 
and cannot be solved until the pupil is more advanced. 
For instance, (3a; + l)(a; - 2) = (a? + l)(a; + 3), when ex- 
panded and transposed, gives 2a;2__9;;i;-.5^ aj^ equation 
containing the second power of os. 



(1. 

(2. 
(3. 

(4- 
(5. 

(6. 

(7. 
(8. 

(9. 

(10. 
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2(2a!-9) = a;-6. 

3(5 - 3a;) - 5(3 - 5x) = 8(x + 2). 

x{4x + 3) - (2a; - 1 )2 = 2(2a: + 7). 

5a;-(a!-2)x + (x-l)(a;+l) = 20. 

8{a;- 3(5 - 2a;)} -7(3a; + 5) = 17a;- 29. 

6a;* - 5{(« - 4)(a; - 3) - 5(a; - 2)} = (a; + 10)2 



PROBLEMS. 53 

(11.) (S + x)(2 -x)(l -x) - (3 -x)(2 + x)(l -x) ==(3 -x) 

(2 - a;)(l +x) + {3- x)(2 - a;)(l - x). 
(12.) 2{{x+iy + (x-2Y}{(x + l)^-(x-2y} 

= 3(2x-lY-9(l-ix). 

61. Problems involving Multiplication. 

Illustrative Examples, 

(1.) Divide 40 into two parts, such that three times one 
part may equal five times the other. 

Let X — the one part, 
Then 40 - a; = the other. 
And by the terms of the question — 

3a; = 5(40 -a;). 
Or, multiplying the quantity within the brackets by 5 — 

3a; = 200-5aj. 
Transposing, 3a; + 5a; = 200. 
Collecting, 8a; = 200. 

/. a; = 25, and 40-a;=15. 
(2.) The product of two numbers which differ by 9 is 
equal to the square of the number which is 6 less than the 
greater. Find the numbers. 

Let X = the greater, then a; - 9 = the less. 
And a; - 6 = number 6 less than greater. 
By question, a;(a; - 9) = (a; - 6)^ 

a;2-9a; = a;2-12a; + 36. 
Here x\ appearing on each side with the same sign, may 
be struck out 

Transposing, 1 2a; - 9a; = 36. 

3a; = 36. 
.*. a; = 12, and a;- 9 = 3. 
By making x = the less number, and a; + 9 the greater, 
we would have the equation, {x + 9)a; = (a; + 3)^, from which 
we would find a; = 3, and a; + 9 = 12. 
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(3.) A traveller found after walking 3 hours that he 
had gone 2 miles more than one-third of his entire journey, 
and after 4 hours that he had done one mile more than 
half. At what rate per hour did he walk, and what was 
the length of his journey ? 

Let X = number of miles he went in an hour. 
Then 3x and ix = number travelled in 3 and 4 hours 
respectively. 

3a; - 2 = one-third of journey. 
3(3aj - 2) = whole journey. 

4a; - 1 = ' one-half of journey. 
2(4a; - 1) = whole journey. 
/. 3(3a;-2) = 2(4a;-l) 
9a;- 6 = 8a;- 2. 
Transposing and collecting, a; = 4. 

2(4a; - 1) = 2(16 - 1) = 30 = number of miles in journey. 
(4.) A rectangle is 7 feet more in length than in 
breadth; if both length and breadth be increased by 3 
feet, the area will be increased by 96 square feet Find 
the area. 

Let X = number of feet in breadtL 

a; -I- 7 = number of feet in length. 
a:(a; + 7) = area. 
If length and breadth be each increased by 3, they will 
become a;-|- 3, and a;-|- 10, and the area will be 

(a; + 3)(a;+10). 
But by the question, (x + 3)(a; -|- 10) = a:(a; + 7) + 96. 

a;2 + 13a; + 30 = a;2 + 7a; + 96. 
Transposing and collecting, 6x = 66, .*. a; = 1 1, and 
a;(a;-|- 7) = 11 x 18 = 198 = area in square feet. 
(5.) A cistern is supplied by four pipes, the first con- 
veying 10 gallons a minute more than the second, the 
second 10 more than the third, and the third 10 more 
than the fourth. The second running 30 minutes, the 
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third running 20, and the fourth 10, will together fill the 
cistern, while the first can do it alone in 40 minutes. 
How much does the cistern hold 1 

Let X = number of gallons conveyed per minute by first, 
a: - 10 = number of gallons conveyed per minute by second, 
a; - 20 = number of gaUons conveyed per minute by third, 
a; - 30 = number of gallons conveyed per minute by f ourtL 

Then 40aj, 30(aj-10), 20(aj-20), and 10(aj-30) represent 
the total quantities conveyed by the respective pipes ; and 
by the question — 

30(a; - 10) + 20(a: - 20) + 10(a; - 30) = 40x. 
30a; - 300 + 20a; - 400 + 10a; - 300 = 40a;. 
Transposing and collecting, 20a; = 1000, and a; = 50. 
40a; = 40 X 50 = 2000 = number of gallons in cistern. 

(6.) On looking over a farmer's stock, it was found that 
the number of sheep exceeded the number of shillings an 
ox was worth by 460 ; that the number of oxen exceeded 
the number of shillings a sheep was worth by 25 ; and 
that the total value of the oxen exceeded the total value 
of the sheep by £100, although there were twenty times 
as many sheep as oxen. Find the number of oxen, and 
the value of the farmer's stock. 

Let X = number of oxen. 
20a; = number of sheep. 
20a; - 460 = number of shillings in price of ox. 
a; - 25 = number of shillings in price of sheep. 
a;(20a; - 460) = total value of oxen in shillings. 
20a;(a; - 25) = total value of sheep in shillings. 
By question, a'(20a; - 460) - 20a;(a; - 25) = 2000s. 

20a^* - 460a; - 20a;2 + 500a; = 2000. 
/. 40a; = 2000, a; = 50 = number of oxen. 
a;(20a; - 460) + 20a;(a; - 25) = 50 x 540 + 20 x 50 x 25 
« 52000s. = £2600 = value of stock. 
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(1.) If 11 be added to a certain number, thrice the sum 
will equal 57 : find the number. 

(2.) A has seven times as many marbles as B, but if 
each receive an addition of 10, A's will only number thrice 
B*8. What number has each ? 

(3.) The product of two consecutive numbers is greater 
than the square of the less by 7. Find the numbers. 

(4.) Two pieces of cloth, together measuring 69 yards, 
were bought for £17, 10s. 9d. ; one of the pieces cost 
6s. 3d. per yard, and the other 4s. 6d. How many yards 
were in each ? 

(5.) A rectangle is twice as long as it is broad. An- 
other, of equal area, is 10 feet shorter but 6 feet broader. 
Find the length of each, and the common area. 

(6.) A cistern which contains 1280 gallons is filled in 
forty minutes by three pipes, one conveying 5 gallons 
more and another 3 gallons less than the third per minuta 
How many gallons does each contribute to fill the cistern 1 

(7.) Find two numbers such that their difference may 
be 6, and the difference of their squares 168. 

(8.) A lady distributed £i, Is. among 45 poor persons, 
giving 2s. 6d. to a man, 1& 6d. to a woman, and 9d. to a 
child. There were thrice as many men as children. How 
many were there of each ? 

(9.) In the last question, if the sum given to each be 
increased by the same number of pence, and if for every 
additional penny each receives the number of men be 
reduced by one, the number of women by two, and the 
number of children be increased by three, the total sum 
distributed would amount to £4, 3s. 6d. How much 
additional should each receive ? 

(10.) A train passing from one terminus to another, 50 
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miles distant, made three stoppages by the way at stations 
respectively 16, 30, and 42 miles from the starting place. 
At the first station the number of passengers in the train 
was reduced by 12; at the second by 5 more; and the 
number who came in at the third exceeded the number 
who went out by 7. The fare being 2d. per mile, the whole 
sum paid by the various passengers amoimted to £66, 13s. 
How many started with the train ? 

(11.) A regiment of volunteers being formed into a 
solid square, 40 men were left over ; but on trying to add 
one to each side, it was found that there were 11 too few. 
How many were in the regiment 1 

(12.) A traveller foimd, after walking four hours, that 
he had gone one mile less than a third of his journey, and 
after seven hours that he had done two miles more than 
half. How many miles an hour did he walk ? 

(13.) Three pipes convey water to a cistern which can 
be filled by all running together for an hour, or by ona 
after the other running for 40, 70, and 83 minutes respec- 
tively. The first discharges per minute 3 gallons more 
than the second, and the second 7 more than the third. 
How many gallons does the cistern hold ? 

(14.) In the last question, if the discharge of each pipe 
be increased by the same amount, and if, for every addl- 
tional gallon discharged per minute, the first and second 
be allowed to run one minute more, and the third two 
minutes less, when they run one after the other, the 
cistern would overflow to the extent of 1050 gallons. 
What additional quantity must be discharged by each per 
minute? 

(15.) A traveller sets out on a journey which he can 
complete in 9 days. Some time after, another, who can 
travel five miles more per day, sets out after him, and 
overtakes him in 6 days, 24 miles from his journey's end. 
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How many miles per day can each travel, and what is the 
length of the journey ? 

(16.) A square court has a walk three feet wide formed 
round it If the area of the walk be 324 square feet, 
what is its length ? 

(17.) A cricket match was lost by 29 runs; but the best 
player on the losing side beat the best player on the other 
by 5, and made one-fourth of the whole number gained 
by his sida Had the best player on the winning side 
made 3 more, his runs would have equalled a fifth of those 
made by all the other players on his side. What was the 
winning score ? 

PiU X = number of runs by beat on vnnning side. 

(18.) A farmer owns 20 times as many sheep as oxen. 
The number of sheep exceeds the number of shillings one 
of them costs by 350, and the number of oxen is one more 
than the number of pounds an ox costs. If there were as 
many cattle as there are sheep, the total value of the former 
would exceed the total value of the latter by £6270. How 
many are there of each, and what is the value of the 
whole 1 



CHAPTER IV. 



DIVISION. 



62. Division is indicated by the sign -r (read divided by) 
being placed after the quantity to be divided, and before 
the one to be used as a divisor — thus : \2a^l^ h- 4a5 signifies 
that 12a263 is to be divided by 4a5, and {^a^x - ^b^y) ^ 
babocy means that Zahc - 2h'^y is to be divided by babxy. 

Division is also very generally represented by placing 
the quantity to be divided above the divisor in the form 
of a fraction, as — 

7a2 * lOa^m^ 6a^-3b^ 4o(^ - iocy + y^ 
1"' 2am ' ~3ab ' 2x'-y ' 

in all of which the upper line is to be divided by the lower. 
This subject is conveniently treated under the three 
cases — 

L Division of one simple quantity by another. 
IL Division of a compound quantity by a simple one. 
IIL Division of one compound quantity by another. 

Case I. 

63. Division of one Simple Quantity by another. 

(1.) When the divisor is merely a number, divide the 
coefficient of the dividend by the number. 
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If the coefficient will not divide by the number, express 
the result in the form of a fraction. 

We have already frequently made use of this rule in 
solving equations. 

lUnstrative Examples, 
(1) 12a362ar-f3 = 4a362a:. (2) bahh^-rS = ^h^,or^^^^ . 
(3) a^hh^ -f 4 = la^^x\ (4) 15a6a: ^ 10 = {^x = ^x, 

64. (2.) When the divisor and the dividend consist of the 
same letter having different powers. 

Divide o by a* 

As any quantity is contained in itself once, the quotient 

here is evidently 1, or - = 1. 

Similarly, — 2 = 1 » -3 = ^ » etc. 

Divide o^ by a. 

By Art. 49 we know that a^ x o or a^-a is equal to aK 
If then a\ that is, a^-a, be divided by a, or have the factor 
a removed, the quotient must be o^ ; that is — 

— = a^. So -« = — 5- = or. 
a x^ x^ 

Divide a^ by a^. 

—^ = -4 — i^ = ~4 • III ^his question, as a^ is a lower power 

of a than a^, we divide out or cancel a^ from both divisor 
and dividend, and leave the result in the form of a frac- 
tion. 

2?" 3™ 1 

So also —7 = -^— = - • 
ar or-a; x 

In each of these results it is to be observed that the 
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exponent of the quotient is equal to the difference between 
the exponents of the dividend and divisor. 

re* 



a3_ 


a2 = 


= a3-i 
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a 








a2 


1 


1 




a«"" 


a*' 


"a«-2 


> 



and 



a: 

a;3 1 1 



a* a; a:* "* 



65. From this we have the following 

Rule for the Division op one Power op a Quantity 
BY another. — Find the difference of the exponents. This 
difference is the exponent of the quotient 

If the exponent of the divisor is greater than that of 
the dividend, write the answer in the form of a fraction 
having 1 for its numerator. 

Illuatratwe Examples, 

«^ 8-3 5 A ^^ ^ ^ 

— e = a** ^ = a^ , and — ^ = -=—. = -« • 



66. (3.) When the divisor and the dividend contain more 
than one letter. 

Divide a^U^c by a^hc ; that is, remove the factors a^hc 
from the product a^h^c (Art 49). 

—2 gives a^, -r gives 6, and - gives 1. 

. . —9-,— =— nX T- X - =a2x6xl = 0^6. 
a^6c a^ c 

c, , ^2/1 111 
So also — s-s = — X -s = 



m%^ m n2 m7i2 * 



^2j54- ^ ^ y ^ «2- 2;2 



Divide abe by def. 

As there are here no factors common to divisor md 
dividend, the result can only be indicated thus, -j-> - 
Divide a^lflc*>P by aVe'/". 

67. From these different examples ve deduce the 
Oemebal Rule for the Divisios of one Sihplb 
QuAin'iTT BT ANOTHER. — PUce the divisor under the 
dividend, and strike out from each the common factors. 



lUtutrative Example». 
Divide (1.) na?iM by 16oVi, and (2.) lOoajSy* by 

68. Signs. — In division, as in multiplication, it is essen- 
tial to observe the effect of the signs. 

By Arts. 40, 43, +ai is the product of either +a by 
+ 6, or of - a by - 6. 

If, therefore, -(- a be one of the factors, + h must be the 
other ; and if - a be one of the factors, - b must be the 

Or, -t^.+i, and±^--i, 

<, if a positive quantity be divided by a positive, the 
^ont is positive ; if by a negative, the quotient is 
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69. By Arts. 41, 42, -ab is the product of either +a 
by - 6, or - o by + b. 

If + a be one of the faxitors, - b must be the other; and 
if - a be one of the factors, + b must be the other. 

Or, = -^j and = +5. 

+ a -a 

That is, if a negative quantity be divided by a positive, 
the quotient is negative ; if by a negative, the quotient is 
positive 

70. Bringing these results together, for the sake of com- 
parison, we have — 

(1.) ±f* = +6. (2.) ±^^-b. 

(3.) -=^ = -6. (4.)—=+ J. 

From which we observe that the rule of signs is the 
same in division as in multiplication, namely : — 
Like signs give plus ; unlike signs give minus. 

lUiistratwe Examples. 
Divide — 

(1.) 12a2J2 by 4a25. (2.) 8ab^(^ by - Qa^b^c. 

(3.) - a*62aj by 5a264y. (4.) -3ab^hj -b^cx^ 

,- . 12o262 8a52c« _ 4c2 

^^'^ ~i^ " '^^' ^^--^ - 6a862c - - 3^2- 

„ . — a^bh: _ ah: /a\~ ^^^^ — ^^ 

^ ' ba^b^y bb^y' ^ —b^cx^ cst^* 

Case II. 

7L Division of a Compound Quantity by a Simple one. 
Rule. — Divide each term of the compound quantity by 
tlie simple one, and set down the sum of the results. 
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lUustroHve Examples, 
(1.) Divide 16a<63 _ i2a^i,2 4. 3^25 \^y 4^25, 

j-jT = 4a262 - 3a6 + 2. 

(2.) Divide 12a:»y-7xV- 9a:3^« l>y -Sxy^ 

(3.) Divide a6c + bed - ccfe by abcde. 

ahc + 6c6? - cde __ 1 1 1 
o^ccfe "" cfe a€ 06' 

Case IIL 

72. Division of one Ck>mpoimd Quantity by another. 

Rule. — Arrange each of the quantities according to 
either the descending or ascending powers of the same letter. 

Divide the first term of the dividend by the first term 
of the divisor ; this gives the first term of the quotient 

Multiply the divisor by this term. 

Place the result under the dividend, and subtract. 

Treat the remainder as a new dividend, and proceed as 

before until there is no remainder, or until the leading 

term of the remainder will no longer divide by that of the 

divisor, in which case the remainder is to be written over 

the divisor, in the form of a fraction, with the proper sign 

prefixed. 

lUuatrative Examples, 

(1.) Divide a^ -oc^- Sa^x + 3ax^ hj a-x. 
Arrange according to descending powers of a. 
a-x\a^ - Sa^oj + 3ax^ -0:^(0^- 2ttx + x^ 
a^ - a^x 

- 2a'^x + 3aa;2 - a^ 

- 2a^x + 2ax^ 

-{■ax^ — a? 
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a3 



Here — gives a^, the first term of the quotient, and 

a — x multiplied by a^ gives a^ - a^x, which, being written 
under the dividend and subtracted from it, leaves the re- 
mainder, - 2a^x + 3ax^ - a;^. This being treated as a new 

-'2a^x 
dividend, gives -2aaj, the second term of the 

quotient. Then a-x, being multiplied by -2aa:, pro- 
duces - 2a^x + 2ax^, which, being taken from the last 
dividend, leaves ax^ -a^, „ 

(IX 

This remainder is now the dividend, and — gives oj^, 
the third term of the quotient 

a-x multiplied by x^ gives ax^ - a;^, which, being taken 
from the last dividend, leaves no remainder. 

The complete quotient is a^ - 2(ix + x^, 

(2.) Divide ISa:^- 12i»* + a;2- 1 by 3ic2-2aj + l. 

3x2 - 2x4- l)18a:5-12ic* + a;2_i ^6^:3 _2aj-l 

18x^-120:^ -I- 6a:3 

-6x3 + a;2-l 

- 6x3 + 4a;2 - 2aj 



- 3x2 + 2x - 1 

- 3x2 + 2x - 1 

ISx* 
Here -s-g- gives 6x3, ^nd the product of this term and 

the divisor is ISx^- 12x* + 6x3, which, being taken from 
the dividend, leaves - 6x3 ^x^-l. Observe that the 
term 6x3 jj^ the subtrahend, having no like term in the 
line above it, is merely brought down with its sign 
changed. Also, it is brought down before the x2, as it is 
necessary to keep the order of the powers the same as at 
first. The rest of the work is performed in a manner 
similar to that in last example. 

(3.) Divide Sx^y* + 6x»y» + 3x2^2 - 3xy + 6 by 

2x2y2 + 3xy 4- 2. 

5 
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+ 4a2y2^3ay + 6 



-3ajy+2 (a) 

The division of this sum is carried on as in the two 
previous examples, until we come to the line marked (a), 
where it is found that the exponent of the leading term in 
the remainder is less than that of the first term of the 
divisor. The division, therefore, is no longer carried on, 
but the remainder, with the divisor under it in the form 
of a fraction, is written after the other terms of the 
quotient, so that the complete answer is — 

4xV.3xy + 2+2^|^^2 

Or, 4a:V-3xy + 2-2^^,^^2- (^^ 2^-> 

(4.) Divide 1 - 2ax + ia^3c^ r- 6a^x^ by 1 - Sa^x^. 

1 - 3a^x^ ) 1 - 2aa; + 4a3a^ - 6aV ( 1 - 2ax+3a^x^ 

1 - 3aV 

-2ax + Sa^x^ + ^a^x^ 
- 2ax + 6a^a^ 



+ 3a2aj2 - 2a3x3 - ea^ic* 
+ 3a2a;2 - 9a^x^ 



- 2a^a^ + 3a^x!^ 

The terms are here arranged in ascending powers of dx, 
and it is essential that in each of the remainders the 
lowest power of ax should stand first. As the leading 
term of each successive remainder has a higher power than 
that of the preceding one, it is obvious that so long as 
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there is a remainder its leading term must always be 
divisible by that of the divisor, and the division becomes 
interminable. 

We can stop, therefore, at any term we please, and, 
generally, we may do so when all the terms of the dividend 
have been brought down. The answer to the above sum 
is then — 

l-2aa: + 3aV- ^^3^,^ . 

Carrying it on a few terms further, we have— 

1 - 3aV) - 2aV + 3a V(- 2aW + 3a V - 6aW + 9oW - eta 
- 2a'ar» + 6aV 



3aV - 6aW 
3aV - 9aW 



'-Qa'^ix^-{' 9aV 
-6aW + 18aV 



9aW-18aV 
9aW - 27aW 



-18aV + 27aV 

The complete answer is now — 

, ^ »»«o.««»^^^KK/>«« 18aV-27aV 
1 - 2aa; + 3aV- 2a V + 3aV- 6aV + 9aW ^ _ ^^^^ 

(5.) Divide 1 by \-2x-{-x\ 

This is of a character similar to the last 

1 - 2a: + a;2)l (1 +2aj + 3a;2 + 4a:3+ f ^^ ^^\ 

^1 0.2^ l-2x + x^ 

1 - 2a; + 05^ 

• 2a;-a;2 

2x - 4g;2 + 2^3 
3aj2 - 2ic3 
3a;2 - 6^3 4, 3a^ 

4a^-3a:* 
4^j^8^jf4a5 
5a:*-4a55 
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g* + 2x*y - Sa^ 

- 23i^y -^Sa^z + lSocyz + Sy^ - 27s^ 

- 2a?y - ^xi^+ 6xi/z 



Sxhi + Axy^-^ 12x^ + 87/^-27:1^ 
3a^ + 6xt/z - 9ocs^ 

4xf + 6xt/z + 9xs^ + Sf-27z^ 

4a^ + 8y» -12^ ^^ 

60:3/2; + 123/^2+ 9a»« - 27 z^ 
%ocyz 4- 1 2'i^z — 1 8yi5* 

9^2 + 18y»«-27? 

9cc22 + 183^-272^ 

It is particularly necessary in such a sum as this to 

remember that the same order of the letters and their 

powers must be maintained throughout the whole work. 

By applying some of the theorems in Art. 67, the above 
division may be considerably shortened. 



{x + 2y) - Sz 



(a^ + Sy^) + lSxi/Z''27s^ 
(p(? + 8y») - 3(a:» -2xy + if) z 
3(ar* + 4a^+42/»)2;-272;» 
Or, Z{x+2yfz-277? 



{x'-2xy + ii^) 



+ ^x + 23^)2 



3(a; + 23^)^2 -9(a;+2y)2^ 



9(a; + 2y)7» - 27;5» 
9(a; + 2yy - 272* 

The same answer as before, in different order. 



+ 92;2 



(7. ) Divide c(?-{2a + h)ot? + (a' + 2ah)x - a^h hy x-h, 
x-h)Q(?-{2a + h)a? + {a^ + 2ah)x-a'h{x'-'2ax + a^ 



a?-h^ 



- 2aa? + (a* + 2(jh)x 

- 2aa? + 2ahx 



(j?x - a^b 
a^x - a^b 
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(8.) a:" + 7?ia:^- (n+l)a^2/'- (m + l)aj^y' + wa^i^ 4-y* by 
oj+ya^'+ma^ - (71+ 1)03*2/" - (m+ l)ar^y'+7ia^+2/'aJ*+(m -- l)a:'y 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
0. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
20. 



{m-\ )x*y - (w + 1 )a5*^ 
(m - 1 )ie*y + (m - l)x'y" 



- {m-{-n)a?i^- (m+ l)a3"^ 

- (m + n)a?]^ - (m + n)a?^ 



■{■{n-Vjx}^ 



(7i-l)a;"y'+nas^ 

(w - 1 )a:*^ + (n - 1 )5c^ 

ay+2/* 

KXAMFT.RS FOB PBACTICE.— ZVIL 

Divide 18a36V by ^ah^(^. 

Divide - 20ah^ by bay\ 

Divide Ga^ftV by - iaWc\ 

Divide - b^a^x^ by - ^^a^a^y^. 

Divide 12a3 - 18a2a; + 24aa;2 by 6. 

Divide \2a^ - 18a2a; + 24aa;2 by 8a. 

Divide ^cux^ + 9a2a;2 - \2a^x by 9a2ic2. 

Divide - lahc - 86cc?+ 9acc?+ lOaftc? by - abed, 

Divide aha^x^ - Aiahnxy + 6ay2 by - 3a27^. 

Divide a2 _ 333 - 4 by a; - 4. 

Divide \bx^ + Mxy + 15y2 by 3a; + 5y. 

Divide 40^ - 15a;2y + 105cy2 _ 3^3 by a; _ 3y, 

Divide a« - Uahi^ - 6a:« by a^ + 3a^. 

Divide 3a;* - 7x3 _ 43.2 + 5^ _ 1 by a;2-3a: + l. 

Divide a:* - 2a;3 - 2a;2 - 3a; - 2 by a^^ + 2a; + 1. 
Divide 6a;2 - 5a; - 3 by 2a; - 3. 
Divide 4a;5 + 7a;3 + 4a; by 2a;2 + a;+l. 
Divide a;* + a;^ - 1 0a;2 + 5 by a;^ _ 2x2 _ 2a; + 1 . 
Divide x^ - 4aw - 4y2 - iyz + 3z^ by a; + 2y - «. 
Divide Sa^ + y^ + Qxy - 1 by 2a; + y - 1 
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(21.) Divide a^ + y^-sfi-l+ Z{xhj -^ xf - z^ - z) hy 
x-\-y -2-1. 

(22.) Divide 1 by l+o^. 

(23.) Divide \-\-x-a? by 1 -aj + o^. 

(24.) Divide (1 -x^f by (1 -a»)2 

(25.) Divide a:^ _ (« - 6)x2 + a6« by a + 6. 

(26.) Divide ar* - (a + 6)a:8 + (a + a6 + 6)x2^ (^2+ 52)3. + ah 

by a;2 - oa + 6. 

(27.) Divide ar* - 26a:3 - («« - 6V + 2o26a. _ a262 by 
x^-^a-^- h)x + 06. 

(28.) Divide 1 - 26* - («« - 26 - h^)x^ - 2(a2 + 52^ _ 
(a2 - 2o26 - 62)a^ + 2o26a:5 - a262jB« by 1 - (a + h)x - (a - 6)a;2 
+ 0605^. 

(29.) Divide 1 +aa:+6a:2 4.^1+^+0)3:3 + fee* +(l+a+c)a*+ 
6a:^ + ca;^ + a:® by 1 - a: + a;2. 

(30.) Divide a + 6a; + ca:^ + ^^ by 1 + aj + a;2 to six terms. 

73. The tedious process that is necessary in long division 
may often be shortened or altogether avoided by the use of 

the theorems stated in Art. 57. 

a2 - 62 
If (a + 6)(a - 6) = a2 - 62, it is evident that — — v- = a + 6, 

and r = a - 6. 

a + 6 

Whenever, then, the divisor can be recognized as a 

factor of the dividend, it should be struck out, and the 

other factor at once written down as the quotient. 

Illustrative ExampUa, 

(1.) Divide «« + 8y3 by a;2 + 2y, 

By Theorem IV. the factors of (a;2)3 + (2y)3 are a;2 + 2y, 
and (a;2)2_a;2.2y + (2y)2 

... (^2±W«(^2)2_^2.2y+(2y)2 = a:4. 2x22^+4/. 
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(2.) Dividea;* + 9ic2 + 81 bya;2 + 3a; + 9. 

By Theorem VI. the factors of a;* + 9a;2 + 8 1 are a:^ + 3^ ^ 9 

anda:2-3a: + 9. 



x^ + 3x + 9 



= a:2-3a: + 9. 



74. Factoiiiig. — To help the student to acquire facility 
in recognizing the factors of a product — a thing necessary 
to a good algebraist — some examples in factoring are here 
subjoined. 

(1.) Resolve a* - a^^ into simple factors. 

As a^ is common to both terms, divide it out; the 
quotient is a^-b^, which, by Theorem III., is equal to 
(a + b){a - h). 

:. a^ ''a%^ = a%a + h){a-h). 

(2.) Resolve a;^ + 5a; + 6 into simple factors. 

By Theorem X. (x + a)(a; + 6) = a;^ + (a + h)x + ah. 

It is here to be observed that when a? + a is multiplied 
by a; + 6, the first term of the product is a;^, the second is 
X with the sum of a and h for a coefficient, and the third 
is the prodtict of a and h. When, therefore, a product of 
the form x^ + mx + n ia given to be resolved into factprs, 
we first find the factors of the third term, and then ascer- 
tain if their sum amounts to the coefficient of x. 

In the above question, the factors of 6 are 6 and 1, or 
3 and 2 ; the sum of 6 and 1 is 7, of 3 and 2 is 5 ; and as 
this latter number is the coefficient of a, we conclude that 
the required factors are a; + 2 and a; + 3. 

Or, a;2 + 5a; + 6 = (a; + 2)(a; + 3) 

In the same way, a;2 + 24a; + 119 = (a; + 7)(a; + 17). 

(3.) Find the simple factors of a;^ - 7a; + 12. 

This is of the form indicated by the lower sign in 
Theorem X., and the factors must be of the form x-a^ 
x-b. 



72 DIVISION. 

First, we resolve 12 into pairs of factors in every pos- 
sible way, thus : 12 = 12 x 1, or 6 x 2, or 3 x 4. 

As 3 X 4 is the only pair whose sum is 7, the factors are 
x-3 and a: - 4. 

And, 30^- 7a; + 12 = (a;~3)(a;-4). 
Similarly, x^ - 17a; + 72 = (a; - 8)(a; - 9). 

(4.) Resolve a;^ - 7a; - 18 into simple factors. 

This is of the form indicated by the lower sign in 
Theorem XL, the coefficient of x being the di£ference 
between a and b, and the factors take the form of x-a, 
x-\-b. 

First, resolving 18 into every possible pair of factors — 
18 = 18x1, or 9x2, or 6x3. 

Here 9 and 2, being the only pair whose difference is 7, 
must be the pair required ; and as this difference is minus, 
the 9 must be minus. The factors, therefore, of a;^ _ 7^; _ 18 
are a; - 9 and a; + 2. 

So also the factors of a;^ + aj - 72 are found to be a; + 9 
and 03-8. 

75. The following general rules for resolving products 
of the forms x^ + mx + w, x^- mx + ti, x^ - mx - n, and 
x^ + mx - fly into their simple factors, may be found 
useful : — 

(a) If the sign of the third term (n) is plus, the signs of 
the second terms (a and b) of the factors are alike, either 
both plus or both minus. 

(b) In that case, the coefficient (m) of the second term 
of the product is the sum of the second terms of the 
factors; and the sign of these terms is the same as that of 
the second term of the product. 

(c) If the sign of the third term is minus, the signs of 
the second terms of the factors are unlike, one plus, the 
other minus. 
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(d) In that case, the coefficient of the second term of 
the product is the difference between the second terms of 
the factors ; and the signs of these terms being unlike, the 
greater will have the sign of the second term of the product. 

If the coefficient of the second term is not formed by 
the sum of the factors of the third when the third is posi- 
tive, or by their difference when the third is negative, then 
the expression cannot be resolved into factors. 

x^-7x + 36 and a;2-8a:-24 have no factors; for the 
factors of 36 being 36 x 1, 18 x 2, 12 x 3, 9 x 4, and 6 x 6, 
7 is not the sum of the numbers in any one of the pairs, and 
the factors of 24 being 24 x 1, 12 x 2, 8 x 3, and 6 x 4, the 
differences are 23, 10, 5, and 2, none of which is the co- 
efficient of the second term x, 

(5.) Find the simple factors of a:* - 64y^. 

By Theorem IIL xf^ - 64/ -=(xr^ + Sy^)(x^ - Si/), 

By Theorem IV. xi^+ S/ = {x + 2y)(x^ -2xi/ + 4if). 

By Theorem Y, a^- 8y3 = (a; - 2i/){x^ + 2xy-^ 4i/^). 
:. xfi-e4i/^^{x + 2i/){x- 2y){x^ -2xy + iy^)(x^ + 2xy + iy'^), 

(6. ) Resolve into elementary factors ac - 2hc - 3ad + 6bd. 
From the first two, taking out the common factor c, and 
from the last two, the common factor ^d, we have 

(a - 2b)c - 3d{a - 2b) ; 
and from these, taking out the common factor a - 25, we 
have (a - 2b){c - 3d). 

:. aC'-2bc-Sad-^6bd={a- 2b)(c - 3c?). 
This may also be resolved by taking out the common 
factor from the first and third, and from the second and 

fourth, thus : ac - 26c - 3ad -H 65c? = a{c - 3d) - 2b(c - 3d) 

' ' =^{a-2b)(c-3d). 

(7.) Find the simple factors of acx!^ - (3ad -I- 25c)a: + Qbd. 
acx!^ - 3adx - 25ca: + 66c? = a(cx - 3d)x - 26(ca; - 36?) 

= (ax- 2b)(cx - 3^. 
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In the same way the simple factors of 12x^~ 31^: + 20 
may be found 

12a:« - 31a: + 20= 12a:2_ iQj. « 15a:+ 20, 

= ix{3x - 4) - 5(3x - 4), 
= (4a! - 6)(Zx - 4). 

(8.) What are the simple factors of a:^ - 7a: - 6 1 

In this question we take one of the factors of 6, say 2, 

and suppose a; + 2ora;-2tobea factor of the given 

expression. Let us take a; + 2 : then — 

a:8 - 7a; - 6 = arS + 2a:« - 2a;2 - 4x - 3a: - 6, 

= x^(x + 2) - 2a;(a: + 2) - 3(a: + 2), 
= (a:2-2a:-3)(a: + 2), 
= (a:-3)(a: + l)(a; + 2). 

+ 2a:^ is inserted in the first line in order to make the first 
pair of terms divisible by a: + 2, and - 2x^ is introduced 
to prevent any change in the value of the expression. 
Whatever is added to a line must be taken away again. 

Let us suppose a; + 3 to be one of the factors, then 
a^-7x-e = a^ + 3a^-3x^-9x + 2x-6 = x%x-^3)-Sx(x + 3) 
+ 2(x - 3), from which we see at once that a; + 3 is not a 
factor, as the third pair of terms is not divisible by it. 

But if a: - 3 be supposed a factor, then — 

a^-7x-'e=x^-3x^ + ^x^-9x + 2x-Q, 

= a;2(a; - 3) + 3a:(a: - 3) + 2(a: - 3), 
= (a:2 + 3a; + 2)(a:-3), 
= (a;+l)(a; + 2)(a;-3). 

(9.) Resolve a^-b^ + 2bc - c^ into simple factors. 
a2-62 + 26c-c2 = a2-(62-25c + c2), 

= (a + 6 - c){a -h + c), 

(10.) What are the simple factors of 

^X1J + zY-{x^ + 9/-z^''ly'i 
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= {a^ + 2xy + y^'-z^ + 2z-l}{z^'^2z+l-x^'^2xy-y^\, 

=={x + f/ + z-l){x + y-z+l){x-y + z+l)(i/-x-hz+ 1). 

(11.) Find the simple factors of 

(a:-2)%2_4)_(y_2)V-4). 

(a:-2)%2_4)_(y_2)V-4)» 

= (x-2)(y-2){(a:-2)(y + 2)-(y-2)(a: + 2)}, 

= (a? - 2 ) (y - 2)(a^ + 2a; - 2y - 4 - ary + 2a: - 2y + 4 ), 

= 4(x-2)(y-2)(a;-y). 

irgAMPT.iM FOB FBAGnCE.-^ZVm. 
Kesolve the following into elementary factors : — 



(1. 
(2. 
(3. 

(5. 
(6. 

(7. 
(8. 

(9. 

(10. 

(11. 
(12. 

(13. 

(14. 

(15. 

(16. 

(17. 

(18. 

(19. 

(20. 



a^bc + a^c^, 
ah:^ — y2, 
a^bx - ab^x, 
5a^x - 20aa:^. 
4a2 + 8o + 4. 
a-6a2 + 9a3. 
a;(2x + l)2-ax 
{x + y)^-z^. 
a^-ly-z)^. 
(a - 26)2 - 9c2. 

(a2 + 62)2 _ 4^252. 

a^^ + 7a; + 12. 
a^^-7a; + 10. 
a^2 + 3a;-10. 
a:2_3a;-4. 
a:2 + 13a; + 12. 
a2 + a;-12. 
a2 + 17aj + 60. 
a:2-17x-60. 



(21. 
(22. 
(23. 

(24. 

(25. 
(26. 
(27. 
(28. 
(29. 
(30. 
(31. 

(32. 
(33. 
(34. 
(35. 
(36. 
(37. 



a:2 - (a + c)x + ac, 
a^-(a- h)x - ah. 
a^x^ - a{b + c)xy + 
6cy2. 

aca:2 - (ad - hc)xy - 

hdy\ 
12a;2-25a:y+12y2. 

24a;2 - 2a; - 15. 
a:2 + a^ + aj + y. 
x^ + y^-{-2xy'\-x + y, 
a? -x^-Zx—l, 
a:3 + aj2_8x-12. 
4a;2 - 9y2 + 2^yz - 
16^2. 

{pi?-xf'-{x-\f. 
8a3 + 27a:3. 

afi + lfi. 
otfi — y^, 

16a*-250aa:3. 
x(aP + y^) -\' a^ + y^. 
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(38.) 2«x3 _ 1. 

(39.) a3a:« + 5V- 
(40.) a:*y*-ar*-y*+l. 
(41.) 16 + 4x2 + ar*. 
(42.) a*6* + 9o«6« + 81. 
(43.) a:8 + a:*y* + y8. 
(44.) a:* -16. 
(45.) a:* + 4. 



(46.) a:8-16. 

(47.) {x + yf-xz^-yz^ 

(48.) 4a:* - 32ay» + a:^ _ 

8y3. 
(49.) a:2(a:3 ^ yS) _ aj3y2 + 

(50.) (X - l)2(y2 - 1) - 
(y-l)V-l)- 



Perform the operations indicated in the following : — 

x^ -^y + 2xy -4a; a:^-l-(a:-l)5 a^- a^y + xy'^ - y^ 
x-4 x-l 3(^ + y^ 

Arrange and resolve into factors. Then : — 

x2+2ary-4a:-8y a^-\-x^+3a^-Sx+l x^-x^y+xy^-t^ 
x-i X -1 x^-hy^ 

_ x{x + 2y) - 4(a: + 2y) 3x^ - 3j; _ a^(x - y) + y^(x - y) 
"" a:-4 ar-l x^ + y^ ' 

^ (x-4)(ar + 2y) ^ 3a:(a:-l) _ (x^ + y^){x-y) 
x-i x-1 x^ + y^ ' 

=. a: + 2y + 3a:-a: + 3^ = 3(a: + y). 



EXAMPLES FOB FBACTICE.— XDL 

a;*-2a:2 + l a:* + 2a:2 + l 

(1«) Of + 



X' 



(2.) 



(3.) 



a:8-.27 
a;2 + 3a: + 9 

ar* + 4 



a:2+l • 

a:3-64 
a;2 + 4a;+16' 

a:4-16 



a:2 + 2a; + 2 a;2 + 4 ' 



(4.) (^ + ^Y-{^-^)' ^ (^-6)2-(x-c)2 




2a: + (a -5) 



2ar-(5 + c) 



(5.) 



(6.) 
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2a; + y-l 2x-y-\-l ' 

a:* + 4x2 + 16 ^H^+^a-16 



76. Synthetical Division.— As in multiplication, the 
work in division may often be shortened by using the co- 
efficients alone. Thus : — 

Divide a* - a^h - ba^b^ i-Tah^- 26^ by a^i-2ab- h\ 

1+2-1)1-1-5+7-2(1 -3+2 
1 + 2-1 (A ) 
-3-4+7 
- 3-6 + 3 ( b) 

2 + 4-2 

2 + 4-2 (c) 

a* + a^ gives a^, and as the powers of a are in descending 
order, and of 6 in ascending, the quotient is readily written 
down — a^ - 3a6 + W, 

In this process the several partial products marked (a), 
(b), (c), with the remainder, if there be one, are together 
equal to the dividend ; and the several coefficients of the 
quotient are respectively the same as those of the first 
terms of the partial producta 

If, then, we add these partial products, loith their signs 
changed, to the dividend, the sum will be nothing ; but if 
we do the same, leaving out the first term of each, the 
sum will be the coefficients of the quotient. Thus — 

1-1-5+7-2 
-2 + 1 
+ 6-3 

-4 + 2 

1-3 + 2 



78 Division. 

77. The Tork is generally performed u follows :— 

The coefficients of the divisor are written verticallf in 
front with all their Bigns, except the first, changed. 

The first term of the dividend is then written under 
itself, and nsed ss a multiplier to all the t«nns of the 
ilivisor except the first. 

In the above example, the first term being 1, we say 
once - 2 is - 2, and place the product under the second 
term of the dividend ; once + 1 is 4- 1, which we pat under 
the third term. 

After the two quantities in the second column have 
been added together, the work will stand thus ; — 
1 I 1-1-6 + 7-2 
-2 -2 
+ 1 +1 



We now use this - 3 as a multiplier, the first product, 
+ 6, being placed under - 5, and the second under + 7, 
eacli opposite the figure of the divisor from which it has 
boon derived. 

When the third column has been added up, we will 

5 + 7-2 



multiplier, the next step will give 
1-1-5+7-2 




2 + 
nntil it extends to the last term of 
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79 



lU/agtratwe Exampleg. 

Divide 4a^ + ISj:' + 23^ - 23:= + 237 - 3 by «? + <iK + 3. 
I 4 + 13+ 2-2 + 2-3 

-16+12-8 + 4 

I -12 + 9-G + 3 

4- 3+ 2-1+0+0 

Atu. = i3?- Zx^ + 23; - 1. 

IKride!»!«-iB» + a;* + 23:'+3a:-6 by aJ' + a!-2. 

1-1+1+0+2+3-6 



+ 
-1 



+ 0+0 
-1+1-0-3 
+2-2+0+C 



1 [ 1-1 + 1+0 + 2 + 3-6 
-1 -1+1-0-3 

+ 2 j -i-2-2 + + 6 

1-1+0+3 ~ 
.'. jliw.^a=-K2 + 3. 

Wliea the coefficient of the first term of the divisor 

tl, the snma of the several columns must 
[before using them as multipliers, since 
|b o£ the coefficients of the quotient by 
the divisor. 
f-\-%^~l!i^-2a?-nx~5 by 3!r' + 4a!+l. 
6 + 8-7+ 0- 2-16-5 
-8 + + 12-16 + 20 
-2+ 0+ 3- 4 + 5 



1 8 + 0-9 + 12-15 
"2+0-3+ 4- 5 
'. j*«* = 2a:*-33!S + 4a:- 
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(4.) Divide 2ar*-7a:8-4ir2 + 3a: + 2 by 2ar« + 3a:-l. 

2 2- 7- 4+ 3 + 2 
-3 - 3 + 15-18 
+ 1 I + 1- 5 + 6 

2) 2-10+12-20 + 8 
1- 5 + 6 

Here the sum of the last two columns does not become 0, 
OS it did in the previous examples ; but as they correspond 
to the last two terms of the dividend, neither of which 
contains a power of x large enough to be divided by the 
05* of the divisor, no further division is possible : -20 + 8, 
therefore, represents a remainder, and as - 20 stands 
under the column corresponding to 3a; of the original 
dividend, the remainder is - 20a; + 8. 

20rr — 8 

/. The answer is a* - 5a; + 6 - ^^ . q -, • (Art. 27.) 

In addition to the following, many of the examples in 
Art. 72 may be solved by this method, which is called 
Synthetical Division. 

KXAMPT,K8 FOB PBAGnCE.-ZZ. 

(1.) Divide a;« - 8a;* -a;2- 28a; + 12 by a;^ + 43.2 ^. 3^. _ 2. 
(2.) Divide id^^^ - 8a^^ + 16a26 - 32 by a^b^ - 2a^b + 2. 
(3.) Divide 9 + 14a;* - 23a;8 - 36a;^2 ^y 3 - 4a;2 + 5a;* - 6a^. 
(4.) Divide 4 + 13a; + 2a;* + 2a;« + a;7 by 4-3a; + a;3^ 
(5.) Divide 4ar^ - 9a;* - lla;^ - 10a;2 - 14a; + 3 by 4a:2 
+ 3a; - 2. 
(6. ) Divide 50a;7 - 25afiy + SOa^f + y^ by 5a;3 + 33.^2 _ y^^ 

79. Literal Exponents.— We have hitherto used num- 
bers only as exponents, but in many investigations it is 
necessary to use letters, or a combination of letters and 
numbera 

The addition, subtraction, multiplication, and division 
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of such quantities, however, are performed in the same 
manner as when the exponents are numbers alone. 
(1.) Add 3ar, 2a;", 5a;"», and -4a". 

Ana. 8a;"' -2a;". 
(2.) Subtract 3aj^-4a;"'^+ 5ar^ from 5ar^-2a;'"+" + 3a;^. 

Ana. 2a;*" + 2a;'"+" - 2ar^. 
(3.) Multiply 4a;"'3^ by 3a;"3^. 

Ans, 123;*"+"^^ 
(4.) Multiplya;^-3a;^ + 3a;"-l bya;**-2a;"+l. 

a;**-3a;^+ 3ai" - 1 

a^ - 23^* + 1 

a;*"-3a;*'+ 3a;^- a** 
-2a;*"+ 6ar^- 6a;^ + 2a;" 

a;^- 3a;»" + 3a;"-l 

a** - 5a;*" + lOa;^ - lOar^ + 5a;" - 1 

(5.) Multiply a" - wa"-^ + 7i(n - l)a"-^ by a^ a + 1. 

a" — wa""^ + n{ri - l)a""^ 
a^ + a+l 



a"+* - «a"+^ + n{n - l)a" 

a*+^ - wa" + w(n - l)o"~^ 

a" - na"~^ + n{n - l)a"~* 
a«+« - (n - l)a"+^ + (n - 1)V + 7t{n - 2)a"-^ + w(7i - l)a"-' 

(6.) Multiply a"-a"-^a; + a"-V- + cux^-'^ - a^ by 

a + a;. 

a»_a"-^a; + a"-V- .... +aaf'-^-af 

o + a; 

a"+^-a"a; + a"-V- .... + a^x""-^ - ax"" 

(7.) Divide af* by a;". 

aJ*" 1 

By Art 65, — = a;^"" or -^^rj^i, according as w is 

if/ ar 

greater or less than n. 

6 



82 



DIVISION. 



(8.) Divide o^^ + o*-* by a» + a. 






1. 

2. 
3. 
4. 
6. 
6. 
m 
7. 
8. 
9. 



EXAMPU8 FOB FBACTICB.— ZZL 

Multiply af* by a5", and af*y by ajy". 
Multiply o^, o^, and o^ together. 
Multiply a** + sc** by a** - a5". 
Multiply a5'*+*-a5**y + a^--y*+^ by cc + y. 
Multiply aa?^ - &b** + cai~ -dxhy aa^ + &c~ 
Multiply aJ*-* + (m - l)a^-* + (m - l)2af-» + 



ex. 



-l)*"^ + (m -!)"•-* by cc-w + l. 
Divide «**+* - a5**+^ + aj^ by a;**+\ 
Divide a5**y**^* + a^'^^i^ by aj^m-iym+i^ 
Divide a** - 2o"'a5" + a^ by a"* - ic". 
10.) Divide a*+* + o"-* by a+ 1. 

;n.) Divide a*a*" + (2ac - 6^)aj^-* + c*ai*»-* by oaf" + 
6aj"*"* + ca;"'"*. 

(12.) Divide aJ"+* + w«(»-2)a:»-^ + n>-l)a^-« by a»+ 

80. Negative Exponents. — In dividing a?"* by a^, when 
w is greater than n, we have the quotient a;"*'* (Art 65). 

If, after performing the division on the supposition that 
m is greater than n, it should turn out that m is less than 
n, the quotient a:"*"* would have a negative exponent, as 



X 



-r 



X 



,m 



X 



im 



By Art. 64 we know that -^ = 1 ; and by Art. 65 that 

X 



— =aj«-«t=a^. .-.^==1. 



X 
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Multiplying as"*" by af, we have, by Art 79, or Art 49, 

a--*-af = r^-*- = jB© ^ 1 . 

And .-. »-•• = -. 

Or, a;"*" is the reciprocal of of. 

The addition, subtraction, multiplication, and division 
of such quantities are performed in the same manner as 
when the exponents are positive. 

The following example will sufficiently illustrate this : — 

Divide a'^ - 5a-iaj* - ^o^ by a'^ + "la'^x-^-oi^. 
a-2 + 2a-ia; + a2)a-'*-5a-iaj4-4i»5/a-3.2a-2a:+3a-V-4a:8 

- 2a'^ - 4a-3a.2 - 2a'^a^ 



3a-3a.2 + 2a-2iB3 _5a-ia:4_ 4aj6 

3a-3a;2 + 6a-V+3a-ia!^ 

-4a-2a:3_8a-iic4-4a6 

-4a-V-8a-iic4-4a:5 

KXAWTPT.KB FOB PRACTICB.— ZZU 

(1.) Divide a-2 - aj-a by a'l - x'\ 
(2.) Divide a5-a5"3a* by 1 +x''^a. 
(3.) Divide x + a + a^x'*^ + a«a;-5 by aj-2 + 2aa;-3 + a^a;-*. 
(4.) Divide »"» - a^ + (2a5 - c)a; -{ac^h^ ^ d)x^ + 
(a<f+ ftc)«^ - hda^ by 05^ + aa^ - hoc^, 
(5.) Divide a-<"-^> + a""* + a-<"^> by a« - a + 1. 
(6.) Divide a»" by aJ" - 1. 

8nbBtitntion& — ^Find the value of the following when 
a=l, 6 = 2, c = 3, c?=0, a; = 5, y = 4, « — 3, m = 4, and 
n=2. 

ag63a?y* _ a2^2 ^ 1x2x5x16 ^ ,,^ _ 



h^cyh cz 3x3 
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(-l)x(-19)x2 19x2 ^ 
16 + 3 - 19 ~ 

(3.)a:-+2aa:-+a2 = ^,+?^+l = l+^,(U50) = l^. 

EXAMPLES FOB PRA.CTICB.— XXm. 

Find the values of the following expressions, cby b, c, etc., 
standing for the same numbers as above : — 

„ . ahc bed cda 

(1.) + 

^ ' xy yz zx 

a^-ocy + y^ a^-ah + l^ 

.«v a^-y^ + g^ 

^^'^ ar + b^ + d"' 
(4.) x-'^ + y-\ 

(5-) ^r^:n 

x'^-y~^ + z-* b-' + c' 
yP') a.-- -y- + «-*'' 6-^ + 7-'' 

81. Theorems in Division. — The following theorems 
will be found useful in factoring : — 
Divide af^ - a*^ hj x - a. 



X 



-a^aS^-ar (a;'*-^ + aa5'*-' + a'a;*-HaV-'' + etc. 



a;" - ax^''^ 






a^aj^-'-a" 
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Here, if w be one, the quotient will be aj® or 1 (Art. 80), 
and the remainder aocf^ -aorO; if n be two, the quotient 
will be x + a, and the remainder a^x^ - a^ or ; if » be 
threCy the quotient wiQ become x^ + ax + a^, and the re- 
mainder a^xf^ — a^orO; if ra be /our, the quotient will be 
a^ + ax^ + a^ + a^, and the remainder a^ - a* or ; and 
so on for higher numbers. 
From which we have — 

(L) ?_Z^ =a;'-^ + aa;— 2 + aV-« + aV-'' + , etc., 
^ ' x—a ' ' 

with no remainder, whatever may be the value of w. 
In the same way the following can also be shown : — 

(11) ^!±^ ^ aJ"-^-aaj'»-2 + aV-»-aV-^ + , eta, 

^ ^ x+a ' ' 

with a remainder of 2a^ when n is even, and none when n 
is odd. 



/TTTN ^"-«"_ 


aj»-i. 


-oo;*' 


^-^ + aV-« 


— a^ai 


n-4 + 


, eta. 




^^^^•> a; + a " 




with a remainder of - 


2a- 


when w is 


odd. 


and 


none 


when 


n is even. 


















/r»»-l. 


i./y'r" 


►-2-l./T.2/r«-8 


J- /».'/*• 


n-4 . 


^i+y* 





with a remainder of 2a** whether n be odd or even. 

In addition to the above results, observe that the 
number of terms in the quotient (exclusive of remainder 
when there is one) is always equal to the number repre- 
sented by n, and that the powers of x decrease regularly 
by one, while those of a increase in the same way. 

Notice also, that whether the dividend be jc^-a** or 
aJ" + a", the terms are all plus when the divisor is x-a, 
and alternately plus and minus when the divisor is a: -f- a. 

By the help of these theorems we can at once write 
down the answers to the following : — 



86 DIYISION. 

(1.) Divide afi-cfihj x-a. 

By Theorem L = ix^ + aa^ + ah^ + a^x^ + ah:-^a\ 

X — a 

(2.) Dividea?* + 16bya; + 2. 

B7TheoremIL--^^ = a:8-.2aj2 + 4a;-8 + --^ . 
•^ ic + 2 x + 2 

(3.) Divide a8-l by a:2 + l. 
. By Theorem IIL ^ J^^ = {a^f - (a;2)2 + a:2 _ i 

EXAMPLES FOB PRACnCK— XXIV. 

(1.) Divide a?* - 256 by a; - 4. 

(2.) Divide a:* + 32 by a + 2. 

(3.) Divide 81a;* + l by 3a; + l. 

(4.) Divide 64jb«-729 by 2a + 3. 

(5.) Divide 125a» - 3436« by ba^ + W. 

(6.) Show that — ; — + + — ; — + + 

^ ' x + a x-a x + a x — a x + a 

is equal to ^^^{(a - l)x^ + (a^ - l)a^ + (a^ - 1)} - 



82. E<lliation& — ^Equations of the character of the fol- 
lowing will afford additional exercise in factoring and 
division, and are inserted mainly for that purpose : — 

(1.) Given ^ = 7, to find a value of os. 

As o indicates that o^ _ 4 ig to be divided by a; - 2, 

03-2 J » 

we perform the division, and get the quotient a; + 2, which 
is therefore equal to 7. 
If 05 + 2 = 7, then a; = 5. 
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The simplest way to divide x^-4hj x-2 is to resolve 
it into its fectors (x + 2)(x - 2), from which we easily 
observe that if a; - 2 be divided out, the quotient is a; + 2. 

(2.) Given -^^ ^-^ 4_^ ^^ ^ =a; + 2, to 

find a value of x. 

Preparatory to dividing by x^ - 2, we resolve the divi- 
dend into factors, thus — 

aj2(a. _ 1)2 + 4(a. _ 1)2 _ a;2(aj - 2)2 - (a; - 2)2 
= (aj2 - a;)2 - (U.-2 -. 2a)2 + (2a; - 2)2 - (a; - 2)2 
= (2a;2 - 3a;)aj + (3a; - 4)x 
= (2a;2 - 3aj + 3a; - 4)a; = 2(a;2 - 2)a;. 

This gives ^^"^ " f"^ = a; + 2. 

Dividing, we have 2a; = a; + 2. /. a; = 2. 

KXAMPT.KB FOB PRACTICE.— ZZV. 

In the following expressions perform the division indi- 
cated, and find the value of x which the resulting equation 
gives : — 

,„, x«-(a!+l)* 



88 DIVISION. 



(7. 



(8. 



(9. 



10. 



11. 



12. 



13. 



14. 



15. 



16. 



17. 



18. 



a^-x + 2 



=-sc^-x + 6 






ixi^ + x^ + a^ + 2x. 



= 11. 



x^ — x^ + x-l 

g3 - 9a;g + 27a; - 27 
sc^-ex + d 

X^ + a^ + x + l 



= 0. 



sc^-x + 1 



= a;2 + 9. 



{x+iy+(x^iy 

16(a;-l)g^9(a;4-l)^ 
a;~7 

a^ + x Qc^ + S 



= 6. 



x^-x-hl x + 2 

(x + 3y(a^ - 4) - (a; - 2y(a^ - 9) 



= aj + 9. 



ic^ + a" 



{x + 3){x - 2) 
a.io + 4a:8_i6a4_i6aj2 „, , , ^, 
^^3ri:2p a:V-4)-2(a;-4). 

aj5 + 35 aj4-34 ,,a;8 + 33 ^a;2_32 

a;"+2 -a"+'+(a;"-'-a"->V (a? - 1)^ - (a; - 5)^ 

a;2 + a2 "*" (a;_3)2 + 4 
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BQSCELLANEOUS EXAMPLES. 

PrindpaUy selected from various Examination Papers, 
and from other works on Algebra^ 



1-8 



(1. ) A dd together a{a + 6 - c), 6(6 + c - a), c{c-\-a- h), 
(2.) From 3a;" + Taj""^ - Sa;'-^ take Sa'-i - Ix""^ + 3a;» 
(3.) Find the numerical value of 

i{ad + hcf^{{a'^-\-dPj-{h^ + c^)}\ 
when a = 1, 6 = 2, c = 3, and c? = 4. 

(4.) What is the value of a; in the equation — 
5a;-(3 + 3a;) = 8-(-a;-l)? 

(5.) Remove the brackets from the following — 
o-[56-{a-3(c-6) + 2c-(a-26-c)}]. 

(6.) A workman was hired for 40 days, at 3s. 4cL per 
day for every day he worked, but with this condition, that 
for every day he did not work he was to forfeit Is. 4d. 
On the whole he had ^3, 3s. 4d. to receive. How many 
days out of the forty did he work ? 

(7.) Multiply ah + cd+a>c + hdhY ah + cd-a^-hd, 

(8.) Divide \-aai + hx^-ax^ + dx^ - , eta, by 1 + aj. 

(9.) Add together — 

a + 2x-y + 24:b, 3a - 4a; - 2y - 816, a; + y-2a + 556; 
and subtract the result from 3a + 6 + 3a; + 2y. 

(10.) Reduce the following expression to its simplest 

(11.) Large marbles are a penny a score dearer than 
small ones. A boy who has bought equal numbers of 
both kinds finds that on the whole he has got eight for a 
penny. How much are the small marbles per score 1 

(12.) Show that (ac ± bd)^ + {ad + bcf = (a^ + 62)(c2 + d^), 
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and exemplify this identity when a = 1 = — (j?, and 
6 = 2= -c. 

(13.) Multiply aj-2 + 33.-14. 2 + a; by rc^- 2a; + 3. 

(14.) Resolve 3a^ - I4x^ - 2ix into its simple factors. 

(15.) Solve the equation — 

(6a; + 7)(x + 7) = (3a; + l)(2a; + 19). 

(16.) Two shepherds owning a flock of sheep agree to 
divide its value. A takes 72 sheep, whilst B takes 94 
sheep and pays A ^27, 10s. Find the value of a sheep. 

(17.) Bracket together the coefficients of Hke powers of 
X in the following expression — 

(mx^ + g'a; + 1)^ - (nx^ + qx + 1)^. 

(1 8. ) Add together ax-hy^x + yy and (a -• l)a; - (6 + \)y, 

(19.) Find the continued product of 

mx + 2ny, mx - 2ny, mx - Swy, and mx + 3ny. 

(20.) Reduce — ^ - —^ — — y to its simplest form. 

(21.) Simplify (a - 2h)[9a - 2{a + 3(a - 6)}]. 

(22.) Two persons depart at the same time from the 
same place to travel in the same direction round an island 
36 miles in circumference; the one travels 3 miles an 
hour, and the other 2J. After how many hours will they 
come together 1 

(23.) Find the sum of {z - x)(a + b) + (z- y){a - 5), 
{x + y)a + (a; + »)5, and (y - z)a + (a; - y)h. 

(24.) Insert the proper signs in the second side of the 
following identity — 

a-b + c + d-e-/+g = a {h c {d e f g)}. 

(25.) Simplify— 
3(a - 2a;)2 + 2(a - 2x){a + 2a;) + (3a; - a)(3aj + a) ~ (2a ~ 3a;)2. 

(26.) Resolve 7a^-n^ — mijn^ — n^)+n(m — nf into its 
elementary factors. 

(27.) What value of x will make the difference between 
(2a; + 4)(3a; + 4) and (3a; - 2)(2a; - 8) equal to 96 1 
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(28.) A farmer sold a certain number of bushels of 
wheat at 7s. 6d. per bushel, and 200 bushels of barley at 
4s. 6d. per bushel, and received altogether as much as if 
he had sold both wheat and barley at the rate of 5s. 6d. 
per bushel How much wheat did he sell ? 

(29.) If a = y + z-2x, h=^z + x-2y^ and c — x + y-2zy 
what is the value of h^ + c^ + 2bc -a^'i 
(30.) Whenisa3-63 = a^ + ah + b^l 
(31.) Divide oc^ -px^ + qx-rhy x-a. 
(32.) Find the coefficient of a:* in the product of 
ai^ - aofi + a^x^ - a^x + a^ and x^ + ax + aK 
(33.) Factor x^ + 0^7/^ + xh/^ + y^. 

(34.) If two numbers differ by one, show that the 
difference of their squares is equal to the simi of the 
numbers. 

(35.) A straight lever (without weight) supports in 
equilibrium on a fulcrum 24 lbs. at the end of the shorter 
arm, and 8 lbs. at the end of the longer, but the length of 
the longer arm is 6 inches more than that of the shorter. 
Find the lengths of the arms. 

H^ote. — ^The lever will be in equilibrium when the 
weight on one end multiplied by its distance from 
the fulcrum is equal to the weight on the other 
end multiplied by its distance from the same point. 
(36.) Perform the operations indicated in the follow- 
ing — 

(g + b){a + c) - (5 + d)(d-h c) 

a-d 

(37.) Given a : 6 : : 6 : c to show that 

(a + 6 + c)(a-6 + c) = a^ + h^ + c\ 
(38.) If 91 is a positive whole number, 7*"+^ + 1 is divis- 
ible by 8. 

(39.) Bemove the brackets from the following — 
a2 - 4a6[16a262 _ {(« + 6)2 - (« - 6)2} 2]. 
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(40.) Simplify the expressions : — 

af +*+* X of +*- X af -*+* X iB*+*-«, and 

(41.) A weight of 6 lbs. balances a weight of 24 lb& on 
a lever (supposed to be without weight) whose length is 20 
inches. If 3 lbs. be added to each weight, what addition 
must be made to each arm of the lever so that the fulcrum 
may preserve its original position and the lever still retain 
its equiHbrium?— The other conditions remaining the same, 
how could equilibrium be maintained by lengthening only 
the shorter arm ? 

(42.) Find the value of Qi^-Sy^ + 27s^ + lSx^/z, when 
a;=: -2y= 321=1. 

(43.) Expand and collect the following — 

(a + b + cy + {a + b-cy + (b + c-ay + (c + a-by. 

(44.) Divide afi — a^^ + y^hj x^-xi/ + y^, 

(45.) Show that (4a2 + 2a5 + 62)2 _ (4^2 « 2a6 + 62)2 ig 
equal to 8a6(4a2 + 62). 

(46.) A person at a tavern borrowed as much money as 
he had about him, and out of the whole spent Is. He then 
went to a second tavern, where he also borrowed as much 
as he now had about him, and out of the whole spent Is. ; 
and on going, in this manner, to a third and a fourth, he 
found that he had nothing left How much had he at 
first? 

(47.) Find the sum of (a - b)x + (6 - c)y + (c - a)zy 
a{y + z) + b(z + a?) + c{x + y), and ax + by + cz, 

(48.) Remove the brackets from the expression — 
(x - a)(x - b){x - c) - \bc{x - a) - {(a + b + c)x- a{b + c)}x'] . 

(49.) What is the value of a; in the equation — 
(x - 9)(aj - 7)(x - 5){x - 1) = (a; - 2)(a; - 4)(a; - 6){x - 10) ? 

(50.) Show that 

^^ = (6 + c)(a + c). 
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(51.) An officer can form his men into a hollow square 
4 deep, and also into a hollow square 8 deep ; the front in 
the latter formation contains 16 men fewer than in the 
former. Find the nimiber of men. 

(52.) Divide 

a^{b + c) + b^(a- c) + c%a-b) + abc by a + b + c, 

(53.) Multiply a^+2ab + b^-c^ by a^-'2ab + b^ + c^ ; 
and show that the result may be expressed under the form 

(a2-62)2 + (4a5-c2)c2- 
(54.) Resolve 

{x - ab)(a -b) + (x- bc){b -c) + (x- ca){c - a) 
into simple factors. 

(55.) Solve the equation — 

5aj- {8a; -3(16 -6a; -4^^)} = 6. 
(56.) Two passengers are charged for excess of luggage, 
2s. lOd. and 7s. 6d. respectively. Had the luggage all 
belonged to one of them, he would have been charged for 
excess 14s. 6d. How much would each have been charged 
if none had been allowed free ? 

(57.) Show that w(w - l){n - 2) -p(p - l)(p - 2) 

= (n-p){(n+p-l){n+p'-2)-np}. 
(58.) Simplify the expression — 

{or - a-*»)(a-"* + or) -7- (»**+" - 1). 
(59.) If a + 6 + c = 0, show that 

(a + b){b + c)(c + a) = - aJbc, and a^ + b^ + <^ = 3abc. 
(60.) Prove that a^ + b^c + c^a- ab^ -bc^ - ca^ is divis- 
ible without remainder by the difference between any 
two of the quantities a, b, c. 

(61.) There was a run during a panic on two bankers, 
A and B. B stopped payment at the end of three days. 
In consequence of this the alarm increased, and the daily 
demand for cash on A was tripled, so that he also failed at 
the end of two more days. If A and B had joined their 
capitals, they might have stood the run as it was at first 
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for 7 days, at the end of which time B would have been 
indebted to A in £4000. What was the daily demand 
for cash on A's bank at the beginning of the run 1 

(62.) Show that 

(1 + a)2(l + c2) - (1 + c)2(l + a2) = 2(a - c)(l - oc). 

(63.) Divide 

o^y-a?z-xi^-^z + x!^ + y7? bj x-y-Zj 
and resolve the quotient into factors. 

(64.) What value of x satisfies the equation — 
(8a: - 3)2(a; - 1) = (4a: - l)2(4a: - 5) ? 

(65.) If a number, n, be divided into any two parts, the 
difference of their squares will always be equal to n times 
the difference of the parts. Prove thia 

(66.) There are two towns, A and B, which are 131 
miles distant from each other. A coach sets out from A 
at six o'clock in the morning, and travels at the rate of 4 
miles an hour, without intermission, in the direct road 
towards B. At two o'clock in the afternoon of the same 
day a coach sets out from B to go to A, and goes at the 
rate of 5 miles an hour constantly: Where will they 
meet? 

(67.) Express 

aa:-» - a:-^ + a:V - a^")"' - a"M«" - a^)"' + ^::^2 

with positive exponents. 

(68.) Resolve the expression 
(a-6)(6 + c){c + a) + (6 - c){c + a){a + 6) + (c - a){a + h)(b + c) 
into simple factors, and find its value when a = 1, 6 = 2, 
and c = - 3. 

(69.) Change (xy - x'''^y''^)(xy''^ - x~'^y) into the form 

{x + a;"^)2 - (y + y'^Yy ^"^^ ^^^ ^^ (^ "" y^)(l "" ^~^"^)« 

(70.) In the equation 

(2^ + aj)(y-a:) = (2/ + 2)(y + 3-a:) + (a:-l)(a:-2)(a:-3), 
what is the value of x when y^x^- 1 ? 
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(71.) Show that (a + b + cy-{a^ + b^ + (fi) is equal to 
3(a + b)(h + c)(c + a). 

(72.) A and B cut packs of cards so that each took off 
more than he left. Kow it happened that A cut off twice 
as many as B left, and B cut off seven times as many as 
A left How were the cards cut by each ? 



CHAPTER V. 



GREATEST COMMON MEASURE. 



83. A quantity that forms a factor (Art 36) of another 
is said to be a Measure of it. Thus, 5x, being a factor of 
20a?^, is a measure of it; so also, a- 6 is a measure of 

When two or more quantities are measured by the 
same factor, it is called a Common Measure of them. 
Thus, 3xt/ is a common measure of 9a%, 15a5^, lSay^y\ 
and 3abxy ; so also, m + nia& common measure of m^ - n\ 
m^ + 2mn + n^, and m^ + n\ 

If two or more algebraic quantities have only one 
simple factor common to them all, it is, of course, their 
Greatest Common Measure; but if they have more than 
one simple factor common to them all, their Greatest 
Common Measure will be the product of all these &ctors. 
Thus, 9a;2y, 15a3^, \^x^y\ and ^ahxy each contain the 
simple factors 3, a;, and y ; their Greatest Common Mea- 
sure, therefore, is ^xy, 

Note. — 3, Xy y, 3a;, 3y, xy^ and Zxy are all common 
measures of ^xhj, \bxi^^ \%x^y^, and Zahxy, 

Greatest Common Measure is usually written O.C.M. for 
brevity. 
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84. When the given quantities are simple, or can readily 
be resolved into elementary factors, their a cm. may be 
found by inspection, and will be the 'product of aU their 
common /actors, each taken once in the lowest power in 
which it appears in any of the qiuintities. 

Illustrative Examples. 

(1.) Find the G.CM. of Uabc^, lSa^b% and 36a52c. 

Here 2 and 3 are the only common factors of the co- 
efficients, and a and b of the literal parts, therefore 6ab is 
the G.aM. of the whole. 

(2.) Find the G.aM. of oc^y^-xYy Sar^^ + 4a:3y3, and 
4a:4yS _ 2a3y4. 

Resolving into factors, we have x^y^{x ^ y\ a^y^(3x + 4:y), 
and 2a^y^(2x - y). Here the only factors that appear in 
every one of the given expressions are powers of x and y, 
their lowest powers being x^ and y\ 

:, x^y^ = Q,c.M, 

(3.) Find the G.aM. of a^-^x^, 4{a^ - 4ax + 4x^), and 
3a2 ^3ax- 6x^. 

Factoring gives us (a + 2x)(a-2x), i(a-2xy, and 
3(a + a;)(a-2a?). 

And /. a - 2a; = G.aM. 

(4.) Find the g.cm. of 60(a4-l), SO(a^ - l){x + 1\ 
45(aj - l)2(a:3 + 1), and 75(^2 _ g, _ 2){x^ + cc - 2). 
Eesolving into elementary factors, we have — 

22 X 3 X 5 X (a;2 + l)(a; + l)(a;- 1), 

2 X 3 X 5 X (a;2 + a; + l)(aj- l)(a;+ 1), 
32x5x(aJ-l)2(aJ+l)(a^2-aJ+l), and 

3 X 52x (a;- 2)(a; + l)(aJ + 2)(aj- 1). 

^^h gives the aaM.=:3x5x(aj + l)(a;-l), or 15(a;2-l) 

7 
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EXAMPLES FOB FBAOnGE.<— ZZVX 

Find by inspection the o.aM. of the following : — 
1.) d^^ and aWc 
2.) 12aVa:y2 and l^abh?y\ 
3.) ir)a;*yV, 25rc3yV, and ibxhfz\ 
4.) blmWx^y, %bmhi'^y\ and SSm^w^ajV. 
5.) %aA « 4aj2^^ and 12a:V + 20a3y. 
6.) 2a36c2 - a^bc^x, and a^hc^aP + 2a26Va:2 _ ab^c^, 
7.) 2a:2 - icy and 4icy - 2y*. 
8.) ic^ _ 2a;2y, ^3 _ 4a^2^ and 3a;2y - 6a:/. 

9.) a:* - x^y, and a:* - 3ar'y + 2x^y^. 
(10.) a;2-2a;-3, a;2-a;-2, andx2_i. 

(11.) mh: - 3wa;2 + 2a:^, 2m^ - ivix + 2x^, and 

m^ + m^a: - 2mx^. 
(12.) a:^ - 2a:5 - 8a:*, a* _ aj4 _ 6a:3^ and a:* + 3a:3 + 2a;2. 
(13.) x^-(y + z)^ and (a: + y)^ - z\ 

(1 4. ) 9a:2 - (2y - z)\ (3a: - 2y)2- ^2^ and (4a: - 2yf- (x-%)\ 
(15.) a2a^ + rt2_aj3_i and a=a:2 + 2aa:2 + ^.2 _ ^2 _ 2a _ 1. 

(16.) a:2(a-l)2-a2(a:-l)2, and {(a:-a) + 6}2-{2(a-a:)-5}2. 

(17.) a:"'+"/" + a:-+y " ^ and a;" " V^^ - a^y"*"*^- 
(18.) (a + 6 + c)3-(a2 + 62 + c2)(a + 6 + c) and 

a2(6 + c) - 62(a + c^ ^ ^^^ + 2>) + a5c. 

85. There are many expressions whose factors cannot 
readily be obtained by inspection. In these cases their 
o.CM. is found by an artifice depending on the following 
simple theorems. 

86. I. If a quantity measures another, it will also 
measure any multiple of that other : that is, if P measures 
M, it also measures mM; for, as F is a factor of M, and 
the introduction of a new factor cannot strike out a 
former one, P must still remain a factor of mM. 
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IL If a quantity is a common measure of two others, it 
will measure both their sum and their difference. 

Let P measure M and N. If M = mP, and N = wP, 
then M ± N = (m ± n)P, that is, P is a measure of both 
M + NandM-K 

87. These two theorems are made use of in the follow- 
ing process : — 

Suppose A and B to represent two expressions arranged 
according to the descending powers of some letter, and let 
the highest power of this letter be greater, or at least not 
less, in A than in B. 

Divide A by B, and let the quotient be 6, with the re- 
mainder C. 

Now divide B by C, and let the quotient be c, with the 
remainder D. 

Next divide C by D, and let the quotient be d, with no 
remainder. 

Set the work down in the following order : — 

B) A(6 
6B 

C )B(c 

jy)Old 
dD" 


From this we have— 

A-6B = C(1), which gives A-5B + C (4) 
B - cC = D(2), which gives B =cC + D(5) 
C-dD==0 (3), which gives C = e^D (6) 

From (6) we find that D is a measure of C, and being a 
measure of C, it is also a measure of cO (Theorem I., Art. 
86), and therefore of cC + D (Theorem II., Art 86), that 
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is, of B (5). Being a measure of B, it is also a measure 
of 6B, and therefore of 6B + C, that is, of A (4). D, the 
last divisor, is therefore a common measure of A and B. 

It is likewise their greatest common measure; for, le^ 
them have another common measure, saj E, then E being 
a measure of B, is a measure of bB (Theorem L) ; and 
being also a measure of A, it is a measure of A-6B 
(Theorem IL), that is, of C (1); and measuring C, it also 
measures cO, and therefore B - cO or D (2). That is, E is 
either equal to D, or is a factor of it^ and cannot be greater. 

.'. D is the o.aM. of A and B. 

lUuatrative ExcmipUa. 

The method of finding the o.CM. of two quantities bj 
tlus artifice can perhaps be most simply illustrated by 
numbers. 

(1.) Required the o.aiL of 93297 and 97681. 

93297 ) 97681 ( 1 
. 93297 

4384 ) 93297 ( 21 
8768 

5617 
4384 

1233 ) 4384 ( 3 
3699 

685 ) 1233 ( 1 
685 

548 ) 685 ( 1 
548 

137 ) 548 ( 4 
548 

1 37, being the last divisor, is the o.cu. of 93297 and 97681. 
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The work can be mucH shortened by being arranged in 
parallel columns, and the division being performed al- 
ternately forwards and backwards, thus — 

21 



-1 



93297 


97681 


8768 


93297 


6617 


4384 


4384 


3699 


1233 


685 


685 


548 


548 


137 = 


548 





(2.) Now let it be required to find the g.cm. of 
a^-a^-x+l and a^-2x-l. 

a!8-ar^-a; + l)iBS-2aj-l (1 

oc^-x^-x + l 



X 



2 



- CB - 2)05^ -052-05+1(05 
05^-05^-205 



/. a;+l=G.aM. 
By the contracted method, thus — 



05+1)052 -05- 2/05-2 
05^ + 05 

-2ic-2 
-2a:- 2 



05 



a^-x^-x + l (B) 

05^-05^-205 

^+1 (D) 






2x- 1 (A) 

05+1 



a;2 



a;2-a5-2 (C) 

052 + 05 

-2a;- 2 
-2a;- 2 

Here (B) goes in (A) once, and leaves the remainder 
a* - X - 2 (C) ; then (C) goes in (B) 05 times, and leaves 
the remainder 05+l (D); and (D) being divided out of 



1 

05-2 
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(C), leaves no remainder. Therefore (D), that is, re+l, 
is the o.aiL required. 

(3.) Find the aaiL of o^ - 2x2 + 1 and 

fic* - ^afi + Ba^ - 4a;+ 1. 



a^ 



2x 



a:*-2a:2+l 






05* - 4iB^ + 6aP - 4aj + 1 
ar* -2x2 +1 



1 



4x )-4x8 + 8x2~4x (C) 

x2-2x +1 

1 x2_2a:+l 

x2-2x + l 

/. x2_2x+l=G.aiL 

In this example, the remainder (C) is observed to have 
the factor 4x common to all the terms ; and as this does 
not form a factor in the original expressions, it cannot be 
a part of their o.aii, and may be struck out before begin- 
ning the nexfc division. 

It is usual also, when the remainder is to be used as a 
divisor, and when the sign of its first term is minus, to 
change the signs of all the terms, so as to have the first 
one plua (C), therefore, has been divided by — ios. 



(4.) Find the g.cm. of 
5x* + 7x3_20x2 + llx-3. 



Sx 



32 



3a4+8x5-4aJ2-4a:-3 (B) 

19 

57«*+152a:3- 76«2_76x-57 
57x* + 120«5 - 159«2 - isoj 



3x* + 8x3_4aj2_4a;_3 a^d 



5a!*+7x»-20a?+lla;-3 (A) 
3 



32a^»+83aJ2-58ar-57 (D) 

W 

608«34.i577a;a_ii02a;-1083 

60 8ie3+1280a^-1696a!- 192 

297)297^+594a;-891 (E) 



15x*+21ar^-60sc2+33aj- 9 
15fl ^+40g3-20xa-20a;-15 
- i) -19a:8-40ai8+53a;+6 (C) 
19x3+40aj2-53a;-6(Ci) 
^^x'^+2Sofi-b7x 
2si^+4x-6 
2a^+4a;-6 



19a;+2 



:, X^ + 2x-S = G.C.M. 

Here, in dividing (A) by (B), we find that the coefficient 
of the first term of (A) does not exactly contain the co- 



GREATEST CX)MMON MEASURE. 



103 



efficient of the first term of (B) ; and to prevent trouble 
from fractions, (A) is multiplied bj such a number as will 
make its first term exactly divisible by that of (B). 

The remainder (C), having its first term minus, has all 
its signs changed, which is equivalent to dividing it by - 1. 
The necessity for this may be obviated by subtracting the 
upper line from the lower, when the subtraction of the 
lower from the upper would render the sign of the first 
term of the remainder negative. In dividing (B) by (C^), 
we have again to make the first term of the dividend 
exactly divisible by that of the divisor, and the same 
thing occurs also in the next division at (D). 

At (E), 297 being contained in every term is struck 
out 

(5.) Find the G.C.M. of 6a:* - 2ia^ + 12x2 + gaj and 
2x6 - 8aj* + 12fic3 ^ 8a;2 + 2iB. 

Observe that Go? is a factor of every term of the first 
expression, and 2x of every term of the second. These 
should be removed before beginning the division ; but as 
2a; is a factor of both expressions, it will form a part of 
their aaiL 



X 



-11 






a^''4a? + 2x+l 

4 

4a:3«i6a2 + 8a; + 4 
4a^ — 5x^ + X 
-lla;2 + 7a; + 4 

4 

-44x2 + 28a; +16 
-44a:2 + 55a;~ll 

27 )27a;-27 (A) 



X- 1 



xl^-isc^ + Qa^-ix+l 

ai^ - io!^ + 2x^ + X 

bx + 1 
4a; 



4a;2 
4a;2 



a;+l 
a; + l 



X 

ix 
-1 



/. 2a;(a;-l) = G.C.M. 
At (A) the upper line has been subtracted from the 
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under, in order that the first term may be positive ; also, 
as 27 is common to both terms of (A), it has been struck 
out 

EXAMPLES FOB FBAOTIG&— ZZVU 

Find the a cm. of the following : — 

(1.) a^-^xl^ + ^x-l anda3^2iB2 + 2a;-l. 

(2.) sK^-2a:^ + 2x-l andic*-2a«+l 

(3.) rc3 _ 3a. _ 18 and iB* - 9a:3 + 27a;2 - 27«. 

(4. ) 2a:* + 3a:3 ^ 4aj2 _ 3a. + 2 and 3«* + 2a8 - 6a^* + 3aj - 2. 

(5.) eafi - 33a:3 » 27a; and Sa^ + 22a:* + 162. 

(6.) Scuxs* + ISaa^ + ^aa^ - iax - So, and 

9ac^y + 15a?^ - 3a:|y + 6y. 
(7.) 2a:5 4.iiarH5a;and 2a:* + a;3 + i0a;2 + 5ai 
(8.) a:5-13a:3_i2a;2anda5-16a;3«4a^^ + 16ai 

(9.) 72a:»-6a:5 + 24a:4 4.6a:3 + i2a:2and 

Slar^- 54a:* + 36a:3+i8a:2 + 27a:. 
(10.) ai^-{m + l)a:^ + (m+p+l)a:^''{m+p)x+p and 

ai^ + (m - l)ix^ - (m +p -l)x^ + (m +p)x -j?, 
(11.) 3a;'*+' + 2;xB"^^-jty'af*-3a:»+joa; and 

2ar+^ + 3jt?a;"'+^ +p^ixr+^ - 2x» -;xc*. 
(12.) aa;-'-(a + 6)a;-^ + (6 + c)a:"^--c and 

ax'^ - hx~^ + (a + c)a;~' - hx~^+c 

88. When there are three or more quantities, their G.aM. 
may be obtained by first finding the g.c.m. of two of them, 
then of this answer and the third quantity, and so on ; the 
last divisor being the O.C.M. of the whola 

lUtiatrcUive Example, 

Find the o.c.m. of 

4a3 - ^a^x - Gax^ + ix^, 

4a3 - 2a2a; - 10aa;2 - 4a:8, and 

4a3 - Sa^x - ax^ + 2a:5^. 
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Kemove 2 from each of the first two expressions, and 
observe that it will form part of their g.cm. 



2a 



— X 



2a3 - Sa^aj - 3a£c2 + 2iBS 
2a^ - 2ah: - 4mx^ 



2a3- a^a; - 5aa;2 _ 2a53 

2a« ~ 3a^x - 3aa^ + 2a^ 

2x ) 2a^x - 2ax^ - 4aj» 



a 



2 



1 



ax —2x^ 

.'. 2(a2 -ax- 2aj2) = G.C.M. of first two. 

Now find the o.aM. of this and of third quantity. 2, not 
being a factor of both of these quantities, need not be 
written. 

4a3-8a2aj- ax^ + 2a^ 

4^3 - 4a^x - Sax^ 



a 



X 



a2 - oa; - 2iB2 
a^-2ax 



ax-2a^ 
ax-2a:^ 



- iah: + 7ax^ + 2a^ 
-4a2aj + 4aaj2 + 8a53 



4a 



-4aj 



3x^)_3aa^-^ 
a -2a; 

.'. a — 2aj = the G.aM. of the three quantities. 

89. It may be observed that the g.cm. is sometimes 
more easily found by reversing the order in which the 
expressions are stated, or at least by operating on them as 
if they were reversed, as in the following example : — 

Find the G.aM. of 63cc*-17a:8+17a;-3 and 4904+175524.9. 

Here, instead of making the coefficient of the first term 

of the one expression divisible by that of the first term of 

the other, we may begin at the last terms, and divide 

9 by 3. 

49aj« +17ai2+ 9 

189jr«-51a^+51a; - 9 



Adding 
2 

Bubtr. 



6ar«-17a;3 + 17a;-3 

3g;)63g? *-3x^-8a^+18 a; 
21fl53- aj2- a; + 6 
28ag3-6a^+2a; + 6 
x) 7a^-5gg+3g! 
7aJ2-5x+3 



17g j23 8g* - 51g8 4- 17gg + 51a; 
■'I4x3_ 3aa+ 35+3 

Id^- 5a; + 3 
14x3_i0aj2+ 6x 
14x8_i0aa+ 63. 



Adding 
1 

2a;, Sub. 



7a52-5a; + 3 = G.aM. 
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CTAifw.«i FOB FBAoncE.— xzvm. 

Find the G.aM. of the following : — 

(1.) 6a^-3a:3-20ic2 + a; + 6, 10a:3-3a^2-31a;-6, and 
15a:* - 21a^ - lU-2 + 9a; + 2. 

(2.) 35x5+a:*-41a:8-a;«+6a;, 70x5-33ic*-118a8+3a^2+18a;, 
and 30ic* - bla^ - 12a2 + 57a; - 18. 

(3.) a5-4a^ + 4a:3 + 2a:3.5a; + 2, «« + 3x5 _ 4^4 _ lOajS + 
9a:2 + 7aj_6, a« + a:5-2aj*-a:2_a; + 2, and «5 + 2a^-2a;2-ai 
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FRACTIONS. 



0. We have seen (Art. 62) that one quantity standing 
r another with a line between them indicates the divi- 
i of the upper line by the under. If, however, the 
•er will not divide by the under, the expression is 

ed a fraction, as ^ , ^^^ - 

Sven in cases where the division can be performed the. 

ression may be spoken of as a fraction, since it has 

form of one, and can be treated as one. Thus, 

a^ + S 

— — "o may be spoken of and treated as fractions. 

) integral forms, a, x + y, etc., may be made to assume 
fractional form by placing them over the figure 1 — 
a x + y 

The expression v indicates that the number or quantity 
s to be divided into b parts: thus, if a represent 3 
ds, and b the number 4, t means that 3 yards are to 
divided into 4 pieces. It may also mean that one yard 
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is to be divided into four pieces, and that three of these 
are to be taken. 

n 1 

T may thus signify either the ^th part of a units, or a 

times the ^th part of one unit 

From this latter view of a fraction, the upper line is 
named the numerator, and the lower the denominator. 

9L Seduction of TT9jMxm&.— Theorem : A fraction is 

not altered in value by having both its numerator and 

denominator multiplied by the same number. 

d 
For, let T be a fraction and m any multiplier, if the 

unit be divided into mb instead of h parts, each part will 
be m times smaller than before, and it will take m times 
as many of them to make up a fraction equal to the 
original one ; as there were a of them at first, there must 
now be ma of them, — that is, 

a _ via 5- x_4x_a^_^ai^ — x 

Tlieorem : A fraction is not altered in value by having 
both its numerator and denominator divided by the same 
quantity. 

a nia nia a 



I2a^^c 4a2' *"^ od^-l x^ + x^+x 

92. As a deduction from these two theorems, the signs 
of all the terms of a fraction may be changed without 
altering its value, for this is equivalent to either multi- 
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plying or dividing both the numerator and denominator 
bj -1. 

a —a —X X a — c c — a , a — x a — x 

T = — T , — = — , = , and = . 

-0 y -y x-y y-x x-a a-x 

93. To reduce an integral quantity to the form of a 
fraction having any required denominator : Place the 
given quantity upon 1, and multiply the upper and 
under lines by the new denominator. 

lUvstrative Example, 

Reduce ah and a^ _ 52 to the form of fractions having 
2ab for a denominator. 

1 ^ 2^ ~ 2ah' 

a^-h^ 2ab _ 2 a^ - 2a58 
1 ^ 2a6 "" 2ab ' 

KXAlTPT.Kfl FOR PRACTICE.— XXIZ. 

(1.) Express xy and sc^ + y^ as fractions having the 
denominator mn, 

(2.) Reduce a^ - 2ax + x^ to the form of a fraction with 
the denominator (a + x)^, 

(3.) Represent x^ + x^ + x + l as a fraction whose deno- 
minator is a; - 1. 

(4.) What fraction having the denominator x + y-^-z is 
equal to x(x - y) +y{y - 2) + z(z -x)! 

(5.) Form af - af^-*^y^ into a fraction having the deno- 
minator as" -I- y"*. 

(6.) Write the fraction ^ with the deno- 
minator b-a. 

9i> A fraction is said to be in its simplest or lowest 
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terms when its numerator and denominator have no com- 
mon factor. 

To reduce a fraction to its lowest terms, strike out every 
factor common to both numerator and denominator, or 
divide each of them by their g.c.m. 

Illustrative Examples, 

(1.) Reduce -p-, to its lowest terms. 

Here the common factors are a, 6^, and c ] these being 
struck out of upper and under lines, the fraction in its 

lowest terms becomes -o • 

(2.) Express 2!y4 _ a^ _ «y4 . i "^ ^*^ smiplest terms. 
Resolving each line into factors, we have 

a4(y2,l)_(y2,l) _ (^4_l)(y2_l) ^ (a;2+l)(a.2_l)(y2_l ) 

_a;g + l 

by cancelling out the common factors, ot^-l and y^-l. 

2iB3-7a;2 + 9 
(3.) Simplify ^_2a?-^x^^ ' 

First find acM. 



2a^- 7aj2+ 9 

2g:8-14a!-12 

7 )7a;2-14a;-21 

x^- 2a;- 3 



a;4-2a;3_ 6a._ g 



2a;4- 
2a;4- 


-4a;3. 
-7a;3 + 


12a;- 
9a; 


18 


3 


)3a;3. 


21a;- 


18 




a;3- 
a;3- 


7a;- 
2a;2-. 


6 
3a; 



2a;2- 4a;- 6 
2a;2- 4a;- 6 
.'. a;2-2a;-3 = G.c.M. 



X 



x + 2 
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Now divide numerator and denominator by a;^ - 2a5 - 3. 

x^-2x'-3\ 2x^-7x^ + 9 (2ic-3 
2x^ — 4x^ — 6x 
-3x^ + (jx + 9 
-3x^ + 6x + d 

x^'-2x-3\x^-2x^-6x-9 (x^+Z 
ai^-2c(^-3x^ 
3a;2-6a;-9 
3a;2 - 6aj - 9 

2a:3_7a.24.9 2a;~3 



•• ai^-2a^-6x'-9 x^ + 3 

(4: ) Reduce ^^^ and - (a - h)(x -^ a)(x - b) 

(4.) reduce ^j _ ^^^^ _ a) » ^d - (a _ x)(b - x){c - x) ' 

to their simplest forms. 

The first, by re-arrangement of numerator, becomes 

Th - \(c- ) ' *^^ ^y cancelling out the common factor 

c - a, it changes into 73- , in which form it may be left ; 

1 
or it may be still further changed into — 7 by multiplying 

c '~ 

(or dividing) both upper and under lines by - 1 (Art. 92). 

The process of simplifying this expression might have 
been begun by reversing the order and signs of all the 

terms of the denominator, thus, 7 tw \ , and cancel- 

' (c- b)(a - c) ' 

ling out a-Cy we have —;^ as before. 

95. Observe that if only one of the factors of the 
denominator had been changed, as, say, b-c into c - 6, 
the sign of the whole expression would have become 
negative; for, if the sign of one of two factors be changed. 
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the sign of their product is changed, and the denomi- 
nator being thus made negative, the numerator must be 
made negative too. The fraction would thus become 

-(a-c) a-c ^- _ ^ . . 

or - z rr? x . If now the other factor 



(c - b)(c -a) (c - b)(c - a) ' 

c - a be written a-c, the sign of the denominator will be 

again changed, and to preserve the sign of the fraction 

unaltered, the numerator must become positive, so that 

, a-c a-c 

ixre nave ^^^ —^^-.——^—^^ » 

(6 - c){c -a) (c - b){a - c) 

From this we have the rule that if the signs of any 
odd number of factors in numerator and denominator 
together be changed (as, say, three in numerator, or two 
in numerator and one in denominator), the sign of iibe 
fraction is changed; but if the signs of an even number be 
changed (as, say, one in numerator and three in deno- 
minator), the sign of the fraction remains unaltered. 

r,^ , - . (a - b)(x - a)(x - h) , ^ 

The second fraction - ) ^W ( becomes 

(a - x){p - x){c - X) 

(b - a)(a - x)(b -x) _b-a (a- b){x — a)(x - b) _a-^ 

(a - x){b - x){c -x) c-x^ (x- a)(x — b){x -c) x-c 

Here, as the signs of three factors have been changed, the 
sign of the fraction has changed. 

EXAMPLES FOB PBAOnG&— XXZ. 

Reduce the following fractions to their simplest 
terms : — 



(2.) 
(3.) 



IGa^cajy^ 

380wV ' 
laxy 



3a^ - bxy^ 



(4.) 
(5.) 

(6.) 



4a!-8a;2-fl2(g3 
4ic3 

Zx^y — ^xy^ 
6x^y + 3xy^ 

35a^y + 28xh/ 
4:9x^1/^ - 42xhpi 



BEDUCTION. 
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(7. 
(8. 

(9. 

(10. 

(11. 



(12. 



(13. 



g2-7a;4-12 
fc2_8a;4-15* 

y'^ — byz - 6«2 
a^ — a^ 

2m V - 4m2y + 8 
m<y + 8 

10a;3-7a;2~2a;4'8 
^^^•^ 15a^4-2a;2 + 7a;+12" 

a^ + «(6 - l)a5 + {ac - 6)a;2 - car'^ 



.(14. 



(15. 
(16. 
(17. 
(18. 
(19. 
(20. 



(2a?)2-(y + 2g)2 
(2a; + 2/)^-(22;)2* 

Trip + wjy — np-nq 
mr -nr-k-nis-ns 

ax + 2hy - 26a; - ay 
ax - 2by + ay- 2bx ' 

6a;2-13a;4' 6 
6a;2 4. 5a; - 6 

a:3-2a;2-4a; + 8 
a;-*-4ar*+8a;-M6a;+16* 

a:3~2a;2>-a;4-2 
a>*-3a;-2 



(22.) 



06 + (62 - a)x + 6(c - l)x2 - car* 
a.'^i_2a;'»-3a;^-^-a; + 3 



(23.) a;P+2 4.3a;P+i + 2a;^-a;2-2a; 

7wa;2 - (m - 7i)a; + (m — w) - (m — n)x~'^ — wa;"2 



(24.) 



px^-(p + q)x-{'(p + q)-(p-{'q)x-^ + qx-^ 



Multiplication and Division. 

%.— L Mnltiplication and Division of a Fraction by 
^ Integral Quantity. 

Let ^ be any fraction ; m any integral quantity. As b 

Jtterely indicates the kind of parts into which Unity has 
Wi divided, while a shows the number of these that are 
to be dealt with (Art 90), it is evident that the fraction 

8 
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will be multiplied or divided according as a is multiplied 
or divided. 

Therefore r multiplied by m becomes — r — or -,- , and 
J- divided by m becomes — j— • 

If a will not divide exactly by m, the fraction t may 

be written , (Art. 91); and the numerator being now 

, a 

divided by m, we get the quotient j— • 

From this we have the following 

Rules. — ^To multiply a fraction by an integral quantity, 
multiply the numerator by it ; and to divide a fraction by 
an integral quantity, multiply the denominator by it 

IlhistrcUive Exa/mples, 

„ , ,, , . , Sao; _ 

(1.) Multiply j^ by 2xy. 

(2. ) Multiply -3—3 by a^ - oaj + a2 

T". — q X (x^-ax-\-a^) = -o— — 3 

_ (a?2 + a^)(x^ - oa; + g^) _ x^-k-a^ 
(x^ -ax-\-d^)(X'\-a) x + a ' 

GcL X 

(3.) Divide ^ by 3axi/. 

ea^x^ . o _ 6a2a;2 _ 2ax 
5mn * *^ 5 win x 3ax7/ bniny * 
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(4.) Divide ^yj by a + 6 + c. 

a-b + c "•" V« + «+c; - (a-.6 + c)(a + 6 + c) 

_ (a + 6 + c)(a-6-c) _ a--&-c 
" (a-6 + c)(a + 6 + c) "" a-6 + c* 

(5.) Find the — th part of tm times w tv • 

. X- r(a + 6) <mr(a + 6) mr(a + &) « , . , 

tn tunes tt tt = —w-^^ — tT" = — ^ — j— • of which 

t(a -0) t{a-h) a-o 

the — th part is — 7 j\ or -7- — ri • 



97— n. Multiplication of a Fraction by a Fraction. 

T.I ••! I'l^l.^ 

Let it be required to multiply t oy — • 

If we multiply t by m, we shall have -,- (Art. 96) ; 

771 1 

but as — is the -th part of m, the required product must 

be the -th part of -y, that is, ^ (Art. 96). 

If this fraction were to be still further multiplied by 

« . 1 

yi we should in the same maimer have the -th part of 

if 

^^Hoc amx 

"^ or J—; and so on for any number of fractions. 

From this we obtain the following 

^ULE FOR Multiplying Fractions together. — ^Take 
^© product of the numerators for a new numerator, and 
'^^^ product of the denominators for a new denominator. 
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lUustraiive ExampUa, 
(1.) Multiply 9^2 ^y ifc- • 

9y^z2 4^2jj "" ^Qah^z^ ~ Say* 

Here, the numerators having been multiplied togetiher, 
and the denominators together, the resulting fraction has 
been reduced to its lowest terms, by Art 94 ; but this can 
be done before the multiplication is actually performed, bj 
striking out the factors common to the numerator of the 
one and the denominator of the other — thus : 

%aa^ Uy^z^ 2x b 2bx 
9y32j2 4^Xj. 3y ^ 3ay* 

(2.) Multiply ^_g by ^_^ » 

Resolve into factors whatever terms are capable ^^^ 
resolution, and strike out those common to upper bs9^^ 
under lines. 

a:2-7a;+12 a;2 + 2a; + 4^. (a;-3)(a;-4) ^+2^+J^ 

a-S-S ^ a:-4 "" (ic^ + 2a; + 4)(a; - 2) ^ a;-4 

_ a;-3 1 _ x-3 
~ x-2 ^ 1 " ^^' 

(3.) Find the continued product of — 

a;2-2a;+2 (x + 3)(a; - 3) a;2 + 2a; + 2_ 

(x + 3)(a;-l) ^ (a;2-2a; + 2)(iB2 4-2iB + 2) ^ (a;-3)(a; + r) 

(a: -1)2 ^ ^1 
^ 1 "" aj-f»r 
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9a— m Division of a Fraction by a Fraction. 

Let it be required to divide x ^7 ~» First divide by 

m ; this gives r- (Art 96) ; but as we have divided by a 

quantity n times too great, our quotient must be n times 

too smalL "We therefore require to multiply this quotient 

1 .1 ^ , an a n 

by 71 : thus we obtain £— ^^ r x — . 

Here we observe that the divisor inverted has become a 
multiplier to the quantity to be divided; and from this we 
derive the following 

Rule. — ^To divide by a fraction, invert the divisor, and 
proceed as in multiplication. 

IllTistrative Examples, 



156c ' 5c^z 156c Ga^xy 

_ 2y ^^ _ 2c2/2J 
" 36 ^ 3^ " 9^* 

<^-) ^^^^ a2 + ac-62-6c ^^ a2 + a6-6c-c2- 
_a2-. (62 + c2-26c) . (a2 - 2ac + c2) - 62 



a2 + a6 + ac-a6-62-6c ' a2 + a6 + ac--ac-6c-c2 

a^-(h-c)^ rt(a+6 + c)-c(a + 6 + c) 



a(a + 6 + c)~6(a + 6 + c) (a-c)2-62 

_ (a + 6-c)(a-6 + c) (a~c)(a + 6 + c) 



(a- 6)(a + 6 + c) (a + 6 - c){a -h-c) 

__ {a-h + c){a-c) 
{a - b)(a - 6 - c) * 
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(3.) Dmde ^^^yy_^_^ 1>7 (a, + y)7_a,7_y7- 

Eesolve the dividend into factors — 
( x - y ) 8 - (gS _ y3) 

(a; - y){x^ — 2a^ + y ^ — a^ - ajy - y^) 
(aJ+y)(a:*+4a^y+6a5y+4a5y^+2/*-a:*+a^y-a3^y2+ajy*-y*) 

^ (a? - y)( - ^^j) ^ - 3a?y(ag - y) 

{x + y){pa^y + 5a;V + 5jcy8j 5a:y(a; + y){x^ + xy + y^) 

Resolve the divisor into factors— 
(a; - y)5 - (a^s _ y5) 
(a; + y)7_ (3.74.^7) 

^ (a; - y){(a; - yY - (g^ + g^ + a^^ + a?j^ 4-3^)} 

{x - y)( - ha?y + bx^y^ — 6xy^) 
~ {x + y){la^y + 14a*y2 ^ 21a;32/^ + Ux^y* + "ix^/) 

^ - 5a;y(a; - y)(x^ -xy-^-y^) 

7a;y(a; -{'y){ix^ + 2a^y + 803^ + 2a^ + y*) 

- 5ajy(a; - y)(a;2 - ary + y^) 



Then 



7a;y{a; + y){x^ + xy + y^ 

(a;-y)3-(K3 + y^ . (x-yy-oc^ + y^ 



{x + y^-a^-y^ ' {x •{• yY - x^ - y"^ 

- 3a ^(a; - y) _^ - 5a^/(a; - y)(a;2 - a^/ + y V 

5a;y(a; + y){a;2 + a;y + y2) * 7xy(x + y){a^ + xy+y^)^ 

- 3a;y (a; - y) 7a;y(a; + y)(a?^ + a;y + y^) f 

5a;y{a; + y)(a;2 + a;y + y2) ^ -6a;y(a;-y)(ar^-a:y+y9 

21 a;2 + a3y + y^ 

■ • ■ • 

26 a^-xy + y^ 
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BTAMPT.™ FOB PRACTICE.— XXXL 

(1.) Multiply -gp^ by Sabif. 

24 
(2.) Multiply ^^3^ hy a^-4x + i. 

(3.) Multiply j33^ by -,- 

,. Mir u- 1 ie*-3a^ + 2a!a 2a;« + 2 

(4.) Multiply ^,^1 by ^_^,_2^ - 

(5.) Multiply ^^^3 by ^2_-„ ' 

. , x^ + xy . 2a;- 2y 
(6.) Multiply J by ^. 

Find the simplest value of the following : — 

2x^-3x + 4: 2a;2-4a;4-6 a;2-2a;-15 
^'•) a;2^4a;-5 ^ ^239 ^ ix^-Gx'+S' 

W aj2_4aj ^ ar4 + a;24-l ^ a;2 + 5a; ' 

V^O ~^+W ^ x^-yz ^ a^ + xhjz + yh^' 

,. 2ac-ad-Qhc+3bd etc - (a + c)x + x^ bc+2cd+2bd+c^ 
'' cth-'{a + b)x-{'X^ ac-'3bc+2ad-6bd 2c^+dx-2cx-cd 

. {a - b)(c - 26) (a - 2c)(b - c ) (c - a)(6 - 2a ) 
^^•^ {2a-b){c-b) ^ {2b-c)(a-c) ^ (b-a){2b-a) 

^-^•^ (a~6)2-(c-l)2 ^ l-(a;-2/-;s)2' 
(13.) Divide ^Y^ ^7 3. 

(14.) Divide J^2 by 5a22/2,2. 
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(15.) Divide -^ by ^. 
(16.) Divide ^p^j:p by ^. 
(b.) Divide ^^ by ^^j . 

(19.) Simplify ^^^^^3 X ^^n - ^T^re"- 

05^ + 05+1 a^— 05+1 

(20.) Simplify -^^^-j- x -^itT 

4a; 
■^ (iB2 + a;+l)2-.(x2_a;+l)«' 

(22.) Simplify feff ^f ^i^-^^^-^f -^ ^^ 
"^ ^ ^ "^ (a + 6 + a; + y)*-(a-6 + a;-y)' 2 

/23 \ SimpHfv (^-y)^-«^ + y^ ^ {x-yf-a? + f 
V-" •/ F J a;*^ + 0^2/^ + ic3 4. 2^ • a:4 + a;3y4.^4.y 

(24.) Simplify ^.- (J^l)""' x («:«y - «./)- ^ ^^ 
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LEAST COMMON MULTIPLR 



99. When one quantity is exactly divisible by another, 
^^ Is said to be a multiple of that other. 

"When one quantity is exactly divisible by each of two 
^^ more quantities, it is called a common multiple of 
*^^se quantities. Thus, I2a^bh: is a multiple of 6a%^, 
***&, and 3ah:, and is therefore called a common multiple 
^€ them. 

Observe that the number of common multiples of any 

^^ of quantities is unlimited. In the above example, any 

Multiple of I2a^^ must also be a multiple of 6a^b% 4a6aj, 

^Jid 3a^j and as any number of multiples of I2a^bhi may 

^ found, there will be any number of common multiples 

o! 6a262, iabxy and 3a^x. 

Almost invariably when a common multiple of two or 
i&ore quantities is to be found, it is the least one that is 
required. 

The expression Least Common Multiple is usually con- 
tracted to KCM. 

Let us suppose that the L.aH. of 12dbh, I5a^x, 1 86^02, 
and 2(k^x is wanted. 
As the L.aM. of these quantities is to be divisible by 
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12, 15, 18, and 20, it most contain every factor that enters 
into the composition of any one of these coefficients. 

Now the factors of 12 are 3 and 2^; of 15, 3 and 5 ; of 
18, 2 and 32 ; and of 20, 5 and 2^. 

Plainly the smallest number that contains each of these 
factors is 22 X 32 X 6, or 180. 

Similarly the L.CM. of the literal parts must contain a^, 
^2, c^, and X ; for, as the L.aM. is to be divisible by each of 
the given quantities, it must contain in its highest power 
every factor that appears in any one of them. 

ISOa^^c^x is therefore the L.aM. of 12a^c, ISa^a;, 1862c2, 
and 20(^x, 

From this we deduce the following 

KuLE. — To find the L.G.M. of any number of quantities, 
take every elementary factor that appears in any of the 
quantities once in its highest power ; the product of these 
will be the L.C.M. required. 

Illustrative Examples. 

(1.) Find the L.C.M. of lOa^x^ ISb^xh/, Uch^^, and 
40a:^^2;2^ 

The coefficients being resolved into factors give 2*, 
2 X 32, 2^ X 3, and 2^ x 5 ; and taking the highest powers 
of 2, 3, and 5 that appear in any of them, as well as the 
highest powers of the literal factors, we have the required 
L.C.M. = 2* X 32 X 5 X a^b^c^a^y^s^ 
= 720a^b^c^a^y^s^. 

(2.) Find the L.C.M. oi a^ + x^ - 4x - ^, cc^ + 2ix^ - 9x - 18, 
and ar^ - a;2 - 5aj - 3. 

Resolving each into factors gives — 

a^ + x^-ix-4: = a;2(a;+l)-4(aj+l) = (a;+l)(a;2-4) 

= (a;+l)(a; + 2)(a;~2). • 
a3 + 2iB2-9a;-18 = a;2(a; + 2) - 9(a; + 2) = (a; + 2)(a;2 - 9) 

= (a;4-2)(a; + 3)(iB-3). 
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a:»-a;2-5a;-3 = a^ - 3ar^ + 2a;2 - 6a; + aj - 3 

= a:2(aj _ 3) 4. 2a;(a; - 3) + (a: - 3) 

= (a;2 + 2a; + l)(x-3) = (a;+l)2(aj-3). 

TaMng each factor once in its highest power, we have — 

{x + \)\x + 2)(aj - 2)(a; + 3)(a; - 3) = (a; + \)\x^ - 4)(a;2 - 9) 

= L.C.M. 

(3.) Find the L.C.M. of 8 - a:^^ 16 + 4a:2 + a:*, and 8 + »». 

8-08 = (2-a;)(4 + 2a; + a;2) 

16 + 4a^i + a;* = 16 + 8aj2 4-aj*-4a;2 = (4 + a;2)2-(2a;)2 

= (44-2aj + a;2)(4-2a; + a;2) 
8 + a3 ^ (2 + a;)(4 - 2a; + a:2) 

.'. L.aM. = (2-a;)(4 + 2a; + a;2)(2 + a;)(4-2a; + ar2) 
= (8-ar^)(8 + a;3) = 64-a;«. ' 

EXAMPLES FOB PBACTICE.— ZZZEL 

Iind the L.aM. of the following :— 

(1.) Sa^m^, \2a^m^y^ and 15amz. 

(2.) ahhchf^ hc^y^z^ cdz^Xy dexyH, and efxH^ 

(3.) m2a;2, 30a;3y, Z^y% xyz, and 45. 

(4.) 5(6 + c), c{J>->r(^^ and ahc» 

(5.) 42(a; + y), 35(a;-y), and 28(a^^-2/2). 

(6.) 7^{x - 1), x{^ - 1), and a;3 _ 1. 

(7.) a^+x-0, a^-5x + 6f &nd x^-x-Q, 

(8.) 4a;2_ 1^ X - 2a;, 1 -a;, and 1 +x. 

(9.) 052 - 4a; - 21, a;3 + a;2 - 66a;, and a;* + lla;3 4. 24a;2 

(10.) a;*-a;3 + a;-l, a;* + a;2+l, and a;* + a;^-a;-l. 

(11.) {x^ + x^ -^xy - {x^ -{-x + iy, And a^ + a:» -x^ ^ I. 

(12.) 62-(a + c)2, (c-6)2-a2, c2-(a + 6)2, x-y, and 
y^ - a;2. 

100. When the given quantities cannot be readily re- 
solved into factors, their L.aM. may be obtained in the 
following manner : — 
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Find the o.aM. of two of them ; the product of these 
two divided by their g.c.m will give their kcm. Next 
find the G.aM. of this answer and the third quantity ; the 
product of these two divided by their G.aM. will give the 
L.C.M. of the three quantities. In the same way it may be 
obtained for any number of quantities. 

That this method yields the required result will appear 
from the following investigation : — 

Let A and B be two quantities having M for their 
G.CM. and R for their L.C.M. ; then we may put A = aM, 
and B = 6M. 

Now every factor of either A or B will be contained in 

a^M, and therefore a6M is a common multiple of A and 

B; and as a and h (from the nature of a g.cm.) have no 

common measure but unity, a&M is the least quantity that 

will exactly contain aM. and &M, and is therefore the L.C.M. 

of A and B. 

Since A x B = aM x 5M = a6M2, 

A X B 
.*. ^ = a6M = L.C.M. of A and B 

= R; 

that is (as above), the product of two quantities divided 

by their g.cm. gives their L.aM. 

If there be a third quantity, C, the kcm. of E. and C, 

Bi X C 
which we may call S, will be -^^ , where N" is the g.cm. 

of R and C. As any multiple of R is also a multiple of 
A and B (Art. 99), S must be a common multiple of A, 
B, and C ; and it is also their host common multiple, for 
it is the L.CM. of R and C, and R is the l.cm. of A and B. 

IlltiBtrative Example, 

What is the L.CM. of ^a^-x^-bx^^ 6aj* + 5a3-3aj2_2a;, 
and 4a;3 - 4a:- - a: + 1 ? 
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The G.C.M. of the first two is found to be 3a:2 + aj-2; 
therefore their 

(6g3 ■_ a;2 ~ 5a; + 2){6ai^ + 5a^ - 3x^ - 2a;) ,.v 

3a;'^ + a;-2 ^^^ 

= {2x -- l)(6ai^ + 6a^ ^ 3a^ - 2x) 
= 12a:5 + 4a:*.-lla:3-a;2 + 2a;. 

(A) The denominator Zx^-^-x-^ being a measure of 
each of the two feictors of the numerator, is divided out of 
one of them before the multiplication indicated is performed. 

The G.aM. of \2a^ -{- ioi^ -\la? -^x^ + 2x and 4a;3-4a;2 
-«+l is next found to be 4aj2-l, and therefore the 
XhCM, of the three quantities 

^ (1 2a:5 + 4a:^ - 1 la;^ - a;2 + 2a;) (4a;S - 4a;2 - a; + 1 ) 

4a;2~l 

= (\2a^ + ia^-\\a^'-c(^ + 2x){x-\) 

= 12a;6-8a;5-15a;* + 10a;3 + 3a;2-2a;. 

KXAWTFT.ES FOB PRACTICE— XXXm. 

(1.) Find the l.c.m. of a;^ - 3a; + 2 and ix^-^x^- 5a; + 3. 

(2.) Obtain the L.C.M. of 3a:* + 8a;3 + 9aj2 _ Sa; - 5 and 
6sfc8^.aj2_i2a;4.5. 

(3.) What is the L.C.M. of 3a;3 + ^^hj + 3xi/ - 2i/, 
^-7a^-7xy^ + By^, and 2a^ - 3xhj - 8x1/ - 3y^ 1 

lOL Least Common Denominator. — The l.c.m. of a 
dumber of quantities is seldom required, except in re- 
ducing fractions to the same denominator, where it is in 
Constant use, the l.c.m. of the denominators being the 
lieast Common Denominator of the fractions. 

L.C.D. may be written for Least Common Denominator. 

Suppose we want to reduce to their l.c.d. the fractions 
a 6 - c 
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Here the L.aM. of the denominators is o^V (Art 99) ; 
this, therefore, must form the denominator of each fraction. 

That he may become o6V, it will require to be multi- 
plied by ahc^ ; and if the denominator be multiplied by 
this quantity, the numerator, must also be multiplied by it, 
in order to preserve the value of the fraction unaltered 

(Art 91). 

. a a abc^ a^bc^ 

' ' be be abc^ dt^c^ * 

Similarly <ufl becomes aJV by being multipUed by V^, 

and 

. b b b^ 63 



X T^ = 



cu^ ac^ b'^ ab^c^ * 

Also, ab^ becomes a6 V by multiplication by c^, and 

c c c^ d^ 



X -5 = 



ab^ ah^ c^ ah'^(^ ' 

n h o 

The fractions r~ > ■~;3 > ^'^^ iio l^^ve thus been reduced 
to their L.C.D. aftV, and have respectively become -p-g , 
, and 



a62c3 ' ^ ah^(? 

Prom a consideration of the method by which this has 
been effected, we easily deduce the following 

Rule for the Reduction op Fractions to their 
Least Common Denominator. 

Find the l.c.m. of the denominators. This will form 
the L.C.D. Then multiply both upper and under lines of 
each fraction by such a quantity as will make its denomi- 
nator equal to the one found. 

Note, — The quantity by which the terms of any fraction 
must be multiplied is easily ascertained by dividing the 
L.aD. of the whole by the denominator of that one. 
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Illustrative Examples. 

(1.) Beduce the fractions ^ , j- , n^y and yyt. ^ 

equivalent ones having the least common denominator. 

The L.C.M. of the denominators being I2a^b^ (Art 99), 
this is the L.aD. 

2 2 4a262 8a262 

0? 05 3ab^ 3ah^x 

As 12a^6«^ 4« = 3«6^ 4-^ = 4- x g^, =12^,, 

a a 2a2 2a3 

As 12a262^ 662 = 2a2, ^^^ = -^ x ^^ == T2^2 ' 

Asl2a262^2a26= 66, ^, = ^4 x g = ^^^ 



2a26 2a26 -^ 66 12a262- 

The required fractions are therefore 

8g262 3a62a; 2a^ 66y 

12a262' 12a262' 12a262' ^^^ 12a262* 

(2.) Find in their least common denominator equivalent 
fractions for the following : — 

1 352 05-1 05+1 , 05 

, and 



x-l' a3.i» a;2-a;+l' x^-^x+1' x^^l' 

Re-writing with the denominators of the second and fifth 
fractions resolved into factors, we have 

1 cc2 X- 1 a;+l , X 

-, and 



x-V (a:-l)(aj2+aj+l)' x'^^x+V xHx+V {x-l)(x+l) ' 

and each factor being taken once, we have the L.C.M. of 
the denominators, or 

L.GD. = (o5-l)(o52 + aj + l)(a; + l)(o52-a;+l) 



r * 
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Now, the factors of a^ - 1 that are not already contained 
in the denominator of the first fraction are 

(a^-^x + l){a^-x + l)(x + l); 
therefore t becomes 

X— 1 

(a^ + x+ l)(x^ - a? 4- l)(a; 4- 1) a^+ai^+a^-^a:^-^x+ 1 



{x--l){x^ + x+l){oi^-x-^l){x+l) afi-l 

The factors of as* - 1 not already contained in the 
denominator a^ - 1 are (x + l)(a:^ -x+l) ; therefore 



X 



2 



a:g(a; 4- l)(a?--- a; 4-1) _ a:^4-a:^ 



a^- 1 afi-l afi- 1 

Similarly — 

x- l (a;-l)(a;-l)(a;^4-a;4-l)(a;4-l) _ a:^-a:^-a: ^4-l . 
a;2-a;4-l~ a:«-l ~ s?^l ' 

so also — 

a; 4-1 _ (a?4-l)(a;-l)(a?2-a;4-l)(a;4-l) _ a^-oc^ + x^-l . 
a;2 + a;+l" a:^-l ~ xf^-l ' 

x _ a;(a;2 4.a;4-l)(a;2-a;4-l) _ a:^4-a33 4-a; 

' (3.) Reduce to their least common denominator the 

a+h a h-a , h 

fractions —r- , -j. — tto , oTo-i-tt — lo , and 



Resolving the denominator into factors wherever pos- 
sible, and changing the sign of all the terms of the third 
fraction, the above set of fractions becomes 

a + h a a-h _ b 

-, and 



4 ' (a 4- 2b){a - 26) ' (a 4- 6) (a - 26)' *"" a{a - b){a + 26)' 

in which the L.C.D. is plainly ia(a + b){a - b)(a 4- 26)(a - 26) 
or 4a(a2 - 62)(a2 _ 462). 

Now, multiplying numerator and denominator of each 
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fraction by the factors which its denominator wants to 
bring it up to ia{a^ - h'^){a^ - 46^), we have 

^a^ - 62)(a2 - 462) » 4a(a2-62)(a2 « 4^2) ' 

4a(a-hy(a + 2h) 46(a + 5)(a-26) 

4a(a2- 62)(a2 - 452) ' ^^ 4a(a2-62)(a2-.462) • 

In most cases it will be necessary to multiply out the 
terms of the numerators, but the denominators are gener- 
ally better retained in factors. 

KTATIffFr.lW FOB FBACTIOB.— ZXXIV. 

Reduce to their least common denominator each of the 
following sets of fractions : — 

a b 
To' 15* 



(1. 



(2. 
(3. 

(4. 

(5. 
(6. 

(7. 



(a 



5x 7y 9z 
T' T2' 20' 



ax' 26«2' ca^' 

a2 + 62 gg-gg g2-62 
ab ' ax ' bx ' 

a-b a b a+b 
a + 6' 6* a' a-b' 

3 2 1 

(«-!)(«- 2)' (a: - l)(aj - 3) ' (a; - 2)(aj - 3) * 

12 2 1 



iB2 + ic-12' ic2 + 2a:-8' a2 + 3a:-4' x^-6x + 6' 

ax 2bx 

aja + (2a-6)a;-2a6' jc^ . (« + 26)aj + 2a6 ' 

3a5 



jc2 + 2(a - 6)aj - 4a6 
9 
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1 1 1 



(11.) 



OJ + l 



X 



1-aj 



6a:3+13a; + 6' 9a:3-4' 6-6aj-6a:3 



, 2a:-3 



a" 



W ^. (^. ^. ^. («- W6 + l)». 



CHAPTER VIII 



FRACTIONS. 

iCofUinued,) 



L02. Redaction of Complex Fractions. — A fraction is 
^ to be complex when its numerator or denominator, or 
xh of them, contains a fraction. Thus — 

(ZX 



a a+ h 



05- 



a + x 



6 , a h. and are complex fractions. 

c X y a4- 

a-x 

Expressions of this character can be simplified by 
iltiplying numerator and denominator by such a quan- 
y as will clear away the fractions from both upper and 
Lder lines. 

In the above examples, if the numerator and denomin< 
or of the first be each multiplied by 5, the expression 

ul become t- j of the second by xy, it will be equal to 

^_i j and of the third by a^ - x^, it will be changed 

. {ax+7? - ax){a - x) x^ a-x 
(a*-aa5 + aa5)(a + a5) a^ a + x' 

Notice that the multiplication of a fraction by its 
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denominator produces a quantity equal to its numerator ; 

as — ; — X (a-\-x) = ax, 

a + x ^ ' 



103. In a way similar to the above, fractions of the 
form a 

b+ 



7 « 






may be simplified. Take the last complex fraction which 

e 
appears in the expression, namely, /.,5^) and reduce it 

eh 
to the form /., ; the original fraction will now be 

a 



^+ , "eh • ^«^t 'reduce rf+ ^ to ofti^Zeh ' 



a 



and we have , cfh + cg ; and finally, by similar 

dfh + dg + eh 

ad/h + adg + aeh 
reduction, this becomes M/h + bdg + beh + cfh + cg' 

The work may be performed continuously ; thus — 

a _ a _ a a{dfli,+dff+eh) 

^ . c , c ""- cfh+cg "bdfh+bdg+beh+cfh+cg' 

^'^'7, T" ^'^^. eh ^'^dfh+dg+eh 
. g jh + g 

^'^ h 

Fractions of the above character are called Continued 
Fractions. 
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CTAMW.itg FOB PRACnOE.— XXZV. 
Reduce the following to their simplest forms : — 

(1.) T 9 - — 1 > aii<i Ti — 1 • 

1 

/9\ 2a+l jg^-^ , ^■^y 



3/ 



a^ , 1 

a+ 1- 



(3.) ^tZ^ and ^±1 

a5 + y aj-y 1 1 

u) ^^ " ^+y and ^^ " y 

g-y x + y 1 1 ' 

aj + y a;-y x x — y 

1 1 



^ 1 
(5.) ^ + 3+1 and "*■*" 



26 4- 



3«+r6* 



1 , 1 

«- ft— ^«j a + l + 



a;+l+^^ a-2+ j 

lOi Addition and SnbtractioiL — If a unit be divided 

^i^ m parts, and 5a of these parts be taken, the quantity 

• 5a 

^ expressed by the fraction — (Art. 90); and if 3a be 




5a Sa Sa 

the total number taken will be 8a: so that 1 = — 

m m m 

Similarly - + ^ = ^^ . 
''mm m 

If, after 5a parts have been taken, 3a of them be re- 

5a 3a 2a 

jected, there will remain 2a; so that = — 

^ ^ ' m m m 

Similarly — = • 

''mm m 

From this we see that fractions of the same denomin- 
ator are added or subtracted by having their numeratorr 
added or subtracted. 

Fractions having different denominators are of tL^zSie 
nature of unlike quantities; and while they remain unlike :=2Ke, 
their sum or difference can only be indicated by 

(Art 1 1). Thus, if it be required to take - from the 

of - and J, we can but indicate the result by writi 

X y z , 

~ + T — , so long as the denominators remain un1i1< -^ft 

But fractions with different denominators can be reduc^i^sd 
to a common denominator (Art 101); and when this ^ 
done, their sum or difference can be represented as orv^e 
fraction. 

The L.C.D. in the above example being abc^ 

X y z hex acy ahz __ hex 4- o/cy - cibz 
^ c ahc abc ahc abc 

« n • 
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lUustrative Exa/mpUs, 

., . ^ _ _ - 3a ^a , 5a 

(1.) Add together "7" » "5 » *^^ g" ' 

The L.aM. of the denominators is 4 x 5 x 3, or 60 ; and 
reducing to L^aD., we have 

3a 4a 5a 45a 48a 50a 143a 
T'*'5"*"6""60'*'60"'""60"' 60' 

/^ V r«\ 55c - 3ac 
(2.) Take ^ — from 7—0 . 

The L.C.D. = 3x4xm2xw= I2mhi, 

, 3ac 5hc 9acn lO&cm __ 9acn - 106cm 
4«»^ 6mn 12mhb I2mhi " I2mhi 

/ov -m. ix^ . a-26 a + 26 . d^ 

(3.) Fmd the sum of . or » oi » *^^ oio • 

^ ' a + 26 a -26 26^ 

The L.aD. = 262(a2 - 462). 

. xi. 262(a-26)2 4-262(a + 26)2 + aV-462) 
•• ^^^^ 262(a2^462) 

^ 2a262 - 8a6» 4- 86* + 2a262 + 806^ + 86^ + a^ - 4a262 

262(a2 - 462) 
0*4-166* 
' 262(a2 - 462) • 

/i\ m 1 3(a + a5)a^ . . . _ 2aa? 
(4.) Take -jr oX5 ^om the sum of a - a; and • 

2ax a2-2aa;+a^ + 2aa; a2 4-a^ , 

a - 05 H = « : and 

a-aj a — jc a-a; 

o2 + a?2 ^ 3(a4-a;)a^ _ a2jf^ _ 300:24.3^4^ 

0-05 a2 + O05 - 2052 " a-x (o + 2o5)(a - 05) 

^ {a^+aP)(a + 2x) - (3oo:2 4. 3^4^) 

(o + 2a;)(a - x) 

^ a^+2o^ + og2 4.2g8,3qa^,3gc8 

(o + 2ic)(a - ic) 
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a* - «• + 2ah! - 2aa* (a^ + ax-h x^){a - a;) 4- 2aa;(a - x) 
(a + 2a;)(a -x) (a + 2a5)(a — cc) 

(g^ + Sax + a:^)(a - x) _ «^ + 3aa; + x^ x^ 

(a + 2a;) (a - 35) " a-h2x a + 2x' 

Here, as no two factors in the denominator seem the 
same, a very natural mistake would be to take the product ^ 
of the whole six for the naD. j but it should be observec^^ 
that 6 - a = - (a - 6), c - a = —(a-c), and c - 6 = - (6 - c) ^^^\ 
wherefore (6 - a)(b - c) = - (a - 6)(6 - c), and (c - a)(c - d^S I) 
— (a - c)(6 - c), by Art 95; and thus the whole expressior^z^.on 

can be written 

a 6 -J 

(a - h){a - c) " (a - 6){6 - c) "*" {a''c){b'c)' 

in which the hcd. is (a - 6)(a - c)(6 - c). 

'• (a - b){a - c) " (a - 6) (6 - c) "*" (^T^Xft^^) 

a(6-c)-6(a-c) + c(a-6) a5-ac-a5 + 6c + ac-6c __ ^ 

" (a - 6)(a - c){b - c) " (« - b){a - c)(6 - c) " 

Had the numerators in this question been squares, « it 
would have been simplified most neatly in the followiir — ^g 
manner : — 

gg b^ (? 

(a - b){a - c) (a-~b){b-c)'^ {a-c){b'-c) 



_ a%b -c) --b^a-c) + c^(g-5) _ d^b^aH^iOP' 4- 6^ 4- <^{a-^ ) 
"" (a - 6)(a - c){6 - c) (a - b){a - c)(6 - c) 

ab{a - 5) - c(ag - 6^) 4- c\a - b) ^ oft - c(g 4- 5) 4- c^ 
(a - 6)(a - c)(6 - c) " (a-c)(6-c) 

__^a5-a<;-6c4-c2 _ (a — c)(6 ~ c) _ - 
"" (a - c)(b - c) (a-c)(6-c) "" 
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(6.) Beduce 







to its simplest form. 

Simplify each of the factors by one or other of the 
preyious rules : — 

-| a-\-x a-x-a-x -2x 



a-x 
1 



a — x 
a^-x^ 



a-x 






a^~x^ 



1 



1 



1 



1 . 



1 



1 - 



a^ + x^ 



1 - 



a^-m? 



1 2fiB8 



1 - 



2a:S 



1 + 



a^-x^ 2fiB^ + a* - fic^ a^ + a^' 



"^^e expression therefore becomes — 

2a^ 



2^2 



~2x a^ — x^ _ 

a — x —27? a^ + x^ ~~ a^-ax + x^' 



mrAMPLTO FOB PRACTICE.— XZZVL 

Find the simplest values of the following : — 



(2.) 



11a 7a 5a 

Ty*" 8" "^ "9 • 

ab^c ah^c 



(3N 1 1 A 
'he ac ab' 



a X 



(5.) 



hx 

X X 

+ -« 

x-a a 



(6.) 1 - 



X 



x + a 
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(7.) 



a + x 

X 
X 



X 



a" 



a + x ax + a?' 



(8.) -T- + -^ + J^- 
^ ' x + y x-y xr-y^ 

V / x-y y-x 



(11.) 



1 



a^-4 a!« + a!-2 



/12^ l+^±i_^±2 






X X-y (a^-y 



(15.; 

(16.; 

(17.; 

(18.; 
(19.; 
(20.; 
(21.; 
(22.; 



(23.; 



(24.; 



(ic+l)(a; + 2) ■*■ {x+l){x-3) "*" (a; + 2)(a;-3] 
1 2 1 



(a: + l)(a; + 2) (a;+l)(a; + 3) (a: + 2)(a; + 3;^ 

Jl x-3 

x-S aP + 3x + d' 



x-2 



05+2 



x^-2x + 4: a^ + 2x + ^' 

2x^ + 2a^ x^-ax + a^ __ a^ + ax + a^ 
x^ + cuc + a^ a^-ax-^a^' 



x^-a^ 
x-l 



x + l 



2a^ 



a^-2x + 2 ^ si^ + 2x + 2 ^ a;*-4' 



4bX 



\b a ah /\y x ocy / 



a 



a + b a + b 
a + b a + b 
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(25.) (-^ ^)-(- ^V 

^ ^ \x + j/ x-yj \x-y x + yj 

/97 \ ^ + g . flt + g . (^ + h 

\^*') ^a-^bXa-c) "*" {h-a){h--c) "*" (c>a)(c-6)' 

1 _ «^ + ^^ 
(28.) 1 2^ 



2a5 



a2 + 62 



/a + a; a {a- xf a^ - 2x^^ 

^ '^ \ x a + x 2ttx a^-x^ f 

^ \x a^- ax/ 
X 1 

(32.; 



(33.; 




,__, g^ 6' <? 

^^•' (a-h){a-c) "*■ (6-a)(6-c) "*■ (c-a)(c-6)' 
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105. Snbstitntions. 

lUuatraHve Exa/mples, 

(1.) Find the numerical value of — 

cfi-ax-^-v? a-x a _ , _ , 

-q-, r":3 ; — • ""> when a^-k and » = +. 

a^ + ax + x^ a + x x ^ + ^ + ^ J + J J 



16-12 + 9 4-3 1_13_1 4 
" 16 + 12 + 9 4 + 3 ^ 3 "" 37 7^3* 

13 ^ ^ _ 273 - 148 _ 125 
" 37 21 777 "■ 777 ' 
(2.) What is the numerical value of — 
1 

aj + 1 + _- , when a; = 2 1 

1 1 1 113 



3. + 1 + 4 

Or, the algebraical expression may be simplified before tbi-^ 

substitution is made— 

1 ^ 1 

1 "" , 8a; 

a;+l + =- a;+l + 



- 1 - • - • 24a:2 + 8a; + l 

^^+^■^85 

24a2 + 8a;+l 96 + 16 + 1 113 



24aj8 + 32a;2 + l7a;+l 192 + 128 + 34 + 1 "" 355 
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oj 35 — 1 

(3.) Find the simplest form of - + — -^ when 

w if *^ 

« a —-X and y = -^ • 



f . ag-l _ a + 6 a + 6 _a(a~5) (a-a-6)(a-5) 
y'^y+l-~g~+ h ^"5(a + 6)"'"(5 + a-5)(a-h6) 
a-6 a-6 

__a(a-6) -h{a-h) ^ /a h\ a-b 
"~ 6(a + 6) a{a + b) "~ \6 ~ a/ a + 6 

^ gg-yt a-6 ^ (a - 6)8 
a6 a + 6 a6 



mrAirPT.iw fob fbactioe.— xczvil 

-S^d the simplest forms of the following expressions : — 



ci. 



(2. 



<3. 



(4. 



(6. 



(6. 



(7. 



3a 26 e 

1—. + — r-T when a=8, 6 = 6, and c=3. 

b+c a-o a+b ' ' 

efi + 2ah!+Zaa? , , , , 

a^-ax+u^ when a = ^ and a = f 

(x+2y)z + (y+2z)x + {z + 2x)y 

{x+3y)z-(j/ + 5z)x+{z+Sx)y^^^''-'^^-^ 

(.-a)(.-2^^-36)(.-46)^^^^^_^^ 

a-« 6 + 35 a-6 

•5— + 1 — 7- "when a; = i— — » • 

l+oos 1 -605 l+a6 



(** - ^{'^~^{^ - ^) ^^^° a'=3Jandy= 



8 
TTT 
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1 

ygv 05 + J when x—i, aj=3, a;=2, 

^ ' X-1+ i — a;= 1 successively. 

,-.l + 2a; a;, a-1 _ a-2 

(9.) -T— ; when x = —tt — sr and y = —77 — tt« 

'^ 1 + y y a(o - 2) ^ a(o - 1) 

(10.) T—; — j — -—when a; = ht andv= — s • 

^ ^ o+y a + x 26 ^ 2c 

46c 
(11.) >^ ^ V 2 - 1 '^^en ^(a+6 + c) = «. 



Wf 



^ ' a+6 6+c ^ a+c 

106. Occasionally when the required substitution is 
made, the numerator or the denominator, or both, may 

Om ^ X 

become nothing. For instance, in the expressions > 

Q/ "I* X 

a^ + x^ a^ — ax , 

5) and -9 5) if a be substituted for as, the first 

ax-x^ a^ - x^ ' 

2a2 

becomes s" > t^® second -tt- , and the third x • 

1 

"We easily perceive that q~ is equal to 0, for the ^-th 

part of nothing must still be nothing ; but it will require 
a little examination to ascertain what are represented by 
2a2 

"O" ^^ 0' 

107. When one number is divided by another, the 
quotient is less than, equal to, or greater than unity. 
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bocording as the divisor is greater than, equal to, or less 
liban the dividend; thus, 8-fl2 = 3^orf, 8-i-8 = f or 1, 
and 8 -5- 4 = f or 2 ; and the smaller the divisor, the greater 
the quotient^ as the following examples show : — 8 ^2 = 4, 

8^1=16, 8-^y^=8000, 8 -r yqTo = 80000000000, and 

8-r— ^ = 8 followed by ten thousand million ciphers, a 

number great beyond all human powers of conception. 

As the divisor continually grows less and less, it more 
U3.d more nearly becomes equal to nothing, and may 
>e put to represent its ultimate value ; while the quotient, 
:iX)wing constantly greater and greater, becomes larger 
(^an any quantity that can be named, and is said to be 
^^fcite. The character oo is used to indicate infinity. 

Of* 

^-xiy expression, therefore, of the form q means the divi- 

^On of a finite quantity by one infinitely small, and as the 
Ltiotient is infinitely great, it is represented by oo. 

2a2 
So that -jr- = 00 (read infinity). 

That a finite quantity divided by becomes infinite 

**Uiy be shown in another way ; for if yzT ^® expanded 
^to a series (Art. 72, Ex. 4), it becomes 1 + a; + a:^ + ajS + 35* + 
*^+ etc. to infinity, and if a; be made equal to 1, we have 

1^ '^O" 1 + 1 + 1 + 1 + 1+ etc. to infinity, 

.-. 5 = 00 . 

We may remark that although g, g, and -y are all 

^<iaal to 00, they cannot be considered equal to one 
uu)ther. 
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108. In inyestigating the meaning of the expression 7) 

we must remember that any quantity multipKed by 
becomes 0. If, therefore, we multiply both terms of a 

fraction, as, say, « > hy 0, we will have « = k — a =§• 

Conversely, if we could resolve each of the terms of this 

. 

Q into what may be called its factors, we should Ime 

0x2 2 , _. ._. 

0"073 = 3 ^ydi^di^out g. 

o^ — ax 
In the fraction 2^^^ > («'=«)> given above, if we 

make the substitution at once, we get ^ ; but if we first 

resolve each line into inters, and then substitute, we have 

a(a — a) axO 

{a+a){a-a) °' 2770' * "1^*^*^ equal to g if we per- 

form the multiplication indicated, but equal to | when the 
common factors a and are cancelled. 

So in the expression « , , for a? = - 1, we get g > 

unless the common factor a; + 1 = be divided out, when 

, iB2-.l aj-1 -1-1 -2 

we have ^^:^ = ^^^^^ = 1 + 1 + 1 = T"* 

Generally, therefore, when it is found that a fraction 
becomes ?:, we must resolve numerator and denominator 

into factors, and cancel those common to both, before 
making the substitution. 

Fractions of the form g are called Vanishing Fractions. 

6a;2-13a; + 6 3 

Find the value of the fraction q o_-io .a '^hen a;*y 

6a?2-13a; + 6 6x^-13x| + 6 ^ 24-78 + 54 
9a53-12aj + 4 "^ 9x^-12x| + 4 36-72 + 36 * 0* 
a vanishing fraction. 
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Since aj = f, a;-f = 0, and aj-f or 3a5-2 must be a 
common factor of numerator and denominator. Dividing 
this out of each, we have— 

2a;-3 ^ 2x|-3 _4~9_ -5 
3a-2"3x|-2"6-6" " ^* 

EXAMPLES FOB PRAOTICE.— XXXVm. 

Show that the following are vanishing fractions, and 
find the value of each : — 

(1.) o_g when 03 = 2. 

x^-Sx + 16 

(3.) >,_ , when 03=0. 
2 + 3a; - iB^ 

x — y ^Qc^ 25 + y 

(5.) — ; — + -o » when x = y, 

' x + y ar — y^ x — y ^ 

t®'^ a««8-3a26x2 + 3a62a;-68^^®^^ "o* 

109. Theorems. — It is worthy of remark that the nume- 
rators and denominators of two equal fractions may be 
combined in a variety of ways by the processes of addition 
ttnd subtraction. 
a c 

__ o - c , a + 6 c-\-d T 

The^ _ + l = -+l; or, -g ^. L 

Soaho, J - 1 = ^ - 1; or, -g j-. II. 

10 
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And dividing L by II., we have — 

a + b b c + d d a + 6 c + c? txt 

6 a-b d c-d a-b e-d 

Also, dividing IL by I. we get — 

a — b b _^ c-d d ^ a-b _^ c — d j^ 

b a-\-b ~ d c + d^ * a + b ~" c-^d' 

^, a c a b c b a b xr 

Since r=:7> i:X~ = 3X-ior, - = 3. V. 

6 d b c d c' c d 

And therefore, as above, — 

a + c 6 + c? - a — c b — d -xrr 

= f — 31 and = 7 — -. VI. 

a-c 6-a a + c 6 + a 

Again, since j = ^, ad =^ be 

And adding or subtracting cc? to or from each side, we 

have — 

ad±cd =i bc±cd, or {a±c)d = {b±d)c; 

So that the sum of the numerators upon the sum of the 
denominators, or the difference of the numerators upon 
the difference of the denominators, is equal to either of 
the original fractions. 

These theorems are frequently of use in the solution of 
fractional equations. 

They may also be still further extended ; for if 

b^ d" "^^ 
Then a = bx^ and c =dx; 

Also, ma = mhx, and nc = ndx. 

From which, ma±nc = mbx±ndx = (m^±nd)oc 

ma ±,nc a c ■»> m - 
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Similarly, i^ T = ^ = 7 > ^* ™*y ^® shown that 

ma + nc+pe a^^^ j^ 

mo 4- nd •\-pf o 

Likewise, if tt be greater than -j, and -3 greater than 

7* then ^r — -J — > is less than -r and greater than -t" 
I^et > stand for greater than, and < for less than. 

i*ut J = y» *^®^ 5 < y> a^d y < y> 

Also, a = by, c < dyy and e < /y. 

And, a + c + e< (p + d-\-f)y) 

a+c+e a 

i i — > < y or r • 

Next put ■> = 2, then g > «> aJ^a h ^ ^' 

Also, 6 —/z, c > dz, a> bz, 
And, a + c + « >(6 + c?+/)2; 



X. 



a-hc + e e 

^IQ. Fractional Equations. 

(1.) Find the value of x in the equation 

3 6 ^ " ^ 15~* 

In solving an equation of this kind, the first step would 
appear to be to bring all the fractions to the same de- 
^loiniiiator. Let this be done, and we have — 

100a; 48 45a; -30 420 16a; + 12 



Or, 



60 60 60 ■" 60 60 

100a; - 48 - 45a; + 30 420 - 16a; - 12 



60 60 

Bat plainly, when two equal fractions have their denom- 
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inatora equal, their numerators must be equal also; and 
therefore lOOx - 48 - 46a; + 30 = 420 - 16aj - 12, whidi, by 
the ordinary process of solution, gives 71a? = 426 and x=^i 

Observe that removing the denominator is equivalent to 
multiplying each side of the equation by 60, and that this 
multiplication could have been at once applied to each of 
the terms as they stood at first. 

(2.) Solve the equation 

.76-2aj 3aj-7 35-080; 

•2^-— ^ = -^4- + — a 

Remove the decimals by multiplying the first quant>^ 
on each side by ^, and the second by ^§§ ; this gives^ — ■ 

2x _ 75 - 200a; _ 30a; -70 35 - 8a; 
To" 60 " 4 "*■ 10 • 

Now cancel as far as possible, and we will have — 
X 3 -8a; 15a; -35 35 - 8a; 
5 2~"" 2 "*■ 10 • 

Next clear off fractions by using L.aM. of denominai.'C:^ 
as multiplier — 

2a; - 15 + 40a; = 75a; - 176 + 35 - 8a;, 
60a; -75a; = 60 -175, 

25a; =125, and /. a; =5. 

(3.) Find the value of a; in the following equation — 

a-x b +x ^ 

-J— + = 2. 

a 

Multiplying hj ab, a^-ax + b^ + hx = 2ab, 

Trans, and collecting, (a - b)x = a^ - 2ab + 6^ = (« - J)2, 

Dividing out a - 6, x = a-b, 

(4.) Find the value of a; in the equation 

2a;4-l _ 4a;- 3 _ 2a;- 5 
X x^ + x a; — 1 ' 

The L.C.D. being a;(a; + l)(a;- 1), the fractions maybe 
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cleared away, by multiplying at once by this quantity, or 
^coessiYely by its factors. Taking the latter method, and 
ittnltiplying first by x, we have^ 

x+1 x-1 

MultLbyaj-l, 2a^^x-l^ -y^ =2a2-5a;, 

X *t" X 

Collecting, 4a; - 1 = — j — > 

•Wiiltibyaj+l, ia^ + Sx-l = ix^-7x + 3, 

2 
5* 



^^octing, 10a; = 4, and x = -^ 



(5. ) Solve the equation — 

a;-3 a;-7_a3-2 x-Q 
05-5 a;-9""a;-4 as-S* 

■Reduce to common denominators the two sides sepa- 
"^*ely, then— 

^::: j.2a;+27-(a;2-12a; + 35) a;2-10g;4-16-(a;2-10a; + 24) 
(a;-5)(a;-9) " (a;-4)(a;-8) 

^^ a^-Ux + ^d" x^'-l2x + 32' 

^ the numerators are equal, the'^denominators must also 
^ ^ual, and therefore — 

aj2-14a; + 45 = a;2«12a;4.32; 

^xu which 2a;= 13, and a;= 6|. 

(6.) Find the value of x which satisfies the equation — 

ax — fn — n ax—p — q 
bx-m+p = bx + n-q' 

Clearing away fractions, as before, we get — 
^^i-anx-aqx-bmX'-mn + mq'-'hnx-n^ + 'tiq ' 

a= ahaP - amx + apx - bpx + mp -p^- bqx + 'mq - pq. 
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Collectmg, {am -k- an - op — (tq — bm - 6» + 6p + bq)x 

= mn + mp + n^~'p^ — nq— pq, 
Factoring, (a - b){m + n -p - q)x = (» +p){m + n - j9 - q), 
Cancelling^ (a - b)x = n +p, 

n+p 

Questions of this form may frequently be solved by the 

help of the theorem proved in Art. 109, YIL, — ^namely, if 

a c , a — c , 

T^ = -5 , then T—j is equal to either of the fractions. 

Subtracting, therefore, ax-p — q from ax-m-n and 
bx + n-q from bx-m +p, we have^ 

aX'-m — n__ -m — n+p + q^ 
bx -m+p" -m-n+p + q * 

which gives ax — m-n — bx — m +p 

/ »\ 1 n+p 

{a - h)x^n-\-p, and /. x = ~~Zh ' 

(7.) Find x in the following — 

6a;24.2a; + 9 " 3a2+aj + 3 * 

In order to avail ourselves of the artifice used in last 

question, we will here require to multiply the second side 

2 
of the equation by q. This gives — 

:. 12aj2 + 18a;-24 = 12i»2 + 4a; + 18 

1405 = 42, and x = 3. 

(8.) What value has x in the following — 

4005 + (a + 6)2 _ 05 - a + 6 fl 
4ao5 -(a + b)^" x-a-b 

By Art. 109, ni. If J = ^, then ^-3 = —^. 
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ring this here, we have — 

Sax __ 2(x - a) ^ax x-a ^ 

2(a + 6)2 25~ ^^ Ja + bf " ~6~ ^ 

(5T6p = S == (S36P ^y Theorem VIL, Art 109. 

KXAMFT.TO FOB FRAGTICR— XXZDL 

id the value of the unknown quantity in each of the 
ring equations : — 



(1- 

(2. 
(3. 

(*• 
(5. 

(6. 

(7. 
(8. 

(9. 
(10. 



XXX - 

4 "^ 6 "*■ I2 "" ^' 

Zx 4a5 2a5 _ 1 
T "" "5" "*" I5 ■" 2 • 

05 a? -- 5aj 3 
5"^3"'^*"12~4- 

405 + 1 « 6 - 9aj 
JZ^ - 3a; = ^-^ + 2. 
o 4 

3ag+l 505-2 __ 7a? -1 11a; + 4 
~4 8 ""3 6~ 

a;-7 a; + 4 a; + 5 9-a; 



4 7 8 6 

4a; -U « 2, ^, 
-^ + 3 = 5(a; + 3). 

3a; -9f _ 4a; + 5^ __ ^a;-| 
5 25 ■" 2 

2x-5^ |x + 4 __ l^-^l 
.2a; - 3 =. 5a; -.03a; -5.7. 



- 2. 



52 
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(11.: 

(12.; 
(13.; 

(14.; 
(16.; 
(16.; 

(17.; 
(18.; 

(19.; 

(20.; 
(21.; 

(22.; 
(23.; 
(24.; 
(26.; 
(26.; 



.12a; + .8(a; + 3) = 10 - .2(5aj - .4). 

2 3 

g(4a-2.5) + .laj = 7.75- j(.4aj + 5). 

1_J_ ^_A=^ 

X 2x 3a; 4a; 8 * 



3a; -5 6a; + 3 



X 4a; 

6a;-2 4a~^ + 3 



12a; ^ 24 ' 



8a; 



3a; - 

_l 2 

3a;-4 3a; + 7' 

X 



2x 



5 -4a; l+o; 
— TT— + --5~ 



- + 1 

X 



7a;- 1 
a; + 2i 



5 

2a; + 4 



a;-2 

6 
6a;- 1 

5a; + 4-;r2 

x + 9 



10 



5a;- 1 

03-5^ 



J{»--K-t)} 



lla; + l 



- 1 = 



X- 1 X 

2 ^ 1 

2a;2-3a;-2 a;2-4a; + 9* 

8a;-3 , x^ + 6 , ^ 
+ 4 = — r-e + 3a;. 



2 
3 -2a; 

a;-6 



a; + 5 



7(a; - 3) 

3a;- 8 _ 3 
2 



- 2. 



2a; - 5 a; - 5 

' (g; - 2)(2a; + 3)(3a; - 2) ^ - 
(3a;+l)(2a;-l)(a;-l) 

a;-3 03-6 _ 05-2 a;-5 
a;-5 ~a;-8""a;-4 a;-7 



(27. 
(28. 
(29. 
(30. 
(31. 
(32. 
(33. 
(34. 



(35. 



(36. 
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l+gg _ 3 + x __ 2 + x 4+x 
4:+x 6 + 05 "~ 6 + x 7+x' 

X ^ 2-3a;2 

05 05 _ 1 1 

a b a-h 



05 -a 05 — 6 05 

a^-x h^-x - 

a-1 6+1 

05 _ m—x 

m^ — l+nx nin + 1 - 7105 ' 

3a;2-4a; + 2 _ 3a;2-4a;+ll 
2aj2_a;-2 "" 2a^'-x + 4: 

ix + (a+iy _ 05 + a-l 
4o5-(a+l)2 ~ a3-a-l' 

a b a + 6 

+ 



05-6 05-a 05-a-6 



\ a)\ x) \ b}\ 05/ x c 



1. Problems involving Fractions. 

) A draper bought a piece of clotb at 2s. per yard. 
k)ld one-tbird of it at 2s. 6d. per yard, one-fourth at 
td., and the remainder at 2s. Id., gaining 12s. 8d. 
' many yards did the piece contain 1 

5ft a: = the number of yards, 
len 24aj = the cost in pence. 

nd g X 30 + J X 27 + J2' X 25 = total selling price. 
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But by the question, this equals 24a; + 152. 

27 125 
/. lOx + -^x-{-j^ = 24a; + 152. 

CL off fractions, 120a; + 81a; + 125a; = 288a; + 1824. 
Collecting, 326a; -288a; « 1824. 

/. 38a; = 1824, and a; = 48. 

(2.) One pipe can fill a cistern in a hours; another ca 
do it in 6 hours; in what time could the two ronnii 
together fill it ? 

And if a third pipe could empty the cistern in c honi 
how long would it take to do this if the first two we: 
running at the same time ? 

As the first pipe fills the cistern in a hours, it will i 

the -th part of it in one hour; similarly the second w: 

do the -7th part in an hour; and the two together will) 

1 1 
a 

Now, if a; = the number of hours which the two 

ning together will require to fill the cibtem, - will : 

sent what they will do in one hour, and therefore 

1 1^1 
a b x^ 

from which (a + b)x = ab, and x = — -— r 

Again, - wiU stand for the part of the cistern 
c 

be emptied in one hour by the third pipe, but 
fiow in, in the same time, the part actually em 
hour will be (~"*"fe)' ^^^^^ ^^7 ^® P^* 
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I y be the number of hours required to empty the cistern 
^hea the three pipes are all running together. 

c \a b/ y 
{ab-bc-ac)y=abc, and :. y = ^."J.^ - 

(3.) A person can row 12 miles up a stream and back 
rain in 8 hours, and he finds that in equal times he goes down 
Of as far again as he does up. Find his time of going and 

returning, his rate of rowing, and the rate of the stream. 
5t a; = the number of miles he moves per hour going up. 

' «3 the number of miles he moves per hour going down. 

12 
^en — = the number of hours to go up. 

g 
** - = the number of hours to so down. 

12 8 o 

X X 

From which 8a; = 20 ; 

3 

Or, X = 2^y and o^c = 3J. 

12 12 ,. , ^, 

— '^ 21 ~ *T ~ number of hours to go up. 

- ~ ol ~ ^T ~ number of hours to go down. 

Xhe difference between his rate per hour going and his rate 
ktiming must be twice the rate of the stream ; for in the 

^e case it retards and in the other assists him ; and therefore 

1 15 

0(31 - 2^) = 2xlJ = g = rate of stream per hour. 

This, added to 2^, or taken from 3f , must give his rate 
t rowing, which is therefore 
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(4.) The difference between two numbers is 8, and ih^5r 

3 
ratio is ^ ; what are the numbers ? 

Let X = the first. 

Then x + S = the second. 

X 3 

And — --Q = K« 

05 + 5 

From which 5x = 3x + 24. 

/. a;=12, anda; + 8 = 20. 

(5.) A railway train goes from A to £ in 4 hours. On 

its return journey it does three-fifths of the way at a sp ^ic d 
increased by six mUes an hour, but is afterwards compe^HJed 
to reduce this rate by 12 miles. It nevertheless does ^lie 
whole distance in the same time it took to go. Find hzzBOir 
far it is from A to £. 

Let X = the required distance in miles. 

X 

Then j = rate per hour going. 

J + 6 and j - 6 = rates returning. 

As the distance travelled, divided by the rate per hour, 
gives the time, we have by the question — 



^•T-^ + ^ 



3 


2 










■^x 


■zX 










5 


5 










+ 




=s 


4, 


1 




|.6 


1-6 










2 x^ 


12 




a/ 


aP 


£\ /I 


6'.4+T^ 


^^ 


i 


,16 


- 36 


x^ 


6 

- -=x 




x^ 




144. 


4 


5 




4 







3 a;2 18 2 x^ 12 Jx^ „A 1^ 



h 

6 1^ 

gflj = 144, and x — 120. 1^ 
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KXAMFT.TO FOB FRACTICE.— XL 

(1.) Find the number whose fourth, fifth, and eighth 
parts added together make up 11^. 

(2.) A cistern is ^ths full ; after 13 gallons are drawn off, 
it is found to be still |^ths fulL How much can it contain? 
(3.) Divide 93 into two parts, such that |^ths of the one 
shall equal |-ths of the other. 

(4.) Two pipes running together can fill a cistern in 6 
hours ; one alone would do it in 10 houra How long 
would the other take ? 

(6.) In a factory where 17 men, 25 women, and 11 
children are employed, the sum required to pay the weekly 
wages is J638, 4a 9d. If a woman receive two-thirds of a 
man's wage, and a child three-eighths of a woman's, what 
i& paid to each ? 

(6.) A person playing at cards first lost one-sixth of his 
money, and then gained 10s. ; he next lost one-fifth of 
"what he had, and then gained 8s. ; afterwards he lost one- 
fourth of the sum he then had, and regained 9s. On 
counting his gains and losses for the whole evening, he 
found them equal What money had he ? 

(7.) A cruiser observed a vessel 12 miles distant, and 

^mediately gave chase, the rate of pursuer to that of pur- 

®^ed being as 12 to 11. At the end of two hours the wind 

freshened, whereby the speed of the former was increased 

"y one-half and that of the latter by four-elevenths of its 

pluvious rate. The capture was made in 9 hours and 20 

^^Unutea. What was the speed of the two vessels at starting? 

(8.) A lady, making some purchases, spent at the first 

place one shilling more than the fourth part of her money; 

^t the second, one shilling more than the third part of the 

^^naainder ; and at the third, one shilling more than the 

*^^ of what still was left. She took home twopence. 

^^T»t did she take out? 
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(9.) A and B enter into partnership. A puts in £1000 
more than B, but at the end of three months he withdraws 
£2000 ; at the end of ten months B withdraws £240; 
and when the year is closed, it is found that A's profits are 
to B's as 5 is to 6. Find the capital of each. 

(10.) There are four numbers, the first, second, aad 
third of which are respectively 11, 7, and 3 greater than 
the fourth ; and the ratio of the first to the second is equal 
to that of the third to the fourtL Find the numbera 

(11.) A and B can together do a piece of work in 1 
days. A, with the help of C for 3 days, could finisli it is^ 
8 days ; and B, with C's help for 2 days, could do ib i^ 
10 days. How long would each take to do it separately^ 
FiU X = mmiber of days C takes. 
(12.) A steam vessel usually occupied 6 days in goi^ 
between the ports M and N. On one occasion, after* it 
had been a day out, an accident caused the speed to ^ 
reduced 40 miles a day. Having gone 200 miles at tbia 
rate, and repaired its machinery, it was able to increfl^ 
its speed to 10 miles a day more than its average, and thna 
finish its voyage within the usual time. Bequired the 
distance between M and N. 

Qtisstiona regarding the relative positions of the ha/nds of 
a clock or watch are frequently set. The following examph 
will show how they may he wrought : — 

(a) At what time between 5 and 6 
will the hands of a clock coincide? 

In the accompanying figure, let OA 
represent the position of the minute 
hand at each hour, OB the position of 
the hour hand at 5 o'clock, and 00 the 
G ~ poation of the two when they are to- 
gether. Now the minute hand travels twelve times as 
fast as the hour hand, for it completes the circle while 
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the other passes through one hour. If then x — the 

number of minute spaces in AC, j^ "^^ equal the number 
in BC ; and there are 26 in AB. "We have therefore — 

BVom which x = 27^ = the number of minutes after 5 
W'hen the hands coincida 

(h) When will the hands of a clock be 20 minutes apart 
between the hours of 5 and 6 ? 

At 5 o'clock the hands are 25 minutes 
kpart, and as they draw together and 
Jien separate, there must be two posi- 
dons in which the space between them 
unounts to 20 minutea Let OC, OD 
36 the first of these positions. 

If X = number of minute spaces in AD, 

X 

Then j^ = number of minute spaces in BC ; 
"^bile DC contains 20, and AB 25, by the question. 




This 



X 



gives a; + 20 = AC = 25 + ^ . 
^V)m which x = 6r^ min. 

Let OCp ODj be the second of the 
positions. °'' 

If a^ = the number of minute spaces 

laABDi, *^®^ ai-20 = ACi = ^ + 26. 

^m which 05^ = 49^ min. 

Generally, if m be the hour after which the hands are 
*o l)e » minutes apart, and y the number of minutes 
*ft«r m when this shall happen, we have — 




12 



6m 



And •*• y = TT (5m + w). 
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(13.) At what time will the hands of a clock be togiether 
between 6 and 7 o'clock ? 

(14.) When will the hands of a dock be at right aii|^ 
to one another between the houcs of 7 and 8 1 

(15.) The hands of a watch are in the same straig^i 
line at 6 o'clock. When will they next be in a like (xm- 
dition 1 

(16.) How often will the hands of a dock be 26 minutes 
apart between the hours of 4 and 6 1 

(17.) A person looking at his watch between 10 and 11 
mistook the hands, and imagined the time to be 64 minntes 
earlier than it really wasL What time was it 1 

(18.) A asks B what time it is, and receives for answer 
that in 4 minutes more the minute hand will be as miu^ 
past 3 as the hour hand is now past 2. What o'clock is itf 

From Wharton's ExampUa in Algebra, 

(19.) A person pays an income-tax of 7d. in the X, an<i 
a poor-rate exceeding it by J&22, 10a, and has £486 left 
Find his incoma 

(20.) In the election of a Member of Parliament, ^ of 
the constituency refuse to vote; and of two candidates liho 
one who is supported by ^ of the whole constituency i^ 
returned by a majority of 6. Find the number for each 
candidata 

(21.) Says A to B, If you give me 10 guineas of yoitf 
money, I shall then have twice as many as you have left* 
But says B to A, Give me 10 of your guineas, and then ^ 
shall have three times as many as you. How many lia»^ 
each? 

(22.) A person sets out from A and travels towards 3^ 
at the rate of 3 J miles an hour ; 40 minutes afterwar^^ 
another sets out from B to meet him, travelling at the rat>^ 
of 4^ miles an hour, and he goes half a mile beyond tl^^ 
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middle of the distance before lie meets the first traveller. 
Find the distance between A and B. 

(23.) A and B start to run a race to a certain post and 
back again. A, returning, meets B 90 yards from the 
post, and arrives at the starting-place 3 minutes before 
hinL If he had then returned immediately to meet B a 
second time, he would have met him at one-sixth of the 
distance between the post and starting-place. Find the 
length of the course, and the duration of the race. 

(24.) A entered into a canal speculation with 14 others, 
and the profits in' this concern amounted in all to £595 
more than five times the price of an original shara Seven 
of his former partners joined him in a scheme for navi- 
gating the canal with steamboats, each venturing a sum 
less than his former gains by £173. But the steamboats 
blowing up, A found he had lost £419 by them ; for the 
<x>mpany not only never recovered the money advanced, 
but lost all they had gained by digging the canal, and 

£368 beside& What were the prices of shares in the two 

Gonoems originally ? 



11 



CHAPTER IX 



SIMULTANEOUS EQUATIONS. 



112. Hitherto our equations have each contained only 
one unknown quantity ; but equations may be formed in 
■which there are two, three, or more quantities whose 
values are unknown. 

Let us first look at one containing two such quantities, 
say 7fl3-32/ = 29. 

As we do not yet know any method of solving such an 
expression, we shall make a guess at the value of one of 
the quantities, and from that deduce the other. 
Suppose 2/ = 0, then 7aj = 29, and a; = 4^. 
Suppose 2/ = 1, then 7x = 32, and x = ^^, 
Suppose y = 2, then 7x = 35, and a; = 5. 
Suppose 2/ = 3, then 7x = 38, and x = 5^. 



It is easily seen that for every value of y there will be 
a corresponding value of x ; and consequently the number 
of solutions of the above equation is quite unlimited. 
Such an equation is said to be indeterminata 
If we take now another equation, say 3a5 4- 2y = 19, con- 
taining the same two unknown quantities, we shall get 
from it also an infinite number of solutions : — 
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If y = 0, then 3a5 = 19, and a5 = 6J. 
If y = 1, then 3x = 17, and a; = 5§. 
If y = 2, then 3a; = 15, and x = b. 
If y = 3, then 3a5 = 13, and a; = 4J. 

ice that in all the values of x and y that are found 
or that might be found, there is only one pair the 
n both equations — ^namely, x=5, when y = 2. 
ippears from this that when these equations are 
separately they afford an infinite number of solu- 
but when taken together they yield only ona 
1 equations are called simultaneous. 
'e had had the two equations 

7a;-3y = 29 and 3a;4-2y = 19 
us for solution, we should have endeavoured to find 
ly those values of x and y that satisfy both equa- 

>rder to do this, it is necessary to combine the two 
>ns in such a manner as to make one of the un- 
. quantities disappear, and so form one equation 
ne unknown quantity, 
tliis purpose several methods are employed. 

First Method. 

We may find from one of the equations an expres- 
»r either of the unknown quantities in terms of the 
uid the known quantities, and substitute this in the 
aquation. 

lUuatrative Example. 

ing the above equations, we have, from the first, 

•^+29 

—n — ; and putting this in the second instead of a;, 

Ja Zi^y^) + 2y = 19. 
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an equation with only one unknown quantity, whidi, 
being solved, gives — 

9y + 87 + Uy=133, ory = 2, and 

_ 3y + 29 _ 6 + 29 __ 35 _ - 

the same values as before. 

This method of solution is called *' Substitution." 

Second Method. 

114. We may find from each of the equations an expres- 
sion for 0716 of the tmknown quantities, as in the firsfc 
method; and by equating these expressions, form an 
equation containing only one unknown quantity. 

lUuatrative Exomiple. 

Given 5aj - 2y = 1 and 2a: + 3^ = 27, to find x and y. 

6a:- 1 - 27 -2a; 

From first, y — — s — > trom second, y = — « — 

- 5a; - 1 27 - 2a; ^ 

As — 2 — ^^^ — 3 — ^'^ ®^^ equal to y, they ar® 

equal to one another. 

• ^^"^ _ 27 -2a; 
•* 2 " 3 

This being solved, gives a; = 3, and from either of tl^'® 
expressions for y we may find its value. Say from tt*' 
first, then 

_ 5a;- 1 _ 15-1 _U _ 

'^ 2"2~2"^' 

This method of solution is called " Equating " or " Coi<^ 
parison." 

Third Method. 

115. We may eliminate one of the unknown quantiti^ 
by rendering its coefficient the same in both equations an^ 
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then fimbtracting the one equation from the other, or 
adding the two together, according as the signs of the 
quantities to be got rid of are like or unlika 

lUusi/taJtivt Examplea, 

(1.) Given 9aj - 4y = 38 and 605 + 5y = 56, to find x 
and^. 

Suppose we wish to find y first, we shall then equalize 
the coefficients of x by bringing them to their least 
common multiple, 18. To do this, thd 9 must be multi- 
plied by 2, and the 6 by 3. 

But if only one term of an equation be multiplied, the 
Talue of the tmknown quantity will plainly be altered; 
"whilst if every term be multiplied, it will remain un- 
changed. 

Multiply, ihen, every term of the first equation by 2, 
and every term of the second by 3. 

Note, — ^The different processes employed in the solu- 
tion of an equation may be indicated at the side ; 
the line operated on being shown by a figure en- 
closed in brackets. 

1] X 2, 18aj- 82/= 76 [3' 

2] X 3, 18aj+15y = 168 [4 

As the 18a? is positive in both equations, it will dis- 
appear by the subtraction of the one line from the 
other. 

In performing this, it is a matter of some convenience 
*o subtract that line which will leave the remaining un- 
known quantity with a positive sign. 

Taking, then, the upper from the under line, we have 

[4] -[3], 23y = 92, or 2/ = 4. 

We may now find the value of x by substituting this 
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value of ^ in one of the given equations, say the 
then — 

« = ^(56-6y) = g(66-20) = ^=6. 

Or we may find x in the same manner as we have done y, 
by making the coef&cients of y the same in both equations 
— ^this latter method being generally preferable, as i^ 
yields two independent solutions. 

The L.C.M. of 4 and 6 being 20, we multiply the first 
equation by 5 and the second by 4 ; this gives — 

45aj-20y = 190 and 
24a; + 20y = 224. 

By adding the two lines together, the 20y will diaappea^j 

and there results — 

69x = 414, or a; = 6. 

The required values are therefore 05 = 6, y = 4. 

Thiq method of solution is known as that of " EqualizL^^ 
Coefficients." It is in more general use than either of fcJCi® 
two previous methods. 

The following examples will afford additional illustratL^^^ 
of its application : — 

(2.) Given { g^ I ^I ~ 8 [2] } *» find a: «md y-- 

In equalizing the coefficients, it will be convenient 
place X under x and y under y. 

To find y first : 
6a; -142/= -18 [S 
-6a; 4- 151/ = 24 [4 
.-.2/ = 6. 

To find X : 
15a; - 352/ = -45 [5' 
-14a; + 352/ = 56 [6 
.'. a; = ll. 



1" 


X 2, 


2' 


X 3, 


3' 


+ w, 


r 


X 6, 


i 


X 7, 


6' 


+ [6]. 



3.) Given 



1 
2 

31 



X 
X 
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\m^-ny^p [2] / *^ ^^ ^ «^^ y- 
n, 

ft, 
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X 
X 



a. 



M - [6], 



anx + 6ny = en 
bmx - 6wy = 6jp 
(an + 6w)a; = en + ftjp 

a» + 6m ' 
a«wc + bmy = cm 
amo: - any = op 
(aw + 6m)y = cm - ap 

cm- ap 



.. 2/ = 



an + bm 



[4.) Given 




> to find X and y. 
[2]) 



[1]. 




[2]x 


3, 


[3] + 


w. 



[l]x 

[2], 
[5]- 



Here solve for - > 

X 

8 9^ 

- + - = 5 
X y 

18-?= 9 
X y 

^ =14. 

X 

Now solve for - • 

y 

^ + 18=10 
X y 

a; y 

^- 7 



[3] 



0? = 4 



2, 



[6] 
[6] 



[6]. 
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17 1 

^^' y " 2l " 3 ' *^^ /. y = 3. 

XV 6 
^">W' 3^ = 5- 

Now invert both sides of the equation. This gives — 

xy 6' y a; 6 L J 
And similarly from [2], 

2x-3y l^ ? « ? - _L m 
icy "12' ^'y a; "12 L^J' 

a pair of equations from which x and y may be fouxx<: 
in last exampla 

r«T «, 6 8 5 _^_ 

P]x2, y + S=3 [5] 

W-3. ^-^=J [6] 

[5] - [6], 1^ = 3-4 12 

1 1 

•• X "12 

Pl>^3. U^ = | [7] 

r7i + rsi 11-5 + 1 15+2 17 

1 1 
/.- =g, ory = 6. 



or a; = 12. 



3 

4 
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- + I = W- - [1] 

(6.) Given "^ ^ to find x and y, 

l + l=«-f [2] 
Clear away fractions and transpose. 

Then (a + c)hx + acy = abcm [3 

And OCX + {a + c)hy — abcn [4 

[3] X (a + c)6, (a + c)262a5 + a5c(a + c)2/ = a5^c(a + c)m 
[4] X oc, aVa5 + a5c(a + c)y = a^Jc^w. 

.'. {{a'hcyi^-a^c^}x = abc{b{a + c)m-acn} 
. a6c{6(a + c)m-ac»} 

^^^ "" 62(a + c)2-a2c2 
X oc, a^(a + c)a5 + a^c2y = a26c2m 

X b{a + c), a5c(a + c)a; + 62(a4-c)2y = a62c(a + c)w. 

. , abcihia-^-cyn-acm} 

SZAHFLES FOR PRACTICE.— ZLL 

^^d the values of x and y in the following equations : — 

(1.) a; + y = 7, a;-y = 3. 

(2.) 4aj + y = 17, 3aj4-5y=17. 

(3.) 2ic~52/ = 4, 4a;-7y=14. 

(4.) fa;-2/ = 4, 6aj-13y = 7. 

(5.) |a; + ^2/ = 7, 4a:-3y = 5. 

(6.) |aj + 22/=18, 2aj--Jy=18. 

(7.) 4aj-9 = 13-52/, 
aj- 12 = 82/+ 12. 

(8.) — ^+3y=30, 

5?/ 
3a; + 5 = -^+2y-3. 
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(9.: 



(10.; 



(11-: 



(12.; 



5aj-7y = 19. 

3^-5 13y+l 

— J— + oy = 3aj- — g — , 

lOy-3 17y4-3 .a; + y 
^^" 3 "" 9 "^ 2 

.5a;+.08y = 7, .3y-^^^^=20. 



•4a;- 



(13.; 

(14.; 

(15.; 
(16.; 

(17.; 
(18.; 

(19.; 
(20.; 

(21.; 



05y-l _ «6a; + 2-25y 
""05 5 ' 

.3a: + ^^ = ll-.2(a;-10). 

9 4 ^ 15 8 , 

- + - = 5, = 1. 

X y ' X y 

{x + 2)(y^6) = xy, |a; + |y = 5|. 

9a: + 20y = ocy, 25y - 6a; = 7ajy. 

(a; + 3)(y-3) = (a;-3)y, 

(a; + 2)(y-l) = (a;-l)(2/ + l). 

3a; + 5 16 ^ ^ „,^ ^, 
-g --^. 2a^=3(52/-8). 



y 

6 



= 7, 



15 



a; + y x-y 



= 3. 



13. 



a; + y a;-y 

5a;-^— ^ = 18, (a;-7)y = a;- 

(a - 6)a; +{a + h)y = a, 
(a + h)x - (a - 6)y = h. 



ahic + hcy^acxy, hcX'\-<icy = ahxy. 
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(22.) (a-b + c)x'-(a+b-c)y^—^9 

x + y _a 
x — y h ' 

/o^\ ^^ - ^^^^ ax + hy_(a^ + b^)c 
^"^•^ x + y a^ + b^' 



xy 



ah 



(24.) - + - = a2_52 
^ ' X y ' 



L Problems inrodacing eauationfl with two unknown 
titles. 

) Find two numbers such that two-thirds of the first 
three-fifths of the second amount to 14, while ^y^ 
hs of the first and three-fourths of the second come 



►. 



Let X — the first, and y = the second. 



Then by the question, §a;4-fy = 14 
And 1^5 + fy = 15 

rst clear off fractions : 

l]xl5, lOaj + 92/ = 210 [3 

2]x 8, 5a; + 6y = 120 [4 

[oalize the coefficients of a; : 

"4]x2, 10a;+12y = 240 [5] 

>]-[3], 3y = 30 .-. 2/= 10. 

:|ualize the coefficients of y : 

r3]x2, 20a; + 182/ = 420 [6 

4]x3, 15a;4-182/ = 360. [7 
6] -[7], 5a; = 60 /. a; =12. 

Proo/; f of 12 + |of 10 = 8 +6 =14. 
And |ofl2 + f of 10 = 7i-h 7^ = 16. 
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(2.) A person going from A to B, a distance of 33 
miles, walked 12 miles and rowed the rest, doing the 
whole in 10 hours. Coming back, he rowed 14 miles and 
walked the rest; and when still one mile from home he 
found that he had been as long on the return journey as it 
had previously taken him to go the whole way. Required 
his rates of walking and rowing. 

Let X = the number of miles he walked per hour. 

y = the number of miles he rowed per hour. 

12 
Then — = the number of hours he took to walk 12 milea 

X 

21 

— = the number of hours he took to row 21 miles. 

2/ 

.*. "^ + — =^10, time in going 33 miles. 

18 14 
Similarly — + — = 10, time in returning 32 miles. 

Equalize the coefficients of - : 

24 42 „^ J 54 42 „^ 
— + — = 20, and — + — = 30, 
X y ' X y ' 

- '-^ = 10. 

X 

And a? = 3 = number of miles he walked per hour. By 
substitution, or by equalizing the coefficients of oj, we will 
find y = 3| = number of miles he rowed per hour. 

(3.) A certain number of two places is five times the 
sum of its digits ; and if 9 be added to it, the one digit 
will take the place of the other. Find the number. 

Let X = the digit in the ten's place, 
And y = the digit in the unit's place. 
Then lOx + y = the number, 
And lOy + x •= the number inverted. 
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By the question, 1 Oaj + y = 5(a; + y) 
And I0x + y + 9 = l0y + x 



Prom 
From 

[3] = 



1 

'2' 



5a; = 4y, and x = ^y 
9a5 + 9 = 9y, and x = y-l 
.'. y-l=Ty» andy = 5. 



Also 



X 



|y=4- 



The number, therefore, is 45. 

4.) If 3 be added to both numerator and denominator 
a certain fraction, it will become | ; but if 6 be sub- 
cted £rom each, it will equal ^. Find the fraction. 

Let X = the numerator, y = the denominator. 

1 
2' 



^ x+S 3 , x-6 

Then — --q = t > and = 

y + 3 4' y-5 



From [1], 4aj+ 12 = 3y + 9, or 4aj - 3y = - 3. 
From [2], 2a5 - 10 = y-5, or 2x- y= 5. 

k)lving in usual way gives a; = 9, y = 13 ; and the 

3tion is ^. 

Performing the additions and subtractions indicated, we 



^e 



9 + 3 



9-5 4 



_ 12 _3 
13 + 3 ~ 16 ~ 4' ^"^ 13-5 " 8 " 2' 

TBOBLEUS FOB BOLUTION.— XLH. 

Vote. — Some of the following problems may be solved 

by using only one unknown quantity, and many 

of those already set may be more easily solved by 

two. 

1.) If A'b money were increased by JBIO, he would 

^e three times as much as B ; while if it were diminished 

£10, he would have only twice as much. What has 

hf 

2.) If one be taken from the numerator and added to 
denominator of a certain fraction, it will become f ; 
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but if five be thus subtracted and added, the valae will be 
J. Find the fraction. 

(3.) A person having a sum of j£10 to spend can buy 
with it either x yards at 12s. and y yards at 4fi., ora;+l 
yards at 13s. and y-l yards at 3s. If he buy the fonner, 
how many yards of each kind does he get f 

(4.) A traveller sets out from M for N, a distance of 75 
miles, at the same time that two others leave N to go to 
M. When he has walked 40^ miles he meets one of the 
others, and 4^ miles further on, the second, who bas 
fallen five-sixths of a mile per hour behind his neigbbovi^ 
Kequired the rate per hour at which each walk& 

(5.) A purse, whose total value is £33, 12s., contaiofi 
41 coins, made up of guineas, sovereigns, and crowii& 
The number of guineas is greater than the number of 
sovereigns by twice the excess of the number of sovereigna 
over the number of crowna How many pieces of eacb 
kind were in it ? 

(6.) A, B, and C have a pounds among them. A and 
C together have m times what B has, while B and C b^ 
tween them have n times what A has. How mucb has 
each got ? 

(7.) The expenses of a dredging expedition were equally 
paid by the company present. If there had been 5 personB 
fewer, each would have paid Is. 6d. more ; and if 5 pe^* 
sons more, the charge to each would have been 1& le* 
How many were present, and what did the expedition cost* 

(8.) A waterman, after rowing 6 miles up a river, in- 
creased his speed by 1 mile per hour, and reached hiB 
destination 3 hours thereafter. On his return, he rowed 6 
miles at his first speed, and then decreasing it by 1 m^® 
per hour reached home in another hour. If, in going npt 
he had delayed increasing his speed for 1 hour, he would 
have been half an hour later in arriving at the end of ^ 
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uney. What was his rate of rowing, and the rate of 
B stream per hour f 

(9.) A number of. three digits has 5 in the unit's place, 
d the middle figure is half the sum of the other two. 

108 be added to the number, the hundred's figure will 
ke the place of the unit's, and the unit's the place of the 
1*8. Eind the number. 

(10.) Two burghs unite in sending a member to Parlia- 
autb At a contested election the successful candidate, A, 
td a majority of 160 in the first burgh, and a minority of 
) in the second. H one-fortieth of his supporters in the 
rst place, and one-twentieth of those in the second, had 
3ted for B, his opponent, A would still have had a 
majority of 2 over the whole. But if a third candidate, 
\ had come in and taken away one-fourth of A's voters 
nd one-sixth of B's, B would have been elected by a 
aajority of 25 over A How many voted for A and B in 
^ of the burghs ? 

(11.) A botanical society went on an excursion in search 
»f specimens, and for convenience broke up into two 
Arties. On the way out, the first party obtained 18 
Qore specimens than the second, the number gathered by 
^ member of the first company being on an average 5 
P^ter than the number of individuals in the second; 
*kfle the number gathered by each of the second company 
^ 2 greater than the number of persons in the first 
Jtt returning, each of the first party got 7 specimens fewer 
•^ the number of persons in the second, and each of the 
*oond got 6 fewer than the number of persons compos- 
H the first ; and now the second company had on the 
^ole one more than the first. How many went on the 
^^cursion? 

(12.) Two men, David and George, with their wives, 
'^ and Jane, went to make purchases. Each man 
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spent 4a less than bis wife, but David spent 10& more 
tban bis Mend's wif a Of tbe whole expenditure, (George's 
share was one-tenth, and Marj's one-sixth. Which of lihe 
men was Jane's husband ? 



Selected Examples, 

(13.) Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3; 
and when the sum of the numbers is increased by 38, aad 
the result divided by the greater of the two numbers, ^^ 
quotient is 2 and the remainder 2. 

(14.) A man invested 2& 6d. in apples and pears, buy 
ing the apples at 4 a penny and the pears at 5 a penny* 
He sold half his apples and one-third of his pears for 1^) 
which was at the rate at which he bought them. Ho^ 
many did he buy of each sort ? 

(15.) There is a certain rectangular floor, such that i£ ^ 
had been 2 feet broader and 3 feet longer it would haV^* 
been 64 square feet larger; but if it had been 3 fe^^ 
broader and 2 feet longer, it would have^ been 68 squa^^ 
feet larger. Find the length and breadth of the floor 
(T/ie length multiplied by the breadth gives the aredL) 

(16.) A and B ran a race which lasted 5 minutea 
had a start of 20 yards ; but A ran 3 yards while B 
running 2, and won by 30 yards. Find the length of 
course and the speed of eacL 

(17.) A hare is 40 of her own leaps before a greyhoun — ^ 
and takes 5 leaps for the greyhound's 4 ; but 3 of t^^® 
greyhound's leaps are equal to 4 of the hare'a He — -'^ 
many leaps must the greyhound take to catch the hare! 

Let X = number of leaps taken by greyhound. 

Then ^x = number of leaps taken by hare in same 

Let y = length in feet of a greyhound's leap, 

Then \y = length in feet of a hare's leap. 



r ■ 
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The distance run by the greyhound before making the 
capture will be xy. 
The distance run by the hare before being captured will 

And the distance of the hare in front of the greyhound 
it the beginning of the pursuit will be 40 x f y == 30y. 
The equation, therefore, is — 

Divide out y, then x = ^x + 30. 
From which, x = 480 = number of greyhound's leaps. 
And \x = 600 = number of hare's leaps. 

Questions of this character may be solved by using one 
unknown quantity only, but the help of a second is useful 
in rendering the explanation of the solution somewhat 
plainer. 

(18f.) A greyhound starts in pursuit of a hare at the 
distance of 50 of his own leaps from her. He makes 3 
letups while the hare makes 4, and he covers as much 
ground in 2 leaps as the hare does in 3. How many leaps 
cbes each make before the hare is caught 9 

(19.) Two trains, 92 feet long and 84 feet long respec- 
tively, are moving with uniform velocities on parallel rails 
^ opposite directions, and are observed to pass each other 
m one second and a half ; but when they are moving in 
liie same direction, their velocities being the same as 
l^ofore, the faster train is observed to pass the other in 6 
^^oonda Find the rate in miles per hour at which each 
^t»in moves. 

(20.) A boy at a fair spends his money in oranges. If 
^© had received 5 more for his money, they would have 
^^eraged a halfpenny each less; if 3 less, a halfpenny each 
^ora How much did he spend % 

(21.) A person travelled a journey at a certain rate, 

12 



I 
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Had he travelled half a mile an hour faster, he would have 
performed the journey in four-fifths of the time ; but had 
he travelled half a mile an hour slower, he would Lave 
been 2^ hours longer on the road. Find the distance, and 
his rate of travelling. 

(22.) A stage-coach carries 6 inside ; the fare outside is 
13s., and one-third of the sum of the outside fares exceeds 
one-sixth of those inside by £1, 5& 4d. An opposition 
arising, the coachman loses 3 outside and 2 inside pas- 
sengers, and also reduces the inside fare by 5&, and halves 
the outside, and then the whole loss is £7, Os. 6d. Find 
the number of outside places, and the inside iaxe. 

(23.) A farmer's rent was £50 a year, and his annual 
expenditure (including the assessed taxes, which amounted 
to ^ of his expenses) was such that he was able to pay his 
landlord only £30, The year following, his rent was 
lowered 20 per cent, the taxes were reduced one-hatf> 
and agricultural produce increased in value one-third. I^ 
consequence, he was enabled to pay his rent and form^'^ 
debt, and to lay by £5. What was his expenditure, bX^^ 
the value of his produce each year ? 

(24.) A person has JB27, 6a in guineas and crown-piec^ 
out of which he pays a debt of J£14, 17s., and finds he L^ 
exactly as many guineas left as he has paid away crowr:^ 
and as many crowns as he has paid away guineas. Hc^' 
many of each had he at first 9 

117. Equations with Three Unknown Quantities. — 

When one equation containing two unknown quantities 
given for solution, we have seen (Art. 112) that an infini-^ 
number of answers may be found. This must also be tr^ 
of one equation containing three unknown quantiti^ 
Even when two such equations are given, no defini-' 
result can be obtained; for if by any of the methc^ 



THBEE UNKNOWN QUANTITIES. 179 

shown in Arts. 113, 114, and 115, one of the quantities 
be eliminated, there will still be two remaining, and only 
one equation. 

To enable us, therefore, to solve equations of three 
unknown quantities, we must have three independent 
equations containing the same three quantities By 
independent equations are meant such as cannot be 
derived the one from the other. 

The same holds true for equations of any number of 
unknown quantities. If there be four such quantities, 
there must be four distinct and independent equations; 
if five, five ; and so on. 

The general method of solving such equations consists 
in eliminating one of the unknown quantities from all the 
equations, and doing this again with the remaining ones, 
until only one equation containing one unknown quantity 
is left 

Illustrative Exa/mpUs. 

(1.) Given the three ' equations, a; + 2y + Sa = 43, 
2« + 3y-42J = 28, and 5a; - 4y + 2» = 38, to find the values 
of 2C, y, and z. 

Let us first eliminate z. 

This may be done by " substituting," by " equating," or 
by "equalizing coefficients." 

Adopting the last, we equalize the coefficients of s; in 
any two of the equations, and then in one of these and 
ihe third. 

The various steps of the subjoined solution will be 
ioand explained in the margin : — 



x + 2y+ 32J= 43 

2a; + 3y- 42?= 28 

5a;-4y+ 2z= 38 

[l]x4, 4aj + 8y + 122;=172 
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"2]x3, 6a;+9y-12«= 84 [5 

'4] + [5], 10a;+17y=256 [6 

'3]x2, 10a;-8y+ 4«= 76 [7 

'2] + [7], 12aj- 5y=104 [8 

Haying now two equations — [6] and [8] — ^with two m 
known quantities, we solve as in Art 115 : — 



"6 
'8' 



X 5, 
xl7, 
[9] + [10], 



50aj+86y=1280 [9' 
204aj-86y = 1768 [lO' 
254a; = 3048 
/. aJ = 12 

X being known, y may be found from equations [6] ( 
[8], say [8], by substitution — 

y = |(12a:-104) = |(144-104) = 8, 

z may now be obtained from any of the original equ 
tions, say [1] — 

« = J(*3-a;-2y) = J(43-12-16) 
= J(^3-28) = 6. . 

(2.) Find a;, y, and z from the following equations : — 



- + - 



- + o- - ^ = 9 



[21x12, _ - _ 

u J » X y 

[l]x24, - + - 



2 
a; 

3a; 

5 

a; 

20 

X 

48 
a! 

28 
a; 



3 

y 

7_ 
4y 

8y 
21 

72 

93 



4 

+ - = 

8 

+ - = 
z 



13 [1] 



11 



6^ 
5z 



96 ,o« 
+ — =132 

z 

96 o,^ 
+ — =312 

z 



= 180 



[2] 
[3] 
W 
PI 
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[3] X 40, 
[1] X 12, 

[7] + [8], 
[6] X 8, 

[10] - [9], 



1 

y 



200 15 
X y 


— 


48 
z 


= 360 


[7] 


24 36 

— + — 
X . y 


+ 


48 
z 


= 166 


[8] 


224 61 
X y 




- 


= 616 


[9] 


224 744 
X y 




= 


= 1440 


[lo; 


693 

y 




= 


= 924 




924 4 
693 "" 3 ' 


and y ■■ 


3 





S^bstl in [6], — = 180 - — = 180 - 93 X ^ 



= 180-124= 56 
1 - - ^ 

X 



— = 2, and as = s • 



'»il>stL in [1], l=13---?=13-2xH-3x| 

= 13-4-4= 5 

15.4 
.-. -= j.and «= g. 

(3.) Find the values of a;, y, and « when 

ai(a5 + y) a-h ^ -• 

(^ + g)yg = J_ [21 

6c(y + js) 6 - c L -' 

(g + ^)^ = JL [31 

ctc{x + z) c -a L J 

[11 vr J5L. -^ - ^^ m 



[6] + [7]H-[8].2(UU^^) = 
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OC ^ 'U Or " u 

Inyerting, -^ ^5- [5] 

Similarly from [2], J + ^ = -^ [7] 

1 1 i^ —a^ 
And from [3], -+i = ^--— [8] 

ag-62 6g-cg cg-gg 
ab he a>c 

ah abc 

_ (a - 6)(6 - c)(c - a) 
abc 
. Ill (a-6)(6-c)(c-a) .g, 
•• a; y a 2aic ■■ ^' 

= -2-T-(6c-a6-c2 + ac-2flKJ-2fr*2 

^ (6 - a)(a + c)(5 + c) 
" 2a6c 

2a5c 



2 == 



(6-a)(a + c)(6 + c) 

2a5c 
Similarly, y = («_,)(« + j)(j + ,) 

. . , 2a6c 

•^** *~(c-6)(a + 6)(a+c)' 
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llSi The method of solution shoyrn in these examples 
taaj be extended to equations of four or any number of 
unknown quantities. 

EZAHFtBS FOB FBAOTIOB.— ZUIL 

Find the values of the unknown quantities in the fol- 
owing equations :— 



(1- 

(2. 
(3. 

(4- 
(5. 

(6. 

(7. 
(8. 

(9. 

(11. 

(12. 

(13. 
(14. 

(16. 
(16. 



2x + y + z = ll, aj-2y + 2; = l, and x + y-2z — L 
a:-2y + 32; = 6, 2a; + y-2«=12, and 3a; - Sy + 2; = 2. 
4aj + 3y + 2«=3, 2a; + 9y-«=3, and 10a;-62/ + 5»=3. 
a5 + y+« = 8, 2aj-22J=9, and 3y-52; = 5. 

3"'"4"'2'^3"'2"'"4"" • 

12 12 5^964, ,321^ 

1 1 — = 5, = 4, and - + = 3. 

X y z X y z x y z 

x + y = ^ocy, 05 + 2? = 4a», and y + z = byz, 

3xy + 4:xz + 6yz = Zosyz, 6xy - 2xz - 9yz = 0, 

and 2xy - 6xz + 1 lyz = xyz. 

4 6 3 ,^ 5 9 1 ^, 25 6 1 „„ 

- + - + o- = 44, 7- + - = 3|, and = 2|. 

aj y 22J ^' X 4:y z *' xyz ^ 

800. 12 ^ ,^ „ 240 ,^ 
aj-y + - = 8, 3aj-4y + — = 9, and2a; + 3y~ = 12. 



z 



^ = l,-^ = 2,and J^ = 3. 



x+y x+ z y+z 

(2a5+y)« = 62j + l, (7^-403)21=2;- 1, 

and 6(aj - y)z = 2(22? + 1). 
a5 + y + 2J = a, a3-y + 2; = 6, and a5 + y-2; = c. 

Zax 4- 367/ — C2} = 1, - 005 + 2hy + 3c2; = 2, 

and 2ao3 - 6y + 6c2J = 3. 

— l-- = a, — H- = o, and — h - = c . 
jc y y « 2 05 



184 SIMULTANEOUS EQUATIONS. 

(17.) 4u-3a; = 25, 4aj-5y = 7, 4y-3»=15, 4a-w=12. 
(18.) (3y-8)iia: = 4M-a;, (4y-3« + l)a; = 2, 

(5-2y + «)M = 3, 2(»-2)tta;=6tt+a 

119. Problems prodndng Eguations of more tluui Two 
Unknown Quantities. 

EZAMPLB8 FOB PBAOTIGBi— XLZV. 

(1.) A tradesman in three years paid income-tax to the 
amount of £32, 10s. ; the tax being threepence in the £i 
the first year, fivepence the second, and sixpence the third. 
If the rate had been fourpence for the first two years, 
he would have paid 3s. 4d. less ; but if it had been fire- 
pence for each of the three years, he would have paid 
£1, 13s. 4d. more than he did. What was his income 
each year? 

(2.) There are three numbers such that one-third of the 
first, one-fourth of the second, and one-fifth of the thirf 
make up 30. K each be increased by 10, the sum of oix^ 
fourth of the first, one-fifth of the second, and one-sixth ^^ 
the third will also be 30, as will likewise be the amount ^^ 
one-half of the first, one-third of the second, and one-fouic***' 
of the third if each be diminished by 10. Find tP^ 
numbers. 

(3.) A, B, and C undertake a piece of work which tbP-*^ 
can together do in four days. At the close of the first 
C leaves, but A and B go on for three days more, w! 
B also leaves, and it takes A other two days to fini^ 
Being afterwards set to a similar piece of work, C refu^ 
to begin, while A working five days and B working 
complete it between them. In what time can each ixb- 
do the work separately ? 

(4.) A railway train and a stage-coach start at the 
timo from B for S. When the train has gone half 



I 
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the coach has only made 12 miles; when the train has 
completed its journey, the coach is three hours behind ; 
and when the coach is 18 miles from S, the train has had 
time to go 21 miles beyond it. Had the coach road been 
3 miles longer, by the time the coach had gone over one- 
third of it, the train would have been just 14 miles from 
its destination. Bequired the rate per hour of both coach 
and train, and the distance between the two places by 
load and by rail. 

(5.) Three girls, D, E, and F, were seated at a table on 
which lay a ring, a thimble, a pencil, and a number of 
oountens. Three of the counters were given to D, two to 
G, one to F, and eighteen were left on the tabla One of 
the girls then picked up the ring and as many counters as 
she already had ; another picked up the thimble and twice 
IS many as she already had ; while the third lifted the 
>encil and four times as many counters as she had given 
ler, leaving three lying. Had this last one taken just as 
nany as she already had, and had the one who lifted the 
dng taken four times what she had at first, there would 
[lAve been a remainder of six counters. Name the article 
sadi girl Hfted. 

(6.) A certain number is composed of four digits whose 
sum is 24, the first and the third together being greater than 
tlie second and the fourth together by 2. If 810 be added 
to the number, the first three digits will each be removed one 
place to the left hand, and the fourth will become the 
first; but if 180 be subtracted, the order of the digits will 
be reversed. Find the number. 

^. In addition to the methods of solving simultaneous 
®9^tions already shown, a further one, known as that of 
" Indeterminate Multipliers," may be presented. It will 
"® best explained by an example or two. 
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1 



(1.) Given I 5^^2y = 30 [2] } *<> find a; and y. 



xn, 2na; + 3ny = 31» 

!2] + [3], (2n + 5)x + (3n - 2)y = 31» + 30 

As the equality here expressed will not be affected 
any change in the value of n, we may put for it sud 
number as will make either the coefficient of x or the 
efficient of y equal to nothing. 

Let 3n - 2 = 0, the equation then becomes — 

(2» + 6)aj = 31n + 30, 
A A 31n + 30 

2 
From 3»-2 = we easily get w=q, and substituti 

this in [5], we have — 



05 = 



31x4 + 30 62 + 90 152 



7 



= 8. 



2xf + 5 4 + 15 19 
From [2], as in former methods, we get — 

y = ^(5a;-30) = ^(40-30) = y = 5- 
(2.) Find the values of x and y when — 

- + - = 3 [1], aiid--- = 2 [2] 
X y ^-' X y Lj 

[2]x«' -^-y^^w [3] 

r^-i r«n 9?l + 5 6/1-8 „ , « 

[l] + [3], -^ ^ = 2n + 3 

4 97t + 5 
Put 6/1-8 = 0, then w = « , and = 2» + 3. 

_ 9w + 5 9x^ + 5 ^ 36 + 15 _ 51 _ , 
••'" ~ 2« + 3 ~ 2x^ + 3 ~ 8 + 9 - l7 - ''' 

.-. y = 6. 
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(3.) Fmd X, y, and z from the following equations : — 



1 
2 
3 



2a;-3y + 42;= 3 
4a;-2y-3»= 7 
3a;+ y-62; = 10 



1 

'2' 
3 
4' 
5 



X m, 2??M5 - 3my + 4m» = 3w 

X », 4nx - 2ny - 3nz = 7n 

+ [4] + [5], {2m + 4» + 3)aj - {3m + 2n- l)y 

+ (4m-3»-5)2j = 3m + 7n + 10 [6 
Put 3w + 2n-l=0 [7 

And 4m-3»-5 = [S 

Then (2w + 4n + 3)aj= 3m + 7n + 10 

. , __ 3m + 7?i+10 [9]. 

2m + 4w + 3 
From [7] and [8], by any method, m may be found 
qual to 1^, and nto - ^. 
Substituting these in [9], we get — 

^ 3x-^-7x^ + 10 __ 39-77 + 1 70 ^132 
^ 2xi^-4x^ + 3 "" 26-44 + 51 33 ~ 

Now put 2m + 47i + 3 = [10 

And 4w-3n-5 = [IT 

Then -{3m + 2n-l)y = 3m + 7/^+10 

^ , Sm + 7n+lO [12] 

Andy- i^2n-Sm 

BVom [10] and [11], m = J, and n = - 1 ; 

. _ 1-7 + 10 _ 3-14 + 2 _ 9 _ o 
••y- 1 + 2-8"" 2 + 4-3~3~ 

milarly z is found to equal 1. 

) Find expressions for the values of x, y, and z from 
^nations given below : — 



a^x + 6jy + c-^z = d^ 
a^ + 6gy + c^z = d^ 
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2] X n, na^ 4- nb^ 4- nc^ = fw/g 

3] + [4] + [5], (ma^ + naj + a^)x + (wi^^ 4- wft^ + 63)^ 

4- {mc^ 4- wcj 4- c^)z = «>m;?i 4- »«?2+^ 

Put mb^ 4- nftj + 63 = ^ 

And mc^ 4- wcg 4- C3 = 

And it foUows that x = "^ + "^» + '^ 

WMJtj 4- JMtg 4- ^3 

wi^^i 4- «<?62 + S'^s = ^ 

(g^i 4- Ci)m 4- (gSj 4- C2)ii 4- gftj 4- Cg = 

9'^2 + ^2'=^> then g= -^. 

(^61 4- Ci)m 4-^634-03 = 
Substitute value of g in [12], then 

. (-'f-)"'^(-». 

From which (6jC2 - 62^1)^ = 65^63 - 63C2, 



[8] + [10], 

Let 

And 



"4" 
'S 

[6] 
T 
'S 

P] 
10 

ir 



[12] 



V2 



+ <53) = 



0. 



And 



^ __ OgCg - 63C2 



In [1 1] let qh^ 4. c^ = 0, then g = - r^ . 

And (^62 + ^2)^ + 9^63 4- C3 = L- 

Substitute value of g in [13], then 

This gives (bjC^ - b^-^ = b^^ - bjC^ , 
And n = ^^i^^. 

O1C2 - t>2Ci 

Now substitute these values of m and n in [9], and 

mc?j 4- wc?2 "^ ^3 ^1^2 ~" ^2^1 ^ ^1^2 ~ ^2^1 

mai 4- nag 4- ag 62^3 - Vg ^ ^ Vi-Vs ^ ^ 

^ ( ^2^8 - ^2)^1 + ( Vl - ^l^sK + (^1<^2 - Vl)^3 
(62<?8 - ^2)^1 + ( Vl - ^1^3)^2 + (h^2 - VlK ' 



\? 
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milarly we may find the values of y and z ; or, more 
ly, we may get y by changing every a into 6, and 
f h into a^ in the above expression for x ; and get z 
ihanging every b into c, and every c into 6, in the 
ession for y, 

(«2^8 ~ ^8^2)^1 + («8<'l - ^^^3)^2 + (^1<^2 ~ ^2<^l) ^8 ' 

L From these expressions we obtain for the solution 

[nations of three unknown quantities another method 

d '^ Cross multiplication.'' 

3t us apply it to finding the values of x^ y, and z in 

lollowing examples : — 

.) x-2y + 3z = ll, 4:X-3y-z = 9y and 3x + y-bz = 6. 

aoe the equations one under the other as usual, and 

sit the first line at the foot. 

1 the right hand side form three columns, headed 

sctively x, y^ z. 







X 


y 


z 


1] 


, x-2y + 3z = U 


16 


-17 


13 


2] 


ix-3y- 2= 9 


-7 


14 


-7 


3] 


, 305+ y-52= 5 


11 


-13 


5 


4' 


, x-'2y + 3z=U 









Multiply the coefficient of y in [2] by the coefficient 
in [3]; this gives +15. 

L Multiply the coefficient of y in [3] by the coefficient 
in [2] ; this gives - 1. 

IL Take this second product from the first, and place 
result, + 16, at the end of the first line in the column x, 
V. Multiply the coefficient of y in [3] by the coefficient 
!in[4]; this gives +3. 
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Y. Multiply the coefficient of ^ in [4] by the coeffidei^k^ 
of z in [3] ; this gives 4- 10. 

VL Subtract this second product from the firsts an d 

place the remainder, - 7, after the second line in column i 

Vll. Deal similarly with the coefficients of y and z i 
1] and [2], and place the result, which is + 11> opposil 
3], and also under oc 

In every case proper attention must be paid to tKine 
effect of the signs. 

These numbers, 16, -7, and 11, form multipliers Bcz)j 
which the value of x may be found. 16 is the equival^mt 
of ftg^^g-JgCg'in Art 120, No. 4; -7 of b^c^-hiC^yazmoid 
11 of \c2-b2C1, 

Substituting them, therefore, for these in the expressLon 
for Xy we have — 

llxl6 + 9x-7 + 5xll 176-63 + 55 168 



X = -; 



_ = 8. 
lxl6 + 4x-7 + 3xll 16-28 + 33 21 

In like manner multiply the coefficient of a? in [2] ^J 
the coefficient of 2; in [3], and from this answer take "feb^ 
product of the coefficient of a; in [3] and z in [2]. Xl© 
result, - 17, is to be placed at the end of the first line i» 
the column y. 

Obtain in the same way the numbers that are to staJ|*^ 
at the end of the second and third lines, and substitute ^ 
the expression for y — 

llx-17 + 9xl4 + 5x-13 -187 + 126-^ 
•• 2^"-2x-17^ -3xl4 + lx-13 34-42-1^ 

_ ^^^ 6. 
~ -21 

By performing like operations upon the coefficients o* 
and y, and substituting in the expression for z, we hav"^^ 

llxl3 + 9x-7 + 5x5 143-63 + 25 106 _ g. 



z = 



3x13+ -lx-7+ -5x5 39 + 7-25 21 
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(2.) Solve the equations, 6x + 2y-z = 3, 4x-y-2z = 2j 
and 2x + 6y + 3s; = 3. 



as = 



y = 



z = 



6a;4-2y- 2 = 3 
4aj- y-2z = 2 


X 

9 
-12 


16 
-20 




z 

26 
-32 


2a; + 6y + 32; = 3 
6a; + 2y- 2 = 3 


-5 


-8 


» - 


-14 


3x9 + 2x-12 + 3x-5 27 


-24-15 
-48-10." 


-12 


6x9 + 4x-12 + 2x-5~54 


-4 


48-40-24 48-64 -16 . 
32 + 20-48^52-48" 4 " ' 




78-64-42 78 
-26 + 64-42 ~ 64 


-106 
-68 " 


-28 
-4 


7. 





= 3, 



ForUier practice in this method may be obtained by 
employing it to re-work the examples in XLIII., ahnost 
all of which may thus be solved. 



CHAPTER X. 



SURD EQUATIONS. 



122. There is a class of equations frequently set t^ 
elementary examinations, which, on that account, it will 
be necessary to introduce here, although properly i^^l 
should be deferred until a knowledge of surds has beei^ 
acquired. 

To understand the method of solving them, the ioUo^' 
ing preliminary explanations must be attended to :- 

123. The sign J placed before a number or quanii^ 
indicates its square root: thus, ija indicates the squ^^ 
root of a ; and ij(a^ - ay^) or Ja^ - a^ the square root ^^ 
a^-a^. Similarly, \/ indic ates the cube or third root» 
and V the fourth ; so that XIa-x and XI a - x respectively 
represent the third and fourth roots of a - a^ 

124. When the root indicated cannot be exactly^ 
tracted, the expression is called a surd, ^/a^ >^^*» 
and Xla^ - x^ are all surds. 

125. The operations of addition, subtraction, eta, t^^ 
be performed on these as on other algebraic quanti**^ 
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118. The method of solution shown in these examples 
may be extended to equations of four or any number of 
unknown quantities. 

KXAMFT.Kfl FOB FBAOTICE.— ZLm. 

Find the values of the unknown quantities in the fol- 
lowing equations :— 

2x + y + z=lly x-2i/ + z=l, and a; + 2/ -22; = 4. 

x-2i/ + 3z = (j, 2a; + y-22;=12, &iid3x-3y + z = 2. 

4:X + Zy + 2z=S, 2x + 9y-'Z^3y and I0x-6y + 5z=3. 

x + y + z — 8y 2x-2z=9y and 3y-5« = 5. 
X y y z z X ^ 

— 4-^ = ^4- — =s-4- — = 6 

3^4 2^3 2^4 • 

12 12 5^964, ^321^ 

— + — + - = 5, = 4, and - + = 3. 

X y z X y z x y z 

x + y==3xyy x + z — iocz, and y + z=^6yz, 

3xy + 4a» + ^yz = Zxyz, 6xy - 2xz - 9yz = 0, 

and 2xy - 6xz + 1 lyz = xyz, 

4 6 3 ,^ 5 9 1 ,, 25 6 1 «^ 

— + - + H- = 44, T- + - = 34, and = 2|. 

X y 2z ^* X ^y z *•' xyz ^ 

a^-y + r = 8, 3a:-4y + — = 9, and2a; + 32/- = 12. 



1. 
2. 
3. 
4. 

5. 

6. 

7. 

8. 

9. 

0. 

1. 
2. 

3. 
4. 

6. 
6. 



-^ = 1 , = 2 , and -^— = 3. 



x + y x+z y+z 

{2x + y)z = 6z + l, {7y-^x)z = z-l, 

and 6(x - t/)^; = 2(2z + 1). 
a;4-y + « = a, aj-2/ + ^ = ^> ^^^ x + y-z^c, 
Zax + Zby-cz=l, - ax + 2hy + Scz == 2^ 

and 2ax -by-\- Qcz = 3. 

— h- = a, — 1-- = 6, and — f- - = c . 
X y y « » a; 

ay25+6a;25+cajy aV^J+^^aj^+c^aJV 
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(17.) 4w-3a; = 25, 4a;-5y = 7, 4y- 321 = 15, 4»-u= 12. 
(18.) {3y'-S)ux = 4:U-x, (42/-32; + l)a; = 2, 

(5 - 2y + 2;)w = 3, 2{z-2)tix = 6u + x» 

119. Problems producing Equations of more than Two 
Unknown Quantities. 

EZAMFLBS FOB FBAOTIOE.— XLIV. 

(1.) A tradesman in three years paid iacome-tax to the 
amount of £32, 10s. ; the tax being threepence in the £1 
the first year, fivepence the second, and sixpence the third. 
If the rate had been fourpence for the first two years, 
he would have paid 3s. 4d. less ; but if it had been five- 
pence for each of the three years, he would have paid 
£1, 13s. 4d. more than he did. What was his income 
each year? 

(2.) There are three numbers such that one-third of the 
first, one-fourth of the second, and one-fifth of the third 
make up 30. K each be increased by 10, the sum of one- 
fourth of the first, one-fifth of the second, and one-sixth of 
the third will also be 30, as will likewise be the amount of 
one-half of the first, one-third of the second, and one-fourth 
of the third if each be diminished by 10. Find the 
numbers. 

(3.) A, B, and C undertake a piece of work which they 
can together do in four days. At the close of the first day 
leaves, but A and B go on for three days more, when 
B also leaves, and it takes A other two days to finisL 
Being afterwards set to a similar piece of work, C refuses 
to begin, while A working five days and B working six, 
complete it between them. In what time can each man 
do the work separately 1 

(4.) A railway train and a stage-coach start at the sama 
time from R for S. When the train has gone half way, 
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the coach has only made 12 miles; when the train has 
completed its journey, the coach is three hours behind ; 
and when the coach is 18 miles from S, the train has had 
time to go 21 miles beyond it. Had the coach road been 
3 miles longer, by the time the coach had gone over one- 
third of it, the train would have been just 14 miles from 
its destination. Bequired the rate per hour of both coach 
and train, and the distance between the two places by 
road and by rail. 

(6.) Three girls, D, E, and F, were seated at a table on 
which lay a ring, a thimble, a pencil, and a number of 
counters. Three of the counters were given to D, two to 
E, one to F, and eighteen were left on the table. One of 
the girls then picked up the ring and as many counters as 
she already had ; another picked up the thimble and twice 
as many as she already had ; while the third lifted the 
pencil and four times as many counters as she had given 
her, leaving three lying. Had this last one taken just as 
many as she already had, and had the one who lifted the 
ring taken four times what she had at first, there would 
have been a remainder of six counters. Kame the article 
each girl lifted. 

(6.) A certain number is composed of four digits whose 
sum is 24, the first and the third together being greater than 
the second and the fourth together by 2. If 810 be added 
to the number, the first three digits will each be removed one 
place to the left hand, and the fourth will become the 
first; but if 180 be subtracted, the order of the digits will 
be reversed. Find the number. 

120. In addition to the methods of solving simultaneous 
equations already shown, a further one, known as that of 
" Indeterminate Multipliers," may be presented. It will 
be best explained by an example or two. 
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1 



(1.) Given { 5^ ;^ 2y = 30 [2] }^^^^ and y. 



3 

4 



X n, 2nx + 3ny = 3ln 

'2] + [3], (2n + 5)x + (3n - 2)1/ = Sin + 30 

As the equality here expressed will not be affected by 
any change in the value of n, we may put for it such a 
number as will make either the coefficient of x or the co- 
efficient of y equal to nothing. 

Let 3ri - 2 = 0, the equation then becomes — 

(2n + 5)x = Zln + 30, 

^^ ^ = "2^5" [^]- 

2 
From 3n-2 = we easily get 71=0, and substituting 

this in [5], we have — 



05 = 



31x4 + 30 62 + 90 152 



¥ 



= 8. 



2x| + 5 4 + 15 19 
From [2], as in former methods, we get — 

y = ^(5a:-30) = ^(40-30) = y = 5. 

(2.) Find the values of x and y when — 

- + - = 3 [1], and--- = 2 [21 
X y '■-'' X y LJ 

[2]x«, ^-«f=2« [3] 

[l] + [3], ?!^-^ = 2n + 3 

4 9^1 + 5 
Put 6/1-8 = 0, then n = « , and = 2n + 3. 

o X 

9n+5 9x^+5 36 + 15 51 
•• * 2» + 3 2x^ + 3 8 + 9 ~ 17 ~ ' 

.'. y = 6. 
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(3.) Find x, y, and z from the following equations : — 

2a;-3y + 4j8= 3 

4a;-2y-32;= 7 

3a;+ y-52; = 10 

1] X m, 27/M5 - 3my + ^mz = 3m 

2] X n, 4720; - 2ny - 37i2J = 7n 

3] + [4] + [5], (2m + 4n + 3)a; - (Sm + 2n- l)y 

+ (4w - 3» - 5)2? = 3m + 771 + 1 
Put 3m + 2?i-l=0 
And 4m -Sn-6 = 
Then (2m + 4?i + 3)a; = 3m + 7n + 10 

3m + 7ri+10 



And 



X = 



[9]. 

2m + 4w + 3 

From [7] and [8], by any method, m may be found 

equal to ^, and ti to - ^. 

Substituting these in [9], we get — 

3x1^-7x^+10 _ 39-77 + 170 _ 132 



X = 



2x^-4x44 + 3 



TT 



26-44 + 51 



33 



Now put 
And 
Then 



2m + 4w + 3 = 
4m-3w-5 = 

-(3m + 27i-l)y = 3m + 77i+10 

3m + 77i+10 



= 4. 



10 

ir 



And 



[12] 



1 - 2n - 3m 
From [10] and [11], m = J, and w = - 1 ; 

^ 8-7 + 10 _ 3-14 + 2 _ 9 
l+2-# ~ 2+4-3 " 3 



y 



= ^ = 3. 



^ 2+4-3 

Similarly z is found to equal 1. 

(4.) Find expressions for the values of », y, and z from 
the equations given below : — 



a^x + h^y + ^1^ = ^1 
a^ + h^ + c^z — d^ 
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1] X m, ma^x + wift^y + mc^s = md^ 

2] X riy na^ + rib^ + TiCgSf = nd^ 

Put mftj + Tiftg + ftg = 
And mCj + wcg + Cg = 

And it foUows that « = "^'+"^^ + '^» 

'A + [10], (g'^i + Ci)m + (5^62 + c^n + qh^ + c^^O 

Let 

And 
Substitute value of g in [12], then 



qb2 + C2 = 0y then q= -^» 
(^'^1 + ^1)^ + qh.^ + c^ = 



4" 
5' 

6" 
7' 

8' 

[9] 
10" 

ir 

[12] 



(-to^,.)».(-te.».)-o. 



From which (J)^C2 - h^^m = h^c^ - ftgCg, 

And m^^^^^^. 

In [1 1] let qh^ + c^ = 0, then g = - r^ . 

And (^'Jg + ^^2)^ + S'^s + ^3 = 
Substitute value of 5^ in [13], then 



[13] 



( 



h^i 



+ c 



.)» + p^+C3)=0. 



And 



w ~ 



This gives (ftjCg - h^^n = ftgCj - i^Cg , 

Now substitute these values of m and w in [9], and 

^2^3 ~ ^3^2 ^ _j. ^3^1 "" ^1^3 d ^ d 

_ mc^ + 7iC?2 + C?3 _ ^1^2 -^2^1 ^ ^1^2-^2^! ^ ^ 



mai+na^ + a^ ftgCg-ftgCg . Vi-^s 



a, + 






ao + a, 
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Similarly we may find the values of y and z ; or, more 
simply, we may get y by changing every a into h, and 
every h into a, in the above expression for x ; and get z 
by changing every b into c, and every c into 6, in the 
expression for y, 

^ ^ (« A ~ ^^3^2)^1 + (^3^1 - <h^3)^2 + fa^2 ~ ^2^1)^3 

121. From these expressions we obtain for the solution 
of equations of three unknown quantities another method 
. called " Cross multiplication." 

Let us apply it to finding the values of x, y, and z in 
the following examples : — 

(1.) a3-2y + 32=ll, 4a5-3y-» = 9, and 3x + y-5z = 5, 

Place the equations one under the other as usual, and 
repeat the first line at the foot. 

On the right hand side form three columns, headed 
respectively a?, y, z. 







X 


y 


z 


r 


, aj--2y + 32; = ll 


16 


-17 


13 


2] 


4a;-3y- »= 9 


-7 


14 


-7 


3] 


, 3a3+ y-5«= 5 


11 


-13 


5 


4' 


, x-2y + 3z=ll 









L Multiply the coefficient of y in [2] by the coefficient 
of s; in [3] ; this gives + 15. 

IL Multiply the coefficient of y in [3] by the coefficient 
of 25 in [2] ; this gives - 1. 

III. Take this second product from the first, and place 
the result, + 16, at the end of the first line in the column x. 

IV. Multiply the coefficient of y in [3] by the coefficient 
of 2; in [4] ; this gives + 3. 
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V. Multiply the coefficient of 2/ in [4] by the coefficient 
of z in [3] ; this gives + 10. 

YL Subtract this second product from the first, and 
place the remainder, - 7, after the second line in column as. 

VII. Deal similarly with the coefficients of y and z in 
1] and [2], and place the result, which is + 11, opposite 
3], and also under x. 

In every case proper attention must be paid to the 
effect of the signs. 

These numbers, 16, -7, and 11, form multipliers by 
which the value of x may be found. 16 is the equivalent 
of \c^-h^c^m. Art 120, No. 4; -7 of ftgCi-ftjCg; and 
11 of h^^-h.^^. 

Substituting them, therefore, for these in the expression 
for ic, we have — . ... : 

^ llxl6 + 9x~7 + 5xll _ 176-63 + 55 ^ 168 _ 
^~ lxl6 + 4x-7 + 3xll ~ 16-28 + 33" 21 "" 

In like manner multiply the coefficient of a? in [2] by 
the coefficient of 2; in [3], and from this answer take the 
product of the coefficient of a; in [3] and z in [2], The 
result, - 17, is to be placed at the end of the first line in 
the column y. 

Obtain in the same way the numbers that are to stand 
at the end of the second and third lines, and substitute in 
the expression for y — 

. Ilx-17 + 9xl4 + 5x-13 -187 + 126-65 

•• ^~-2x-17^ -3xl4 + lx-13" 34-42-13 

- 126 ^ 

By performing like operations upon the coefficients of oj 
and 2/, and substituting in the expression for 2j, we have— 

^ llxl3 + 9x-7 + 5x5 143-63 + 25 105 
^ " 3x13+ -lx-7+ -5x5" 39 + 7-25 "21" 
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(2.) Solve the equations, Goj + 2y - 2 = 3, 4a; - y - 22; = 2, 
and 2x + 6y + Sz = 3, 



X = 



y = 



z = 





o; 


y 


z 


6a; + 2y- » = 3 


9 


16 


26 


4a;- y-2z = 2 


-12 


-20 


-32 


2a; + 6y + 32; = 3 


-5 


-8 


^ -14 


6a;4-2y- 2; = 3 








3x9 + 2x-12 + 3x- 


-5 27 


-24-15 


-12 



6x9 + 4x-12 + 2x-5 54-48-10. -4 
48-40-24 48-64 -16 



= 3, 



32 + 20-48 ~ 52-48 



-4, 



78-64-42 



78 - 106 - 28 



-26 + 64-42 64-68 



= 7. 



Further practice in this method may be obtained by 
employing it to re-work the examples in XLIIL, almost 
all of which may thus be solved. 



CHAPTER X. 



SURD EQUATIONS. 



122. There is a class of equations frequently set in 
elementary examinations, which, on that account, it will 
be necessary to introduce here, although properly they 
should be deferred until a knowledge of surds has been 
acquired. 

To understand the method of solving them, the follow- 
ing preliminary explanations must be attended to : — 

123. The sign J placed before a number or quantity 
indicates its square root : thus, J a indicates the square 
root of a ; and J{cfi - aP) or Ja^ - x^ the square root of 
a^-x\ Similarly, \J indicates the cube or third root, 
and V the fourth ; so that XI cb - x and \Ja - x respectively 
represent the third and fourth roots oi a-x. 

124. When the root indicated cannot be exactly ex- 
tracted, the expression is called a surd, ija, Va - «, 
and Xla^ - x^ are all surds. 

125. The operations of addition, subtraction, eta, may 
be performed on these as on other algebraic quantities, 



i 
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but we shall here confine ourselves to showing the method 
by which multiplication is wrought. 

(1.) Multiply Ja - a; by ,Jx, 

The quantities a-x and x are to be multiplied together, 
and the product placed under the root-sign ; thus, Jaac — x\ 

(2.) Multiply V^ + 3 by U{x - 4). 
As above, the product is 

X/{x + 3){x-i) or l/{a^-x-l2). 

(3.) Multiply J^^^ by V^2rX 
Here the product is J(sc^ - l)^, but the square root of 
(o^ - 1)2 is evidently x^ - V, so that 

Prom this it appears that to multiply a quantity under 
the square root by itself, it is only necessary to remove 
the root-sign. 

(4.) Multiply Jx- 5 by Jx + 7. 

Jx + 7 

x-5 Jx 
+ 7^^-35 

03 + 2 Jx-Zb 

N^ote, — ^In these examples we have not attempted to 
ittBltiply together quantities under unlike root-signs, as 
s/x by J/y, and for the present they may be omitted. 

126. We may now proceed to the solution of the f ollow- 
"« equations : — 

(1.) ^=3. 
oquaringj or multiplying each side by itself, we have aj = 9. 

(2.) V^^^-4. 
«!^>amgeachsideasinNo. 1, a;-2 = 16, /. a;=18. 

13 
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(3.) Va2+ll=a;+L 
As above, oc^ + ll =aj2 + 2a;+l. 
Transposing, 2a; = 10, .*. x = 6. 

_ 6 

(4.) J^+ Jx + 3= ■-===. 

tjx + o 



) 



Multiplying by Jx + 3, Ja^ + Sx + x + Z=^6. 
Transposing so as to get the surd, or quantity under 

root, on a side by itself, ^a^ + 3a; = 3 - as. 
Squaring, ay^ + 3x = 9 -Sx + x^, 
Transposing, 9a; = 9, .'. a;=l. 

^ '^ ^/a;+10 Jx + 2 ' 
Clearing away fractions— 

( s/^+ 7)( Jx + 2) = ( Jx+ IK ^+ 10), 
a; + 9 ^a;+14r = a; + ll ^a;+10, 
2 ^^=4, V^=2, /. a; = 4. 
This may also be solved by applying Art. 109 — 

J^+ 7 Jx+1 6 3 

,— ^^ = ,— ^ = Q = T. (Theorem YIl) 
^a;+10 Jx + 2 8 4^ / 

>^^ = ?. (Theorem IL) 

.*. \/^+ 7 = 9, Jx^ 2, and a; = 4. 

(6.) JS + i+ j2 + ^ = 2 J^T^, 

Squaring, 8 + a; + 2 ;yi6 + 10a; + a;2 + 2 + a;=4(a;-4)=4a;— i^. 

Collecting and transposing so as to have the surd on a &^o 
by itself — 

2^16 + 10a; + a;2 = 2a;-26, 

Jl6 + T0x + x^^ X - 13. 
Squaring, 16 + 10a; + a;2= x^ - 26a;+ 169. 

ColL and trans., 36a; = 153, /. a; = 4|. 
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127. If 4 J be substituted for x in the preceding equa- 
ion, the first side becomes equal to 6 and the second to 1 j 
>iit if the equation be written 



^8 + aJ- j2 + x = 2 Jx-4:, 

Mad the substitution made, both sides will be equal to one, 
io that the value found for x does not satisfy the equation 
gi'^en, but another differing from it in the sign of one of 
its terms. 

The following four equations, 



JS + x- j2 + x = 2 Jx^, 
JS + X+ J2+x = 2 Jx-4, 

- JS + X+ J2 + x = 2 Jx^'i, 

- JS + x- J2 + x^2 Jx-4, 

^ solution, all yield the same value of x ; but on substitut- 

^ this value in each of them, only the first remains an 

'q^ty. 

Without staying here to inquire into the reason of this, 

'^ must point out that, after solving an equation of this 

^ it wiU be necessary to ascertain by substitution 

Aether or not the value found is a true arithmetical 

^tion of the equation as given. 

lUtistrative Example, 



iven Jx-5= Jx-\-\,io find x, 

iring, a;-5^=aj + 2 ^ic+L_ 

sposing, 2 Jx=^ - 6, and Jx== - 3. 

ing again, x = 9, 

substitution, it is found that J9-5= ,^9 + 1, or 
which is absurd, x is equal to 9 only when the 
m is written Jx - 5 = Jx - 1. Solutions of this 
er are said to be unsatisfactory. 
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SUBD EQUATIONa 



EXAMPLES FOB FBACTICE— ZLY. 

Solve the following equations, and say when the solu- 
tion is unsatisfactory : — 



(1.) ^a;+13 = 7. 
(2.) ^a^ = 5. 

(3.) VS^ = 1. 
(4.) J^?+Th=:x+1. 

(5.) J4a^^3x-27 =2x-3. 
(6.) j^Tr + Jx^ ^^ 



Jx-1 



(7.) Vaj-5- Vaj + 7 = 6. 



(8.) V5- Jx-l=:2. 

/ON 2V^-5 ^ V^-2 
^'^2^x+l Jx + 4.' 



^ ''' J3-J3-X Z-Jx 



/-I1 \ \/^ + »+ Jx-a 

(11.) ■ — , = a^ 

Jx+a- Jx-a 



(12.) >/a5+l+ \/a;- \/a!+l = 1. 
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MISCELLANEOUS EXAMPLES. 

PrindpaUy selected from other works, 

X a ^ X a ^ 
(1.) Simplify ^— ^^ and a x _^ a x 

^ x-a x + a 

,^ . „ „ a ab a^ 

(2.) Collect — — F -I — 2 — TO o . 7 o 

(3.) Find the value of 

(2a?-a\2 a -05 - ah 
J I - 7 , when X = 7 . 
2a; -5/ 6 -a;' a + 6 

1 _ ^2 1 _ 52 ^ 

(4.) Multiply together g-^^p, ^^j^^g^ and 5 + j^-^. 

(5.) Solve the equation — 

a; aj-2 If 2 ,^, , ) 1 , ^, 

2--3- = j|a5 - 3(2J-aj)| -3(3^-5). 

(6.) There is a certain fish, the head of which is 9 inches 
long ; the tail is as long as the head and half the back ; 
and the back is as long as the head and tail together, 
'^^^t is the length of the fish? 

(7.) Shnplify 5Ll^ 



j^a + 6 



a — b 



(a)Di^de^-iby^ + i + i. 



2/8 X ^ y^ y X 



(9) r^ ^ c , a^-b^ ah 

(^^') JUnd the G.O.M. of 

** + 67a;2 + 66 and a:* + 2a3 + 2a:2 + 2aj + l. 
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(11.) Add together — 

a + 5 a-h , 2{ahi-\-hhj) 
and 



ax + by' ax -by' oM + h^y^ 

/1 9 \ M u* 1 -5 - -^ _-?-_? h 1 ^^ 

^ '-' ^^ be ac ah a ^ a + 6+c* 

x — a (2x — a)^ 
(13.) Solve the equation ^3^ = (2^irgp 

(14.) A cistern could be filled with water by means of 
one pipe alone in 6 hours, and by means of another pipe 
alone in 8 hours ; and it could be emptied by a tap in 12 
hours if the two pipes were closed. In what time will the 
cistern be filled if the pipes and the tap are all open? 

(15.) Simplify— 

oar - bar+'^ a^ + b^ + c^ + 2ah + 2ac + 2hc 

a^x - I^a^ ^^ a2-62-c2-26c 

(16.) Divide ^ + ^-3(-,--:) + - + -by-+i- 

(17.) Find the L.C.M. of x^ - 4, 4x^ - 7a; - 2, and 
4a:2 + 7a._2. 

/^ox«i 05-1 x-2 x-4 x-5 
(18.) Solve _2 - ^33 = ^-g - ^-^ . 

(19.) SpHt up 2^4 into four fractions, 

each in its lowest terma 

(20.) Simplify „(„_j)(^_,) + i(p_a)(b-c) ~ ^' 

(21.) Find the g.CM. of 187a!» - 840:2 + 31a; - 6 W^ 
253««-14a;2 + 29a;-12. 

(22.) What is the value of (j^j)* - |^|^j, ^^ 

a) = |(o + 6)1. 

a — x I h+^ ^ % 
(23.) Find x from the equation a —j— - 6 — - " 
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(24) A cask, A, contains 12 gallons of wine and 18 
gallons of water ; and another cask, B, contains 9 gallons 
of wine and 3 gallons of water. How many gallons must 
be drawn from each cask so as to produce by their mixture 
7 gallons of wine and 7 gallons of water ? 

1 — af* 
(25.) Show that -r-z — ~ *^> when a; = 1. 

(26.) Find a solution of J(x-6)-7- ^(a:-12) = 0, 
and say if it is satisfactory. 

(27.) What is the true value of 

(28.) Gather into one fraction — 

2a2 h a 



h^-^a^ 6 + 2a 2a-6 

77MC — a — 6 77105 — a — c 

(29.) Solve the equation -3 = r — ^« 

(30.) Multiply + ? - - by - - " -^ t + 7/ 

v^ X \ 5aj^ au 1 
(31.) Divide 6-4 + 8-36 ^7 3" 2- 

(32.) Beduce to its simplest form — 

_1 1_ 

1 -03 1 +03 

ic r" 



1 -X 1+03 

(33.) Solve the equations — 

o{x + y)-)rh{x-y) = 1. a{x-y) + h{x + y) = 1. 

(34.) Divide the number 90 into four parts, such that 

''^^ first increased by 2, the second diminished by 2, the 

'*'^ii^ multiplied by 2, and the fourth divided by 2, may 
all v^ 1 
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(35.) If a2 + 52 = i=c2 + c^, show that 

(ad-bc){ad + bc) — {a-c){a + c) 

(36.) Resolve Jy2^ ~ ^^ ^o^ fractions, 

each in its lowest terms. 

(37.)Simphfy _--^--^^-^^ + -^. 

(38.) Find x when 

aj ,^ XXX \0-x ^^„ 

(39.) What is the L.GM. of ic^+jc^y + ajV+«V+^+2/* 
and a^ - ar*y + oc^i/^ - a;^^ ^ a^ _ yS ^ 

(40.) Find the value of ^^ ^r^ — ^ when fc=a. 

(41.) A person bought a certain number of eggs, 1^^ 
of them at two a penny, and half of them at three * 
penny. He sold them again at the rate of five for two- 
pence, and lost a penny by the bargain. What was tlio 

number of eggs ? 

Sx^ — 4a^ — 03 — 1 4 
(42.) Eeduce 6y3_ii^_iQ .7 ^ ^^ lowest terms- 

(43.) Solve the equation — 

.135aj--225 -36 .09a; -.18 
.15a; + ^ = ^ ^ 

(44.) Show that if 

— —r + ?-— T + — — T = 1, then abc = a + 6 + c + 2. 
a+1 6+1 c+1 ' 

/.ex ,.. ., 1 1 1 3,111 
(40.) Divide -5 + T3 + -S r- by - + t + -» 

a^ 



(46.) Simplify ^^^ + 



1-a; 

1+a; 



1-a; 
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/Afr\ AAA ^^ ^^ ^ 

(47.) Add (^3^J(^^ + (a - b){b - c) "^ (6 - c)(c - a) ' 
(48.) Find the value of a? in the equation — 
(2b + 2c - xy + (25 - 2c + a;)2 - (26 - 2c? + a;)2 = (26 + 2d-xy. 

(49.) It is between 11 and 12 o'clock, and it is observed 
that the number of minute spaces between the hands is 
two-thirds of what it was ten minutes previously. Find 
the time. 

(50.) Multiply .la -.22/ by OZx+Ay, 

(51.) Find the value of a^ - 63 + c^ + 3a6c when a = -03, 
5=1, and c=-07. 

(52.) Solve —,(l+-) - — (l +-) = 7^ + 1- 
^ ^ a-6\ x/ a-c\ xf {a-c)x 

(53.) IfX = 6 + c-a, Y = c + a-6, and Z = a + 6-c, then 

a^-{b--cf b^-{c-af c^-(a- by _ -XYZ 
a2-(6 + c)2 ^ 62-(c + a)2 ^ c2-(a + 6)2 " (X + Y + Z)3* 

Prove this. 

(54.) Find the g.cm. of o:* + lOic^ + 20aj2 - lOa - 21, 
ar*+4a:8 - 22aj2 _ 4aj + 21, and a* - 10a;2 + 9. 

(55.) A tenant hired his farm for £10 a year in money 

*^d a corn-rent. When the com sold at 10s. a bushel, he 

P*id at the rate of 10s. an acre for his land ; when it sold 

** 13s. 6d a bushel, he paid at the rate of 13s. an acre. 

"*^ *iid the number of bushels of corn in the rent. 

•e-/% V «i x-a x-a-1 x-b x-b-\ 

V.06.) Solve T o = 1 — T 1 — o- 

^ ' x-a— I x-a-2 x—o-l x-b-2 

(67.) If 8=^a-\-b-\-c+ , . . . to 71 terms, show that 

L^a «-6«-c /111 \ 

^ b c \a b c J 

<58.) Find the sum of 

a2_(b-cy b^-{c-af c^-{a-bf 
(a + c)2-62 "^ (a + 6)2-c2 "^ (64-c)2-a2* 
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(59.) What is the l.gm. of ic8-3a;2+3a;-l, a^'a^'-x-\-l, 
0^4 _ 2x3 + 2aj _.i^ and re* - 2ic8 + 2a;2 - 2a;+ 1. 
(60.) Solve the equations — 

X y ^ x-y x + y 

+ -^ = 2a. ^ - ^ 



a + b a-b ^ 2ah a^ + b^' 

(61.) A railway train, after travelling an hour, is de- 
tained 24 minutes; after which it proceeds at six-fifths 
of its former rate, and arrives 15 minutes late. If the 
detention had taken place 5 miles further on, the train 
would have arrived 2 minutes later than it did. Find the 
original rate of the train, and the distance travelled. 

(^2-) ^^6=5=7' P^°^^ *^* b ^ Ib + md+nf 

(63.) Divide a^ + oh + b^ by a + afe4 + 6, and oi-a^ by 
a^ - aaaji + a, 

(64.) What value of x satisfies the equation — 

x + a _ /2a; + a + cy 
~+b " \2x + b+c) 



X 



C 1 _L. oj 4^ O^ 1 — 31 "^ 

(65.)SimpHfy | -^_ + j^, + ^-3^, - 5^ | 

• (1-02+1+0:4 l+a;2|' 



(66.) Show that— 

1 1 



X + ^ ' x + - 2/(«^« + a; + ») 

1 y 



= 1. 



(67.) CoUect— 

bc{a + d) ac{b + d) <ib{c-^d) 

{a - b)(a -c) (a- b)(b -c) (a- c){b - c) ' 
(68.) Solve the equations — 

x + 2y 3y + 42 5aj + 62 ,^_ 

y = — 3 — = — 9 — , x + y~z = 126. 
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(69.) A and B travel 120 miles together by raiL B, 
intending to come back again, takes a return ticket, for 
wMch he pays half as much again as A. They find that 
B travels cheaper than A by 4s. 2d for every 100 miles. 
What was the price of A's ticket ? 

(70.) Show that t = (a-6)( + t ). 

^ ' x—h x — a ^ '\a-a5 h-xf 

(71.) Prove that {ay - hx)^ + {hz - cy)^ + {cx- azf + 
(aa + 6y + czf is divisible by a^ + h^-\- c^ and x^ + y^ + z^, 

(72.) What values of x and y satisfy the equations — 

•18a;-.025 \ 5.2+.01y 
2-403+ •32y ok = -oaj H ^ , and 

.22/+ -5 _ -4903-. 7 „ 
15 ^2"" 

(73.) If « = a + 6 + c+....to7i terms, show that 

s-a 8-h 8-C 

1 1 1- • • • • = 71 — 1. 

8 8 8 

(74.) Find the time between 3 and 4 o^clock, when the 
^0\tr and minute hands of a watch are — l8t,, coincident ; 
'^^^.f in exactly opposite directions; and Srd,^ at right 
^■^gles to each other. 

(75.) If 5 = T = , show that m+n + r = 0. 

^ ' a-o b-c c-a^ 

(76.) Solve the equations — 

^^"*'^2/= ^2_j2 > and 

^x - ^ — + (6 + c + m)my = m^x + (6 + 2m)bm» 

(77.) Find the g.cm. of 

^a^ + e^-a^-l and g^a^ + 2e'a2 - 2e* + a^ - 2. 

(78.) A and B are two towns situated 24 miles apart, 
^ix the same bank of a river. A man goes from A to B 
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in 7 hours, by rowing the first half of the distance and 
walking the second half. In returning, he walks the first 
half at three-fourths of his former rate; but the stream 
being with him, he rows at double his rate in going, and 
he accomplishes the whole distance in 6 hours. Eind his 
rates of walking and rowing. 

(79.) If 28 =a + h + Cj show that 

(«-a)2 + («-5)2 + («-c)2 + s2 = a2 + 62 + c2. 

(80.) Given— 

7yz = 10{i/ + z), 3«c = 4(» + a;), 9ay = 20(a; + y), 
to find X, y, and z, 

(81.) A ship sails with a supply of biscuit for 60 day" 
at a daily allowance of a pound a head. After being 
sea 20 days, she encounters a storm, in which 5 men a 
washed overboard, and damage sustained that will cans 
delay of 24 days ; and it is found that each man's 
allowance must be reduced to five-sevenths of a 
Find the original number of the crew. 

(82.) Reduce to its simplest form — 

■^ I {a-y){a-xf ~ {a-x){a-yf\ I 

(83.) Solve the equations — 

Tx . fi,, 3y + 6 ^ 3a;-2 
4 "^ ^ 5 10 80 -a; ^ 

~6 8 "T6~' ^^ 

Zx 2y J _ (x y l\ 
"2 ■*"T+2 ■"^V2'3"*'6;* 

(84.) Add— 

1 1 1 

(a - h){a - c){x -a)'^{b- a){h - c)(x - 6) "*" (c-a){c-b)(x^^' 
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(86.) A packet sailing from Dover with a fair wind 
arrives at Calais in two hours; and on its return, the 
wind being contrary, it proceeds six miles an hour slower 
than it went Now, when it is half-way over, the wind 
changing, it sails two miles an hour faster, and reaches 
Dover in six-sevenths of the time it would have done had 
the wind not changed. Required the rates of sailing, and 
the distance between Dover and Calais. 

(86.) Divide 

(87.) Solve the equations — 

x + t/ + z = 0, (a + b)x + (a + c)y + (b + c)z = 0, and 

abx + acy + hcz = 1. 
(88.) Prove— 

l+gy)(l+agg) (l+yx){l+yz) (1 + zx)(l + zy) ^ ^ 

ix-y){z-x) (y-^X^-y) {^-^){y-^) 

(89.) A person sculling in a thick fog meets one barge, 
ioid overtakes another which is going at the same rate as 
'te former. Show that if a be the greatest distance to 
v-hich he can see, and b, h' the distances that he scuUs 
>«tween the times of his first seeing and passing the barges, 

1 1^ _ 2 
h^ h' ^ a 

(90.) Find the g.cm. of 
^Q?-\-^-^-\ and 6^ar' + 2e*ar»-62x_2ex^j^_l 

(91.) Solve x-ay -V aH ^ a^ x-hy -vhH ^ 6^, and 
(92.) Prove that 

G+IT+ (-+-y+ fi+-y= * + (-n)(-+-)(i+-)- 

\c of \a cf \o a) \c of\a cf\o af 

/oo\ n- a^^ + hx+c ax + b ^ 

(93.) Given — sr^ — = ;— to find x, 

^ ' px^ + qx + r px + q 
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(94.) J£ xy + yz + xz = l, show that 

X y z 4cxyz 



l^aJS ^ 1-2/2 \-z^ " {l-aP){\-y^){\-z^y 
(95.) A, B, and C are employed on a piece of work. After 
3 days A is discharged, one-third of the work being dona 
After 4 days more B is discharged, another third of the 
work being done. C then finishes the work in ^yq days. 
In how many days could each separately do the work ? 
(96.) Find the value of x from the equation — 

1 8 

1 "■ ^ 

1 —. 3 + — 



5 + -. 



« 1 X 

3 - -. 

4-03 



/ft^\ i-«- (mn-an-hm\ (m-a-h\ , , 

(97.) Given m I -r 1 = ^1 r I to show 

^ ' \am + bn- ran J \a + b — nf 



that a + = 



m + n 

(98.) Shov that c-.(a_6)(«_rf) + a»(6-c)(c-d) " ^^c 
when m = 1 or 2. 

(99.) Solve the equation — 

1 1 _ 1 1 

{x + af - 62 "^ («+ hf - a2 ~ aj2 _ (a+ hf "^ a;2 - (a- hf 

(100.) Prove that — -r- = a+6+c when -^ = — ; 
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EXAMIiN^ATIOK" PAPEES 

FOB 

SCIENCE SCHOOLS AND CLASSES. 

Selected from those set dwring last ten yecurs. 



MAY 1871. 

a(h- n/c)2 
(1.) Find the numerical value of /-, . - when a = 3, 

s/b^ - a^ 

^ =a= 4, c = 5, to two places of decimals. 

(2.) Find two numbers whose sum shall be 8, and their 
^^iflference -6. 

(3.) Divide a^ - xy^ + ^ hj x^ - xy + y^, 

(V) Explain clearly why, in algebra, the product of 
^ negative quantity by a negative quantity must have a 
^sitive sign. 

(5.) Solve ttvo of the following equations : — 

, . X-5 X -^ 35-10 

(a) -3- + 2 = -^2--3~' 

8a; + 5 7a;- 3 __ 16a;+15 2J 

(^) ~T^ "^ 6^+2 28~" ^ 7 ' 

2 

(c) s/x+l + >/^-l=7^^- 

(6.) Keduce ^ (a^ + 52 _ ^2) + ^ (h^ + c2 - a^) + 

^^^(a2 + c2 _ 52^ ^ j^g simplest form. 

(7.) A foreman has 116 half-crowns, and wants to pay 
^^ men, some at 6s. 6d. and some at 5s. 6d. each. He 
*^ds he can do this without change by paying them in 
S^ups. How many are there in each group ? 
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MAY 1872. 

(1.) If a = 4, 6 = 3, c=ll, 03 = 6, find the numerical 

Jab + ix - Ja^ + 62 

value of — / = r . 

Ja^^-4:c- J7x + 2{ab-l) 

(2.) Divide as^ + icy^-y^ by a;2-a^ + y2^ 
(3.) Find the least common multiple of 7(a^-si?)^ 
9(a + xy, 1 5(a - a), 3(a2 + a;2), 21 (a* - sd^). 
(4.) Solve ^100 of the following equations : — 

(a) ^(6x -1) - 6(22 - 3a;) = 2a; - 3. 



(h) 



X x-^a a^ 



x + a X (a;-a)2' 
5 7 



?_y^ 1 



??-5 = 2 



2 3 

(5.) A train carrying three classes of passengers at 6 
4d., and 3d., has 8 times as many third-class passengers ^k- 
there are of the second-class, and 7 times as many secon^_ia< 
class passengers as there are of the first-class. The who^^=>l 
sum received was £19, 7& 2d. How many first-cln ^^ 
tickets were issued ? 



MAY 1873. 

(L) Find the values of {bz - cyY + {cx- azf + (ay - hs^^f 
and of (a2 + 62 + c2)(aj2 + ^2 + ^^2) _ (oo; + 6y + c«)2 wlu 

a = l,6 = 2, C = 3, 35=1, y = ^, 2; = J. 

(2.) Multiply (a + 6)2 + (a - 6)2 by (a4-6)(a-6), a 
divide the result by a^ + a26 + a62 + 6^. 

(3.) Beduce to a single fraction. the expression — 
a-\-x a-x 2aa; a^ + x^ 

a-x a-\-x a^'-2ctx-^ap a^ + 2ax-\-a:^ 
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(4.) Eeduce to its simplest terms the fraction — 

24a^ - 82a;2 + 89a? - 30 
72ic* - 306aj3 + 469a;2 _ 306a; + 72 * 
(5.) Solve two oi the following equations — 
. . 34a;-56 7a;- 3 7a;-5 ^, 

W —15 5 3"" ■*".*• 

JL 2 3_ 4 _ 

W x-4: x-6 a;-24'*"a;-20'" 

(ax + by^cl 
^' I ex + ay = ) 
(6.) A. flock of 37 sheep, wethers and ewes, was sold for 
^89, Is. Od., a ewe fetching only three-fifths of the price 
^f a wether. Altogether, the ewes fetched JB4, lis. Od. 
^ore than the wethers. How many wethers were there, 
*^d what did each sell for 1 
(7.) Show that 

{m-'a)(n-a) (m-b)(n-b) (m-c)(/i-c) _ ^ 
(a-6)(a-c) (6-c)(6-a) (c-a)(c-b) " 



MAY 1874. 

(1.) Find the value, when a = 3^ , h = 1-j^ , c = 2y^^ , of 
{ a^b + c){{b-cy + {c-ay + (a-by} 
^ a{bc - a^) + b{ca - 62) + c{ab - <^) 

(2.) Reduce to its simplest terms o^ o _ i q g ■ i * 

(3.) Solve two of the following equations — 
17x-5 3a;-25 _ 7 -5a; 

w —18 9 — r~ ■*■ ^^* 

(6) n/9^+T0- n/4^T7= N/(a;+ll). 

(c) ay + bx = cy -{• dx=\, 
(4.) Of two square fields, one exceeds the other by 100 
^«res, and its side is longer than that of the other by 400 
y^ds. Find the length of the side of each field. 
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(5.) A cistern has a supply cock, and also a three-way 
cock which can be used either for supply or discharge at plea- 
sura When both are used to fill it, it fills in half an hour. 
When the three-way cock is used to draw off, the other 
fills it in an hour and a half, notwithstanding the discharge 
going on. In what time would each fill it separately 1 

(6.) 11 (IX + by = 1, aiid ax^ + bi/^ ==—-7, then ciaf^ + h^^^ 
(a + by 



l-n 



MAY 1875. 

(1.) Explain clearly the reason for the rule of signs 
algebraic multiplication, by which 

( - a) X ( - 6) = 4- a6. 
(2.) Find the value, when a = 2J, 6 = 3J, c = 4|, o^=^ oi 
6 V(c2 - b^) + c^a\a^ - c2) + a2&2(&2 - dP) 
(6 + c)(c + a)(a + 6) 
(3.) Find the least common multiple of 
l-8a;-fl7cB2 + 2iB3_24ic* and 1 -2a;- 13aj2 + 38a:3_ 

(4.) Solve two of the following equations — 
4x-3 _ 3> 
W6a!-5~6-3^*. 
(6) (a; + d){x + Za){x + 6a) = (x + 2a)(a; + 4a)*. 



f X + Van/ = 18 ■) 
(") \^- y =91 



(5.) A lady, wishing to relieve a number of poor peopl 
finds that, if she gives them Is. a piece, she will have 3i 
4d. left, and that she has not enough by 2s. 4d. to giv 
them Is. 4d. a piece. How many had she to relieve, an^ 
how much money had she to distribute ? 

(6.) If - + J + -4- = 0» and l + l + -4-=0 
^ ' ah a+x a c a+y 

111 
also - + - + - = 0, then a + b + c^ 0. 
a X y 
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MAY 1876. 
(1.) Find the value, when a; = 3, y = 4, «=5, of 

(2.) Find the least common multiple of 24aa^, 
ibah^^, 76ah^y, and lOOa^xy^. 

(3.) Show that a-h, h-c, and c-a cannot be all three 
positive or all three negativa 

(4.) Solve two of the following equations — 

3«--7 3^ + 7 5a;- 9 3x + 9 

/j^ x — a 3b — X ^ 






(5.) Two arm-chairs cost as much as five common 
^Ixairs, and I bought a set of three arm-chairs and fourteen 
^J^dinary chairs for £37, 12s. 6d. What was the cost of 
^a^jhl 

(6.) One square of carpet contains 16 more square 
^Qjds than another, and its side is 2 yards longer than 
^lie side of the other. How much does each measure 1 



MAY 1877. 

(1.) Find the value of 

(b - c)3 + 2(c - ay + (a - 6)3 - 3(6 - c){c - a)(a - 6), 

^liena=l, 6= -^, c = f . 

(2.) Divide 5a^ - ISa^x + 6a^x^ - sd^ hj ic^ + Box - a^, 

(3.) Simplify the expression — 

oc - b^)(ce -(P) + (ae- c^){bd - c^) -(ad- bc)(be - ca). 

„,^\ . , ai^+iix^-l9x^-i6x+120 
(4.) Reduce to its lowest terms y4_Q5 2 14.4. ' 
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(5.) Solve Udo of the following equations — 

3 5(0: -2) 3/ 1\ 
{o)x-^ 4- = 2V''-T0J- 

(6) a{x-a) + h{x-h)-\'2ah = 0. 

(2x= 9 - 3y ) 
(^^ t5y = 24 - 6x\' 

(6.) At what time between 4 and 5 o'clock are the 
hands of a watch exactly at right angles to one another? 



MAY 1878. 

(1.) Find, when a = 1, 6 = 3, c = 4, the value of 
{ac - bc)(a + b) + bc(c -a)- ca(a - b) 
{b-c){c-a){a + b) 

(2.) Simplify the expression — 
2(x^+2ax+a^){x^-2ax+a^)-2{a^--x^)^+5ax{a+xY-20ah^ 

[x - a)(x + a) 

(3.) Find the greatest common measure of 

45a:3y + 305^^2 _ g/jjyS + Q^i ^n^j 54:X^7/ - 24^^. 

(4.) Solve two of the following equations — 

7^-28 4a;-21 9-7a; 
(a)— 3 3i + — y— =a;-7J g— . 

6 e^ ax c 

(c) 2a; + 3y = 3a; + 2y = 25. 

(5.) The depth of a pond at one end is twice as great 
as at the other. Eighteen inches of water (in depth) are 
drained off, and the deep end is then three times as 
deep as the shallow end. What were the original 
depths ? 

(6.) Find the value of a^ - 8if + 29z^ + ISxj/z, when 
2y = x + 3z and z — 6. 
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MAY 1879. 

If nh and n are positiye whole numbers, explain — 
he meaning of A"*; secondly y why A"* x A" = A"'+*; 

When a = 3, 6 = 4, c= - 5, what is the value of 

Reduce to its lowest terms — 

a;^-2a^-25a:2 + 26a;+120 
a:*-4aj3-19a;2 + 46a + 120* 

Solve Ujoo of the following equations — 

,.K _1 L - _i L 

^^^ a.-.3 x-7 x-2 a-e* 

(c) aaj + 6y = 6a;-ay = c. 

A herd of 125 cattle was sold for £2575. There 
lalf as many oxen again as there were cows, and the 
fetched altogether £25 less than the cowa What 
e price of each ox and of each cow 1 

If one part of £400 is put out at 4 per cent, per 
I, and the other part at 5 per cent, per annum, and 

yearly income obtained is £18, 5s., what are the 



MAY 1880. 

Find the value, when 05 = 5 and y = 3, of 
ic* - ^a^y + 6a:2y2 _ ^^y^ _j_ 2^ 
2a:^ - ba^y + Qxhj^ - ^xy^ + y^ 

Multiply a^-x^ by a^- x^, and divide the product 
"-aj)2. 
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3.) Simplify (a-6)(6 + c)(c + a) + (6-c)(c + a)(a+ft)+ 
(c'-a){a + b)(b + c), and find its value when a=l, J =3, 
and c = - 2. 

(4.) Solve the equations — 



W I 0.03a; -04^ = 0.46 I 



(5.) The rent of a shop is two-sevenths of the rent of 
the whole house of which it is a part Being separately 
rated, its occupier pays £10, 15s. a year less in rates than 
the occupier of the rest of the house. The rates are 
3s. 7d. in the £. What is the rent of the whole house? 

(6.) Find, as a fraction in its lowest terms, the value of 

1 1 

a3-3a;2_l5a; + 25 a^ + 7x^ + 5x'-2b' 



AN S WE ES. 



-♦♦- 



EX. L-CPage 14.) 



4a+176-15c. 
8a»-17a6+2562. 

-15a«-13a^-14y8. 
a«6-36c3. 



(7.) 24a;+4y. 

(8.) 19xS-9a?-31aj+3. 

(9.) 8a+66-7a;-5z. 
(10.) 7aa+3a-7a;+10a:3. 
(11.) 12a4-a»6+5a262-8a63+464. 
(12.) ic4-4a^-4a;+l. 



The terms need not be in the same order as here set down, but 
they must otherwise be the same. 





EX. II.-{Page 16.) 




Ia2+3a6-262)a;. 
TO-5n)y. 

z8-3a2+3a-l)a:?. 
2a-6-c)y2. 

ax+ay. 


(8.) (4m-2p+2)a^. 
(9.) (2a3+262)a;+(2a-26)y. 
(10.) (a3-a26+a53-63)a; 

+ (a8+2a26+2a53+68)i^ 
+ (a3-a262+63)«. 
(11.) (63-c8)a;+(a2-c2)a^»+(a+c)ic3. 

(12.) (5a+36)a;+(4a-6)2. 


1 


EX. in.--(Page 17.) 


4. 

36. 


(3.) 0. 
(4.) -7. 


(6.) 1. 
(6.) 0. 




EX. IV.-{Page 19.) 




(3.) li. 
(4.) 3. 




(5.) 13. 
(6.) 37. 





BX. 


T.-( 


PW".) 


(1.) ]2;34)3a. 






(7.) 8>. 4d.;6B.8d.;6fc 


(2.) 6 fast; 24 feet. 






(8.) 10 hours; IWmilat 


(3.) 6 yeiai ; SO jean 






(9.) £180; £120; £80. 


(4.1 13; 84. 






(10.) 50mi]t». 


(6.) 23. 






(ll.)8ho™«,;8<Henil6«bB^ 


(6.) Squarta. 






(12.) £1, la. 




BX 


Vt-{P>«»M.) 


(1.) awy. 






(13.) 2i»»-3sa-2a>+31». 


(2.) Ua". 






(14.) -3ax+3bp+Sa. 


(3.) Soft. 






(15.) 4a:*+2it»-8^+2r-6. 


{*■) -eay». 






(16.) c>+<i>. 


(6.) -7o*c 






(17.) a'-4o'54-o+4ai>. 


{6.) -Som.. 






(18.) b-Fd-y-tory+t-b-d. 


(7-) 6a-3&.- 






(19.) (4a»-6k)j?. 


(8.) 9a>+7abe. 






(20.) (^+S,-Sc)xs. 


(9.) 3a' -f. 






(21.) {m=+2«i7.-SW)ja. 


(10.) -2,5+8^. 






(22.) <a6-dr)jr+(te-te/)j,+(oi-.ft,): 


(11.) 3o>-2y. 






(23.) 14ui+t=-3)i+(26=-4a'-3)3 


(12.) 4o+2t-4e. 






(24.) (2a>-4alH-2(i')Je». 




EX. 


m-(Pag« IB.) 


(1.) 3a -3«. 






(7.) 1. 


(2.) 2^-x. 






(8.) -2ff». 


(3.) 4o'+8i". 






(9.) 2y^2a6'. 


(4.) S0^-4a?+4*-3, 






(10.) 5x*+2i»-2;^+2i-2. 


(6.) 4o>+2. 






(11.) 40+6&. 


(6.) 2a*2b. 






(12.) 0. 




EX. 


TOL- 


■<Pag8 SO.) 


(1.) 4. (2.) 11. 


(a) 47. 


(4.) 6. (5.) 0. (6.) - - 



1.) 



(5.)(o+J)-(e+<i)+(e-/). 
(6.) (a + b-c)-{d-e+J). 
(7.) (Sa+4i) + (3c-4iB)-(8(r+4- 
-) (3o+4fi+3c)-(4it+3s+4tS 



(1.) (3o-»+4c). 
(2,) (-4o'+2(i6-iS). 
(S.) -(aa!+te-o). 
(4.) -(-a>+o'-2a+2). 

(9.) j5oJ^(3o5+2a)i-)4f-(26"-6)'. 
(10.) !i'+{a>i>-3j:)(-.jVl (2y^ + 3;,i|. 
(U.) -[-|3o=-(3oi+a,)! + i46™ (3i;-6)n, 

-I[4ia- (263-6) t )5aa-(a,= 4-So)|]. 
(12.) -[-lii'+(2rf'-3«)i + )j/'-(V+3ff)jl 
-[|ff*-{V+3!/)i-i«'+(2a?-3*)j]. 





ANSWERR. 


:iii 


ftC X.-CPage 84.) 


• 


(4.) 5. 


(7.) 3. 


(10.) 3. 


■ 


(5.) 3. 


(8.) i. 


(11.) 4. 


■ 


(6.) 6. 


(9.) §. 


(12.) 7. 


BX.XL- 


(Page 36.) 


34; 293. 


(10.) 27 J miles. 


1 feet ; 18 feet. 


(11.) 2 P.M. 


30 women. 


(12.) 48. 6d. 


feet 1 inch ; 3 feet 4 inches. 


(13.) 15; 12; 8. 


87; £32, 10b.; £15,58. 


(14.) 36; 28; 4. 


1. 


(15.) 99; 75. 


L boys ; 355 nuts. 


(16.) 3i hours. 


} years; 20 years. 


(17.) 37 hits. 


L5 sheep; £138. 


(18. ) 18 years ; 24 years ; 30 years 


EX. Xn.-(Page 44.) 


ki^l^ca^yz. 


(13.) 16a4+4a2a^+a^. 


ya^¥mh?. 


(14.) 9»V-4a%»+4a;y-l. 


meh^f^. 


(15.) a<-8a86+24a26a-32a68 


b5mhih^. 


+1664. 


Ip^QfVA 


(16.) -73:2+501^-7^2. 


r3a368c»c<y4g4. 


(17.) a2-62-26c-c2. 


Ja862+20a268. 


(18.) 16jc8+7««+6a:*+3a2+l. 


kfixi/^-6a^hp^. 


(19.) afi-^y^+^-dxyz. 


»86a^ - 12a262a5y + i2a6Sag,. 


(20.) 4a*-20a8+33a2-20a+4. 


B3+13a^+62/a. 


(21.) x8-4a;2+a;+6. 


J+3a26+3a62+68. 


(22.) a8«i«-a%<-a%3+L 


il^-3ahi-6ahi+2aa^'- 


(23.) a8-16jc8. 




16ax?+5xi^. 


(24.) ab+cd. 





i-(3a+26)a58+(3a+6a6+26)a;2-(9a2+462)a;+6a6. 
h^+{a^b-a^+a^d)x^--{(ibc-€Lbd+(icd)x-bcd; or, 

ah:^+{b-c+d)ah? -{be- bd+cd)ax-bcd. 
^-{a-c)x+{a-b){b-c)f or x^-{a-e)x+(ib-ac-bf^+bc, 
^-2mofi+{2bfi-l+m^)x^-2bhnx+b*. 
»+26jcB+(a2+362)a;*+(4a26+468)«3-(a4+2a262-364)a;2 

+ (2a46 - 4a268 + 266)^. - (a2 _ 62)3. 
'+26jcB+(a2+362)a4+4(a2+62)6jB3-(a2-62)(a2+362>B2 

+2(a2-62)26a;-(a2_62)8. 

EX. zm.-(Page 50.) 



9a2+28o6c+462c2. 
5x*-10a;2y2+y4. 

^+4^+^+4xy+Qxz+12yz, 



(4.) x^-i3fi+6x^-4x-\-l, 
(5.) x*-49. 
(6.) x^+ix^+ie. 
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ANSWERS. 



(7.) ic^-ir'ya+Za^-y*. 
(8.) «8-L 

(9.) m*c*-2m2n%V+»*V. 
(10.) (a+6)2-(c+d)2, or 

a3+2a6+62-c3-2cd-«i2. 
(11.) (l-x8)2- (2a; -2x8)2, or 

l-4ic?+6a»-4fl5*+flcP. 
(12.) l+8«». 
(13.) a»68-c5. 
(14.) a*-8a»+16a2-16. 



(15.) -36a:a+l(»«. 
(16.) 0. 

(17.) a^+aaft^^^+ty. 
(18.) 0:8+81x4+6561. 
(19.) 35fl:2ya. 

(20.) 84a;+28. 
(21.) 30aa+2io. 
(22.) 2«»-aj2-6a;. 
(23.) (3a-36)a;. 
(24.) 2a:8+6a26+26». 



(1.) 259. 
(2.) 123. 



EX. ZIV.— {Page 51.) 

(3.) 303. 
(4.) 1. 



(5.) 14. 
(6.) 8272. 



(l.)4. 
(2.) 2. 
(3.) 5. 



(4.) a 
(5.) 7. 
(6.) 6J. 



XV.— {Page 62.) 

(7.) 1§. 
(8.) 8. 

(9.) 1. 



(10.) 2. 
(VL) li- 
(12.) 1- 



EX. XVL— (Page 66.) 



(1.) 8. 

(2.) 35; 5. 

(3.) 7; 8. 

(4.) 23 yards; 46 yards. 

(5. ) 60 feet ; 50 feet ; 1800 sq. feet. 

(6.) 15 gallons; 7 gallons; 10 
gallons. 

(7.) 17; 11. 

(8.) 18 men ; 21 women ; 6 chil- 
dren. 



(9.) 5d. 

(10.) 169. 

(11.) 665. 

(12.) 3i miles. 

(13.) 2820 gallons. 

(14;) 5 gallons. 

(15.) 18; 23; 162 miles. 

(16.) 30 feet. 

(17.) 117. ^. 

(18.) 19 oxen ; 380 sheep; ^^ 



(1.) 2aac2. 
4a% 



(2.) - 



y 



EX. XVn.— (Page 69.) 



(3.) -2«'c- 

(5.) 2a^-da^+4axK 



(6.)|a2_9^+3a.2. 



ANSWERS. :21Vf 


-L 


(22.) l-ai2+aj*-aJ»+ etc. 


+%. 


(2a) 1+2x-2x»-2x*+2jb8+2x7- 


«-3a^+y2. 


2a^- etc. 


-3a2x»-2aj*. 


(24.) l-ai5a+2x8+3x*-6x»+2jB8+ 


»+2x-l. 


etc. 


-2a:»+a;-2. 


(25.) a?-aa;+a6. 


+ 2 + J-3- 


(26.) x?-6aj+a. 


(27.) a:a+(a-6)a;r-a6. 


.-0^+3.-1+ J^+i,. 


(28.) l+(a-6)a;+(a+6)a;2-ote». 


(29.) l+{l+a)x+{a+b)a^ 


sc3-2{b3-2x+1' 


+(a+6+c)x8+(6+c)jB* 


+(c+l)a:5+a:«. 


-2y-3z. 


(30.) a-(a-6)aj-(6-c>B3 


i»-2aey+y2+2x+y+L 


+(a-c+d)x8_(a_5+^ 


8^+22+1. 


(6 .Vr«,(«-«+^)a^+(ft-^>»^ 


EX. XVin.-{Page 76.) 


c{a^+bc). 


(18.) (a;+4)(a;-3). 


t+j/){ax-y). 


(19.) (a;+12)(a;+5). 


[a+b){a-b)x. 


(20.) (aj-20)(a;+3). 


{a+2x){a-2x)x. 


(21.) {x-a){x-c). 


i+iy^. 


(22.) {x-a){x+b). 


L-3a)3. 


(23.) (aa5-2^)(aa;-C3/). 


c+l)a;2. 


(24.) {ax+by){cx-dy). 


+y+2)(aj+y-2). 


(25.) (4x-3y)(3a;-4y). 


+y-2)(a;-y+2). 


(26.) (6x-5)(4ic+3). 


-26+3c)(a-26-3c). 


(27.) {x+l){x+y). 


.+n+p+q){m-n+p-'q). 


(28.) (a;+y)(a;+2/+l). 


+6yKa-6)3. 


(29.) (a+l)(a?»-2a;-l). 


+3)(a;+4). 


(30.) (aj-3)(a;+2)2. 


-2)(a-5). 


(31.) (2a;+3y-42)(2ic-^+42). 


+5)(a;-2). 


(32.) (aj-l)2(ica+a;+l)(xa+a;-l). 


-4)(a;+l). 


(33.) (2a+3a;)(4a2-6aa;+9a;a). 


+12)(a;+l). 


(34.) (x2+y*)(x*-a;V+y*). 



(35.) (a;+y)(a;-y)(a;2-aJ2^+y2)(jB2+a^+y2). 

(36.) 2a(2a-5aj)(4a2+10aa;+25a;2). 

(37.) {x+l){x+y){sjfi-xy+y^), 

(38.) (4a;-l)(16a;2+4a;+l). 

(39.) {aofi+b^){ahi^-ah^h^+bY), 

(40.) (a;2+l)(a;+l)(a;-l)(y2+l)(y+l)(y-l). 
(41.) (4+2a;+aj2)(4-2aj+a2). 

(42.) (a262+3a6+9)(a262-3a6+9). 
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ANSWERS. 



(43.) («*-a:'3^+y*)(a?-a^+yaXa5'+«y+J^)- 

(44.) (aj2+4)(a;+2Ka;-2). 

(45.) (a?+2x+2)(aj2-2x+2). 

(46.) {a^+2x+2){a^-2x+2){aP+2){a^-2). 

(47.) {x+y){x+y+z){x+y-z). 

(48.) (4a;+l)(a;-2y)(aj2+2xy+43^). 

(49.) {x+y){x-y)^{x^+xy+t/^). 

(50,) 2(aj-y)(x-lKy-l). 



(1.) 2a^. 
(2.)1. 

(1.) x8-4iB2+5a._6. 
(2.) 4a«68-8a26-16. 
(3.) 3+4iB2+5a4+6a^. 



EX. xnL— (Page 76.) 

(3.) 2{a^-x-l). 
(4.) a+c. 



(5.) 4x(2y+l\ 
(6.) 2x». 



EX. XX.--(Page 80.) 

(4.) l+4a;+3aj8+2x»+aj*. 

(5.) ^-ar^-4- ^^2- 

(6.) Ito4,6a^ + 5a^,y4, g^8^ . 

EX. XXI.-{Page 82.) 



(1.) a5»»+*»; aw+y»+i. 

(2.) a«+y+». 

(3.) a8»»-a3»«ar»+a'»»aJ3»»-a58»». 

(4.) a?»+2-.ic»y+a;y»-ym+2, 

(5.) a2jg6m_aca;3m+l+(ct^_52)aj3m 

- (od - 6c)a^+i + bca^ - 
(bd-{-(P)x'^^+cdaP, 



(6.) aj»»-(m-l)"». 
(7.) a?»+i-a?»+a^-i. 

(8.) a^+lym+ai2yam-l. 

(9.) a"»-jB*». 
(10.) a»» -«*»-!+ a*»-2 
(11.) aaj^-6a5^-i+ca5**'*. 
(12.) {B»»-na?»-i+n(»-l)a!"'*- 



(1.) a-i+»-i. 

(2.) x-a+x-^a^-x-^a^. 

(3.) iB8-aa^+a2a;-a«+a*i;-i. 



EX. XXIL— (Page 83.) 

(4.) x-4-aaj-8+6a;-2-ca;-i+i 
(5.) a-«»+a-<"*+i)+a-(«^>- 
(6.) a;a»+jc»+l+a;-»+a!-**+^ 



(1.) 



3^ 
10 



(2.)t 



EX. XXm.— (Page 84.) 
(3.) ^, 

641 



(4.) 



10000 



(5.) 3. 
^ ' 100 



EX. XXIV.— {Page 86.) 

<1.) iB8+4a:2+16x+64. 
(2.) aj*-2{B8+4a;2-8a;+16. 



(3.) 27iB8-9a;2+3aj-l+^' 



(4.) 32«5-48ic4+72ic3-108a;2+162a;-243. 

68666 
(5.) 25a«- 35a362 + 496* - ,7^^, .. 



ANSWERS. 
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(L)3. 

(2.) i. 
(3.)L 
(4.) 2. 
(5.) 1. 
(6.) 3. 



XZV.— (Page 87.) 

(7.) 4. 

(8.)1. 

(9.) 10. 
(10.) 3. 
(11.) 4. 
(12.) 2i. 



(13.) 1. 

(14.) li. 

(15.) 1. 

(16.) 4. 

(17.) 2. 

(18.) 3. 



MISGELLANEOnS EXAlffPLE&--(Page 89.) 



L) a»+6»+c». 

2.) 3«»+2aJ»-i+2a!»-2-3aJ»-« 

3.) 384. 

L) 12. 

5.) a, 

5.) 25. 

r.) a^+<W-a^(P^JAJP. 

J.) 1 - {l+a)x + {l+a+hyx? - 

[l+a+b+cyx^-^ etc. 
).) a+Zb+4x+4y. 
).) 2x. 

L) 2d. per score. 
I) a^ + h^cP + a^ + 62c2 = 

a^c^ + d^) + 62(c2 + d2), 

(-2=F2)2 + (-l±4)2 = 25 

= (l+4)(4+l). 
L) iB?+2x+l+7a;-i+3a;-2 
u) {c(a;-6)(3a;+4). 
;.) 3. 

1.) £2, 10s. 
.) (m2 - 7i2)jB* + 2(m - n)g!»s + 

L) 2aaj-26y. 

I.) m^-13m2n^2+3^y, 

I.) 2x, 

..) a2+4a6-1263. 

I.) 72 hours. 

I.) 6a;+ay+(a+6)2. 

l)a-\b'-c-'{d-e-f-g)\. 
».) 4x2. 



(26.) 7iin(m-n). 

(27.) 2. 

(28.) 100 bushels. 

(29.) 0. 

(30.) Whena-6=L 

(31.) a^ + {a - p)x + a^ - ap + q + 

x—a 
(32.) aK 

(33.) {a^+y){s^-fy+y^){a^+i/^), 
(34.) 2x+l=a;+l+ic 
(35.) 3 inches ; 9 inches. 
(36.) a+b+c+d, 
(37.) ac=62, .-. (a+c)2-62=a2+ 
62+c2. 

(38.) By Art. 81, '^-^'^+^^-^'' 

has no remainder. 
(39.) a2. 

(40.) a;2(«+»+c); a060c=c. 
(41.) 2 inches ; 1| inch. 
(42.) 0. 
(43.) 4(a2+62+ca). 

(44.) afi+i3fiy-a?^-x^+^. 
(45.) (8a2+262)x4a6=8a6(4a2+62). 

(46.) 11 Jd. 

(47.) {2a+c)x+{2b+a)p+{2c+b)2. 

(48.) x8. 



(49.) 5i. 
,gQx (g+6)(a6+6c+ac)+a5c+6c2+ac2-g6c _ (a+6)(6+c)(a+c) 

^ *' a+b a+b 

= {b+c){a+c). 
(5L) 640. 
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ANSWERS. 



(52. 
(53. 
(54. 



(55. 
(56. 
(57. 
(58. 
(59. 



(60. 
(61. 
(62. 
(63. 

(64. 

(65. 
(66. 

(67. 
(68. 



(70. 
(71. 

(72.) 



ab+ac-hc, 
)(a+6)2-c2(|(a-6)2+c3[=(a8-62)2+ etc. 

{x-db){a-b)+bx-}A:-cx+b(^+cx-Ai-ax-{-ca^ 
= (a;-a6)(a-6) + (a3-62)c-(a-6)a;-(a-6)c» 
=={a-b){x-ab+ac+bc-x-i^)={a-b){b-c)(c-a), 

5. 

7s. and lis. M. 

w« -pS - 3(na -p2) + 2(n -p) etc. 

a-(»»H-n)+l, 

Puta+6=-c, 6+c=-a, c+a=-6, .'. (a+6)(6+c)(c+ 
= -o6c, (a+6+c)8=aH6»+c8+3a2(6+c)+362(a+c) 
8c2(a+6)+6a6c=0. 

Besolve into the factors (a-6)(a-c)(6-c). 

£2000. 

Arrange (l+a)2-(l+c)a+(c+ac)2-(a+ac)2. 

a;«y-{B'af+3^+3/%-22a;-25^=(x+y)(«+2)(y-2). 

4 

13* 

{n-x)^-sfi=fi^-2nx=n\{n-x)~x\, 
55 miles from B. 




a 1 1 
a^ x'^ a^-x^ 



X 



+ ah^. 



(a-6)(6+c)(c+a)+(a+6)(6c-c2+a6-ac+6c+c8-a6-( 

=(a-6)(6c+a6+c3+ac-2ac-26c)=etc., -20. 
a!^-2^-y-2+x-2 = x2+2+a;-a-(y8+2+y-2) etc.; 

=a4l_y2_a4Ia;-2y-2 + a;-2y2y-2= gtc. 

ic*-2a:8+l-ie2=«*-x8+3a;^a;+2+iB?-6ai2+lla;-6. .'.0?= 

(a+6)8+3(a+6)2(;+3(a+6)c2+c3-(a3+68+cS) 

=(a+6))(a+6)2+3(a+6)c+3c3-(a2-a6+62)( etc. 

Let X = number B left, A cut off 4iB, B cut off 28. 





EX. XXVL— {Page 98.) 




(1.) a262. 


(7.) 2«-y. 


(13.) x+y+z. 


(2.) 4axy3. 


(8.) x{x-2y). 


(14.) 3a;-2y+z. 


(3.) 5a;2y222. 


(9.) a;2(a;-2^). 


(15.) (a+l)(a;+l)- 


(4.) 19mhi\ 


(10.) x+1. 


(16.) a-x. 


(5.) 4a;2. 


(11.) m-as. 


(17.) a?-V-^. 


(6.) abc^ 


(12.) a;2(aj+2). 
EX XZVIL— (Page 104.) 


(18.) ab+ac+be. 


(1.) x-1. 


(5.) a^+2x+3. 


(9.) 3aK3^+2a;-^i^- 


(2.) a^-x^-x+1. 


(6.) x+2. 


(10.) ix^-x+l. 


(3.) 05-3. 


(7.) «(a;2+5). 


(11.) fl5(iB«+ltt!»-*-i^ 


(4.) a:2+a;_2. 


(8.) aj(a;-4). 


(12.) aa;-2-te-^+<?- 



EX. ZZIX.-<P*8a t09J 






, fa+4 j 






SZ. ZXX.-{Pmi IIL} 






(15.) 
(16.)^. 



BX XXZL-CPagellB.) 
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ANSWERS. 



(5.) 



x-1 

x+a 



<«•)!• 



(7.) 



a!*-2!»!+3 



(8.) ^ • 
(9.) 1, 

a-b+c+l x-y+z-1 



(12.) - 



0-6-C+1 «-y-2-l 



(13.) ^bV^ 



(14.) 



5a*6V»' 



a-b 
a+b' 

«-2 



(16.) 

(16.) 

(17.) 
^ ' X 

(18.) x+1. 

a;-3 



(19.) 
(20.) 



g;*+«^+l 
2 



(22.) L 

(23.)|. 

(24.) a;a»H-3j^a!?-ya)*»-V+J'^- 



EX. XXXIL-CPage 123.) 



(1.) 12XkLhrAeyz, 
(2.) c^<^defsfiy^. 
(3.) ISOm^acSySj. 

(4.) fl*c(6+c). 
(5.) 420(a2_y2). 

(6.) x2(a;4-l)(x8-l), or 



(7.) (3fi-4){a^-9). 
(8.) 4a:*-5«2+i. 

(9.) a^x+3){x''7)(x+S). 
(10.) o^-i, 

(11.) (a:*-l)(»2+a.+i)2. 
(12.) {a+b+c){a-b+c)ia+h'C) 



EX. ZZZin.-(Page 126.) 



(1.) x<+3aj8-3a«-7a;+6. 

(2.) 6a:54.i3a4_4jB8_i8a:2-2a;+5. 



(3.) 6a^ 4- a:*y - 43a«j^ - 43a?i^+ 



, . 3a. 26 
^ ^' 30' 30' 

^'^•' 120* 120' 120 



EX. XXXIV.-(Page 129.) 

46ca;2 



(3.) 



Soca; 8a5 



2a6c»3' 2abcoi^' 2aba^ 



lA \ («!±^. M^-fl^). fl(^l 



a&s 



O&E 



,- , aMa-6)2 . a2(a2- 62) . 62(ag-6 2) . a 6(a+6 )« 
^ •' o6(a2-62)' a6(aa-62)' a6(a2-62)' a6(aa-62)* 

(R\ 3(a;-3) . 2(a;-2) a?-l^ ^„,. 

^^•^ (a;-l)(a;-2)(a;-3)' (aj-l)(a;-2)(a;-3)' (x-l)(x-2)(a!-8) 



ANSWERS. 
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(7.) 



sfi-2x+2 2g^-ag4-6 . 2ofi-10x+12 . 



a^+3x-4 



(a) 

(9.) 

:io.) 
:n.) 



aa(x-d)(x-2b) 



. 2bx{ x+2a){ x-b) . 2ab{x-a}(x-b) 

(a;-aX«-6)(x+2aK«-26)' ( ){)(){)'{}(){)()' 

ae'+ag , a^-2x+4 , x^-4x 



(x4-l)(8a;-2) 



afi+a^+a* 



a^+flAi*+o*' 



g(2a;+8) . (a5-l)(&5+2) . 



[12.) 



(2x+3X3x+2)(aa!-2)' ( X K )' ( K K )' 

(4a^~9Xfteg-4) 

( M )( ) 

g^(6+lM a-l). h^+Ha-1) , (6+l)*-M a'-l) . 6^ 6+l)*»+^ 

6«(fc+l)«(a-l)' 6«( X ) ' 6»( K ) ' "^ )( ) ' 



(L) 
(2.) 
(3.) 



•t 



Ste+l, lOy-5 . 15-8a; 
3x-l' lOy+2' 164-aa;' 

4 . _2a+&5 . X 
2a-l' 6 * y' 

1 . aj-l 



.-(Page 188.) 

2a?y 



a^-a^' x+1' 



169a 



(4.) 



aj2+y2 
13. 



6»( K ) 

^«_- y) ^ 
y*(a;+y) ' 

24a62+66 



^^•^ 30 ' 24a262+18fc6+l * 
x2+l. aj*-a:»-l 



(6.) 



a^+1 ' afi+a^ 



EX. XZZVL— (Page 187.) 



\^) 


72 • 


(2.) 


2a5V 
35 ' 


(3.) 


2a+36+2c 


abc 


(4.) 


abx 


(5.) 


o(a;-o) * 


(6.) 


a 

x-Va 


(7.) 


2. 



(8.) 



«+y 
x-y 

(9.) 1. 

62 



(10.) 

(11.) 
(12.) 



a{h-a) ' 

1 _ 

(a;-l)(a;^2)(a:+2)* 

3_ 

4(2a;+i) * 

2a;2 



(13.) ^1- 

«2 



(14.) 



y2-a^* 



15 
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^^•^(«+l)(a;+2)(a:-3)* 
(16.) 0. 

(^^•^a:4 + 4a?+16* 
4rt*(2x2+a2) 



(19.) 



ofi-cfi 
4a^ 



149^ 

^^•) (16«2-l)(ftr2-l) • 

(22.) 1. 
(26.) 0. 



(24.) 
(25.) 



a-h 
a +6 



(26.) 
(27.) 

(28.) 

(29.) 

(30.) 

(31.) 

(82.) 

(83.) 

(34.) 

(35.) 
(86.) 



l-2kB. 

0. 

(a+6)« 
2a& ' 



2a^ 






2 



2x*|^ 



xV+^V+l' 
1. 

a+6+c. 
2(o«+6*+c«). 



(^•^210* 

(2.)|. 

(3.) 4 
(4.) 0. 
.„ V (a-6)(a-2&) 

(6.) a + 6. 
(7.) 0. 



141.) 

10 2 



(8.) 



43' V 1 



, -2. 



(9.) .A^ 



(a-2)(6-2)* 



(10.) % . 



(11.) 



(l-ftXi-c) 



a(«-a) 
(12.) a+6+c. 



EX. XXXVm.— (Page 145.) 



\ 



(1.) i . 



(1.) 2. 

(2.) 6. 

(3.) 15. 

(4.) 5. 



(2.) 0. 
(3.) 1. 



(4.) 



3 
4 



EX. XXXIX.— (Page 161.) 

(5.) 4. (9.) 8. 

(6.) 3. (10.) 10. 

(7.) -3. (11.) 4. 

(8.) 7. (12.) 2J. 



(5.) 2. 
(6.) 00. 



(13.) |. 
(14.) 4. 
(15.) -10. 
(16.) 5. 



AK8W81t& 
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L7.) 6. 
L8.) ^s. 
L9.) 1. 
».) 3. 
a.) 4. 
2.) -L 



(2a) & 
(24.) 3. 
(25.) H. 
(26.) 6. 
(27.) -5i. 
(28.) 2. 



(29.) 



1 
db 



(31.) L 



(32.) 



m«-l 



(33.) 2. 

<3^) t-^l)'. 

' oo-oc-fcc 



.) 20. 

I.) 156 gallons. 

I.) 48; 45. 

..) labours. 

>.) 2l8. ; 148. ; 5s. 3d. 

i.) 428. 

.) 6 miles ; 5} miles. 

i.) 88. 

).) £3800; £2800. 

I.) 32; 28; 24; 21. 

.) A, 14d. ; B, 14d. ; C, 

!.) 1440 miles. 

I.) 32^ minutes past 6. 



BX. XL.— (Page 167.) 

(14.) 21^ minutes and 54^ min- 
utes past 7. 
(15.) 5^ minutes past 7. 
(16.) 3 times. 
(17.) 48 minutes past 10. 
(18.) 12 minutes past 2. 
(19.) £540. 
(20.) 190 and 185. 
(2L) 22 guineas; 26 guineas. 
7d. (22.) 29 miles. 

(23.) 1080 yards; 16immutes. 
(24.) £700; £100. 



(l.)5;2. 

(2.)4;1. 

(3.) 7; 2. 

(4.) 12; 5. 

(5.) 8; 9. 

(6.) 10; 6. 

(7.) 8; -2. 

(8.) 6; 8. 

(9.) 15; 8. 
(10.) 11; 3. 
(11.) 6; 50. 
(12.) 20; 8. 
(13.) 3; 2. 
(14.) 2; 10. 



..)£50; £20. 

I.) 10 yards ; 20 yards. 
L)4i miles; 3|; 3. 



EX. XLLHiPage 169.) 

(15.) 5; -3. 
(16.) 7; 5. 
(17.) 9; -8. 
(18.) 2; 1. 
(19.) 5; 4. 
(20.) i ; i. 

^"^""^ a{ab-(^)' a(ac-62)- 

(22.) :-?^ ; 1- 

(2a) ^i t 

^ ' ac DC 



XLn.— (Page 178.) 

(5.) 17 guineas ; 13 sovereigns ; 
11 crowns. 

a . a a(mn-l) 

n+1' m+1* (m+l)(n+l)* 



(6.) 
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(7.) 25 persons ; £7, lOs. 
(8.) SJ miles ; 2^ miles. 
(9.) 345. 

(10.) For A, 640 and 460. 
For B, 480 and 540. 
(11.) 19. 

(12.) David spent 208. ; David's 
wife, 24s. ; Greorge, 6s. ; 
Gr«orge's wife, lOs. As 
10s. is one-sixth of the 
whole, this was spent by 
Mary; she therefore was 
George's wife, and Jane 
was David's. 



(13.) 47; IL 

(14.) 72 apples ; 60 pears. 
(15.) 14 feet long, 10 feet broad. 
(16.) 150 yards; A, 30 yards; 

B, 20 yards. 
(18.) Dog, 450; hare, 600. 
(19.) 50 miles ; SO miles. 
(20.) 28. 6d. 
(21.) 15 miles ; 2 miles. 
(22.) 10; 18s. 
(23.) Expenditure, £60. Produce 

—1st year, £90; 2nd year, 

£120. 
(24.) 21 of each. 



(l.)4;2;l. 
(2.) 7; 8; 5. 

(3.)i;i;i. 

(4.) 5 ; 2i ; i. 



EX. XLm.— (Page 183.) 

(5.) 12; 8; 6. 
(6.) 3; 2; -1. 

(7.)i;i;i. 

(8.) 6; 4; 3. 
(13.)i(6+c); i{a-b); i(a-c). 

^^^•^6^' 36' &• 



(9.) 5; -8;i. 
(10.) 18; 12; 4. 
(11.) If; 2|; -12. 
(12.)2i;lJ;2. 



m^+n^ 



am^-bmn-hcn^* bm^-cmn+an^* cm^ - amn+hn* 
nfi\ {a-h){a-c) , {h-a){h-c) , (c-o)(c-6) 
^^"•Ma+6)(a+c)' (6+a)(6+c)' {c+a)(c+b)' 
(17.) 16; 13; 9; 7. 
(18.) 1; 2; 3; 4. 

EX. ZLIV.— (Page 184.) 



(1.) £500; £540; £600. 
(2.) 30; 40; 50. 
(3.) 10; 12; 15 days. 
(4.) Ooach 9 miles, train 21 
miles, per hour. Distance 



by coach-road 51 miles, by 
railroad 56 miles. 

(5.) F lifted the ring; P J*« 
thimble ; £ the pencil 

(6.) 6756. 





EX. XLV.-(Page 196.) 


(1.) 36. 


(6.) 16. 


(2.) 33. 


(7.) 9; imsatisfac- 


(3.) 2. 


tory. 


(4.) 7. 


(8.) 2. 


(5.) 4. 


(9.) 9. 



(10.) 2J. 

(11.) iiaHl). 

(12.) 3; unsatisfac- 
tory. 



ANSWER& 
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lOSOBLLANBOnB EXAMPLES.— (Page 197.) 



-1. 2. 

H-i' a 


(26.) 

(27.; 


1 21; unsatisfactory. 

,2 
'3' 


-6*- 


(28.1 


. o6-6> 
'6»-4a>' 


-6 


(29.; 


. a+6+c+d 
m+n 


lincheB. 


(30.] 


ic» a« y2 68 

1^2 + 3^1 J5^ yS • 




(31.; 


, «» a; 1 
' 2 +3 " 4- 


-1. 

c2 da' 
+1. 


(32.) 

(33.; 

(34.] 
(35.) 


2x 

'l+a;2' 

1 18; 22; 10; 40. 
Put a2-l- 62, and d^-\-c\ 


-c)a-63 




and multiply. 


a6c 


(36.^ 


. « _ 3 ^ 3 _ y 


\ hours. 


(37.. 


'KM)- 


c»*-^ , a+6+c 


(38.) 


10. 


%+bxy a-h-c ' 


(39.] 


► afi-^. 


-3(M)-^- 


(40.; 


2 


6x2-l)(«2-4). 


(41.) 


60. 




(42.; 

(43.) 


. x^+x+2 


3 15 


'2x2+a;-l* 
5. 


1 


(45. 


. 1 1 1.1 1.1 


c(a - c)(6 - c) ' 


'a2 ab ac 62 6c "^ c*' 


iB-3. 


(46. 


. a;2 
'l-x4- 


-6. 


(47.; 


1 -1. 


» from A ; 4 from B. 


(48.] 


1 c+d. 


\-x+a^+ .... +ir»»-i to n 


(49.] 


1 40 minutes past 11. 


terms. 


(50.] 


\ -003x2+ •034a:y--0^. 
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(51. 

(52. 

(54. 
(55. 
(56. 
(57. 
(58. 
(59. 
(60. 
(61. 

(63. 

(64. 

(65. 

(67. 
(68. 
(69. 
(71. 

(72.) 
(74.) 



0. 

a »-6»-r(&-c) 
6(6-c)-(a-c)a' 

a^-1. 

120 bushels. 

1+1+1 . . . ton terms = n. 
1. 

(a;-l)8(a;+l)(a:3+l). 
(«+&)»; (a-6)2. 
25 miles ; 47^ miles. 

a-aM+6, x^+a^a^-ah^ 

c^-ab -«'• 



(76.) ,^- 



a+b-2c' 

2(1+^) 

X 

d. 

51; 76; 1. 
20s. 

Factors are — 
(a2+62+c2)(ic2+yH«2). 

10; 5. 

16^^ , 49^^, and 32^ minutes 
past 3. 



h-m' 6+ 



m 



(77. 
(78. 



(80. 
(81. 
(82. 
(83. 

(84. 

(85. 

(86. 

(87. 



(90. 
(91. 

(93. 

(95. 
(96. 

(99. 



e« + l. 

4 miles walking; 3 miles 
rowing at first ; 4} miks 
in still water. 

4 ; 5 ; 2. 
40. 
2aa 
4; 3. 

1 
(a;-a)(a5-6)(a;-c)* 
Rates, 11, 5, 7 miles ; di 
tance, 22 miles, 
i 3 J .4 1 



(6-c)(a-c)' {a-htc-W 

1 

(a-6)(«-c)' 
(c«+l)(a;+l). 
o6c; o6+ac+&c; a+&+& 

6r- eg 
cp-a/r ' 

A, 36; B, 60; C,15day8. 
1. 

a+6 ' 



EXAMINATION PAPERS. 
MAY 1871.— (Page 207.) 



(1.) 3-528. 
(2.) 4-3; 3-7. 

(3.) a^+ajV-a5S^-*V+^- 
(4.) Explain as in Art. 43. 



(5.)(a)14f; (6)1; (c) 1. 

(6.) 2{a+b+c). 

(7.) 15 at 6s. 6d.; 35 at 58. 6d. 



(1.) 1. 

(2.) ac»+«3y-y». 

(3.) 815(a+a!)(a*-«*). 



MAY 1872.-(Page 208.) 

(4.) (a) 7; {b) p (c) 15, li 
(5.) 23 first-class. 



ANSWEBa 
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(1.) 10,1,1; 10^. 
(2.) 2{a-h). 

4a;-5 
12x2-25a;+12 • 



(4.) 



MAT 187S.— (Page 20a) 



(6.)(a)-2H;(6)H;(c)^^> 

(6.) 13 wethers at 658. each. 
(7.) Boduce to l.o.d. 



(1.) 
(2.) 

13.) 



-2. 

&c2+5a.+i 



MAT 1874.-(Page 209.) 



5x+l 

(a) 2; (6) "P, unsatisfactory; (c) ^^^, ^^. 

(1) 805 yards ; 405 yards. 
(5.) {hour; IJhour. 

(6.)a;=y= 1 



a+6 



(2.) 
(3.) 

(4.) 

(5.) 
(6.) 



2. 



MAT 1875.-a*ag» 210.) 



(l+a;)(l-4ic)(l-2xKl-aa!)(l+4a;)(l-a;), or l-5x-lla:3+86aj8- 
86fic*- 80*5+960^. 

(a)^; (6)^; (c)12, 3. 

17 persons ; 208. 4d. 

Find the values of x and y from first and second equations, and 
substitute in third. 



MAT 1876.-(Page 211.) 

(1.) 13J. 

(2.) ISOOa^i^. 

ah 



(4.)(a)-g; {h)^_^ 

(5.) 35e.; 878. 6d. 
(6.) 5 yards; 3 yards. 



; {r) 4, 5. 



(1.) 



8* 



MAT 1877.-(Page 211.) 



(2.) -sc2+3aa;-5a2 

(3.) a^cd-accP-ahd^-lx^d+b^ 
+c*. 



... a;2 + 3a:-10 
^*-' ■^'^" 12 • 

(5.)(«)^;{6)^-^^';(c)3i.i. 

(6.) 5^ minutes; and 38^ min- 
utes past 4. 
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(1.) -1. 

x+a 



MAT 187a— (Page 212J 



be 



(4.) (a) 7; (6)^; (c) 5, 5. 

(5.) 72 inches ; 96 incheB. 
(6.) 250. 



MAT 1879.— (Pase nsj 

(L) Art. 47; Art. 49; ga^-« or ^. 

(2.) 4. 

(8.) ;:5-^^ =^. 

(4.)(a)-3;(»)4i;(r)l^, (;^ 

(5.) £17 for an ox ; £26 for a oow. 
(6.) £175; £225. 



(1.) -\' 



(2.) a»+2a%5+2aac»+x». 
(8.) (a-6Xa-cK6-(;); -30. 



MAT 1880.-(Page 213.) 

(4.) (a) I; (6)2, -L 
(5.) £140. 

10 



(6.) 



(a5-6Xai»+2x-5Kx+5)* 



PART II. 



A L G E B E A. 



-M- 



PABT SECOND 



CHAPTER XL 
INVOLUTION AND EVOLUTION. 

B. Involution is the process of raising a quantity to a 
3r power, or of multiplying it one or more times by 
' ; and it is indicated by placing the quantity to be 
ited on within brackets, with the required power 
de as an index : thus, {aP)^ denotes the third power 
, and {a - a;)* the fourth power of a - a; . 
e have already repeatedly had occasion to raise quan- 
i to higher powers, and the subject is here formally 
1 up only for the purpose of pointing out one or two 
ral rules that are applicable to it, and some short 
ods of performing operations under it. 

9. Let it be required to raise a and - a to the second, 
., fourth, and fifth powers successively. 
r multiplication (Art. 50) we have — 

axa = a^y and -ax -a^a^, second power. 

a^xa — a^y and a^x - a = - a^, third power. 

a^xa = a\ and -d^x -a^a^^ fourth power. 

a* X a = a^, and a* x - a = - a^, fifth power. 
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130. Observe in these results that the odd powers of the 
negative quantity are negative and all the others are positiva 

Raise a^ to the fourth power, and - aj^ to the fiftL 
By multiplication — 

l-a^y = -a' X -a^ X -ar' X -iB^ X -ar» = _a^+»+2+2+2 = _ a;2x5 ^ ^^j^^ 

131. From consideration of the above and former results 
we derive the following 

Rule for the Involution op Simple Quantities.— 
Prefix the proper sign (Art. 130), and multiply the index 
of the given quantity by the number indicating the power 
to which it is to be raised. 

If the given quantity is a product, each factor must be 
raised to the required power ; if a fraction, both numerator 
and denominator. 

lUastrative Exa/mplea, 

(1.) Raise x^ to the third power. 
(a;2)8 = a;2x3 = a^, 

(2.) Raise - 2y3 to the fourth power. 

(-2y8)4 = 2y* = l%i2. 
(3.) Raise Zah^c^ to the third power. 
(3a63c-2)3 = 27a369c-6. 

(4.) Raise - , q 5 to the fifth power. 

(5.) What is the w.th power of 2a^x~^% 

(2a^a:-')*' = 2«a»"a;-'^. 
(6.) Find the nth power of - 06 V+*'. 

( - ah^<f^Y = ( - l)'*a"6^c"*-^. 
The answer in this last question will be plus or minus 
according as 71 is even or odd. 



(- 



EXPANSION OF A BINOMIAL. 237 

132. An expression consisting of two terms is called a 
binomial ; of three terms, a trinomial ; of four or more, a 
multinomial or polynomial; and a single term is some- 
times spoken of as a monomiaL 

133. Expansion of a BinomiaL— By multiplication the 
binomial quantity a + x may be raised to the second, third, 
fourth, and higher powers, with the following results : — 

(a + a;)2 = a2 + 2aa; + a;2 

(a + a;)3 = a3 + 3a2aj + 3aic2 + a3. - 

(a + 05)* = a* + 4a3a; + 6a2aj2 + 4aa^ + a:*. 

(a + a;)5 = a^ + 5a4aj + 10a3aj2 + lOa^ar^ + 5aaj* + a^. 

(a + xy = a« + Qa^x + 15a^a:^ + 20a^x^ + ISaV + 6aar^ + afi. 

In these expansions, observe — 

First, that the number of terms is one greater than the 
power to which the binomial is to be raised. For instance, 
(a + xY yields four terms, and (a + a;)^ yields seven. 

Second, that the power of the first term is the same as 
that to which the binomial is raised ; as in (a + a?)^ the first 
term is a\ 

Third, that the power of a decreases by unity in each 
succeeding term until it disappears, and that x, being first 
introduced in the second term, its powers regularly increase 
until in the last term it has an index equal to that of a 
in the first. 

Fourth, that if the coefficient of any term be multiplied 
by the exponent of a in that term, and divided by the 
number indicating its position in the series, we shall obtain 
the coefficient of the succeeding term. Thus, in the ex- 
pansion of (a + x)^, if 15, the coefficient of the third term, 
be multiplied by 4, the exponent of a in that term, and 

15x4 
divided by 3, we shall have — « — = 20, the coefficient of 
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the fourth term. Similarly, the coefficient of the fifth 

20 X 3 
term will be obtained from the fourth; thus, — j — = 15. 

Fifths that the coefficient of the second term is always 
the same as the exponent of the first. This is indeed oiUy 
a particular case of the last observation, for in the expan- 
sion of (a-f aj)^, the coefficient of the second term is 

1x6 ^ 
~p=6. 

134. If the binomial a - a; be raised by multiplication to 
the second, third, and higher powers, we shall have — 
(a - xf' = a^ _ 2aa; + a;^ 
(a - aj)^ = a^ - Sa^a; + 2>ajaP' — x\ 
(a - a;)* = a* - 4:a^x + Ga^^ - 4:aa^ + qc^, 
{a - xf = a^- 5a% -f lOa^aj^ - lOa^a^ + 5aa:* - a^. 
{a - xf = a« - ^a^x + \ha^x^ - 20a3a:3 _^ Xf^a^^yA _ g^^^ ^ ^^ 

Here it will be observed that the terms are alternately 
plus and minus, and that in all other respects the expan- 
sions of the several powers of a - a; are the same as those 
of a -f a;. 

Assuming, for the present, that these results are always 
true, we may, by their aid, expand any binomial, without 
having recourse to the slow method of multiplication. 

Illustrative Examples, 

(1.) Raise a - 5 to the seventh power. 
(a-57 = aT-1a% + 21a»62-35a*6» + SSa^ft*- ^la^h^ -i- 7a6«-6'. 

The only thing here calling for special remark is the 
maimer of finding the several coefficients. That of the 
second term is the same as the exponent in the first ; that 
of the third is obtained by multiplying the coefficient of 
the second by the exponent of a in it, and dividing by 2, 
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7x6 
thus, Q = 21 ; tlie coefficient of tlie fourth term is 

21 X 5 
similarly derived from that of the third, thus, — « — =865 

aad so on for the others. 
(2.) Expand (a2 + 4)*. 
(a2 4. 4)4 = (^2)4 + 4(a2)8(4) + 6(a2)2(4)2 + 4(a2)(4)3 + (4)4 

= a8 + 16a« + 96a* + 256a2 + 256. 

(3.) Find the fifth power of 1 - 3a;. 

(1 - 3a;)» = (1)5 - 5(l)*(3a;) + 10(l)8(3aj)2 - 10(l)2(3aj)8 

+ 6(l){Sxy - {Sx)\ 

= 1 - 15a; + 90a;2 - 270a^ + 405a;* - 243a;». 

2 5a 
(4.) "What is the third power of - + — 1 



^V /2a; + 5a2\3 1 ^^ ^ ^^^ 



= ^§{(2^)' + 3(2a;)2(5a2) + 3(2a;)(5a2)2 + (5^2)3} 

= ^ (8a;» + 60a2a;2 + l^Qa^x + 125a6) 

__8 60 150a 125a8 
a^ ax x^ a? * 

This example might, of course, have been wrought 
without reducing to the least common denominator. 

135. The above method of expanding any power of a 
binomial may be applied for a like purpose to trinomials 
and polynomials by writing them in the binomial form. 

lUustrative Examples, 

(1.) Expand (a + 5 - 2c)». 
(a+6-2c)3={(a + />)-2c}3 

= (a + hf - 3(a + 5)2(2c) + 3(a + 6)(2c)2 - {2cf 
= a3 + 3a26 + ZaU^ + 5^ - 6a2c - 1 2abc - ^h'^c 

^12^c2 + 125c2-8cS. 



{ 
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(2.) Find the second power oi a + b + c + d, 
{(a + b) + (c + d)}^ = {a + bY + 2{a-kb){c + d) + (c + d)^ 

= a^-{'2ah + b^-{'2ac + 2ad + 2bc + 2bd + c^ + 2cd + cP, 

Li this result we have the square of each of the terms, 
and twice the product of every possible pair of them. 

It may also be written thus — 

a2 + 2a(6 + c + c?) + 62 + 25(c + <^ + c2 + 2cc^ + cP. 
From which it appears that the square of a quantity of 
four terms is equal to the square of every term increased 
by twice the product of each into the sum of all those 
that come after it. 

This also holds true for the square of a quantity of any 
number of terms. 

lUvstrative Examjple, 

Expand (1 - 2aj + 3a;2 -2oi? + ix^f. 

Writing in the first line the square of the first term, 

and twice the first multiplied by every succeeding term ; 

in the second line, the square of the second term, and twice 

the second by all that come after it ; and so on to the end, 

we have — 

l-4a;+ ^x^- 4ic3+ 2aj4 

4a;2-12ic3+ 8a:*- ia^ 

9a;*-12rc5_^ 6^^ 

403^ - 4a;7 

+a8 

1 - 4.'B + 10.T2 _ 16.^3 + 19ic* - 16£c5 4. iQrjfi ^ 4a;7 + iB8. 

EXAMPLES FOR FRACTICR— XLVL 

(1.) Express the third powers of 2aa:3, - ibc^y^, » 

and -5a;". 

(2.) What are the fourth powers of a^a;, Zax~^^ and 

3 y»' 



X 



Eaise 2a% - af y", and cc^ to the mth power. 

Expand (x + y)® and (a - 2x)^. 

Simplify {(a**)"}' and {(a;-"')-*}-^. 

Raise 1 + 4a; to the fourth power. 

Find the third power oi x^-x + 2. 

Expand (Sa^ + 5)5 and (3a2 - 5)5. 

What is the eighth power oi x + al 

Simplify (a + 26)7 + (a - 26)7. 

Square oj^ - 2a:^ - 2a: + 1. 
Expand (a2 4. a; 4. i)3(j;c2 ^ aj 4. 1)3, 

Find the sixth power of a - ^. 
Simplify (0^3 _ 1)4 _(i_a:3)3 

Bed ace to its simplest form — 

{aa: -by + czf - 1 - {<tx -by-hcz- 1)2. 
Expand (aj- 2 + a;-i)3 

Find the coefficient of a:® in the expansion of (x - f )® 
and in that of (x^ - 3a;+ 1)%^ _ i)^ 

136. Evolution is the inverse of Involution; or, it is 
the process of finding that quantity which, on being in- 
volved to a required power, wiU yield a given quantity. 
The quantity so found is called the root of the given one. 
Thus, a^ raised to the third power becomes a^ ; a^ is, there- 
fore, the third root of a^. Similarly, a - a; is the fourth 
root of (a - x)\ 

As explained in Art. 123, the signs J, ^, \/ are em- 
ployed to indicate respectively the second, third, and fourth 
roots of the quantities to which they are prefixed. 

137. In Art 130 it was found that all the powers of a 
positive quantity and the even powers of a negative one 
were positiye, while the odd powers of a negative one 

16 



242 INVOLUTION AND EVOLUTION. 

were negative. From this it follows that the odd root of 
any quantity will have the same sign as the quantity itself; 
that the even root of a positive quantity will be either 
positive or negative ; and that a negative quantity cannot 
have an even root. 

138. A quantity which has not an exact root is called 
an irrational quantity or a surd (Art. 124), and the even 
root of a negative quantity is spoken of as an impossible 
or imaginary quantity. 

139. Roots of Simple Quantities.— As a simple quantity 
is raised to a higher power by multiplying its index (Art 
131), the root of a simple quantity will be found by divid- 
ing the index of the given quantity by the number indi- 
cating the root required, and prefixing the proper sign 
(Art. 137). If the given quantity is a product, the index 
of each factor must be divided; and if a fraction, the 
indices of numerator and denominator. A numerical 
coefficient must have its root extracted by the rules of 
arithmetic. 

lUustrative ExarapUa, 

(1.) Find the fourth root of 16a^. 

XIVM^a^^ V2%^ = 2aaj^ or -2ax\ 

The uncertainty as to the proper sign is generally ex- 
pressed by prefixing ± (read plvs or minvs) to the root 
The above would then stand thus : — 

Vie^^ = ± 2axK 

In many cases, however, we may be satisfied with 
writing only the positive result, the negative one being 
understood. 
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243a:i« 
(2.) What is the fifth root of - 3225715 ? 



5/ 243a;io _ 5/3] 
V 31252/1^ " V ^ 



S^ajio 3aj2 



55^15 - 5y3 • 
(3.) Find the mth root of a'^b-^y'^. 

The sign of this answer will be plus if m be odd, either 
plus or minus if m be even. 

EZAHFLE8 FOB FBACTICB.— XLVH 
(1.) Find the square root of 144aj*. 
(2.) What is the third root of -U^xY^^'^' 

(3.) Extract the fourth root of Slp-^ • 

32ajiV^ 
(4.) Find the fifth root of 04 q 5^20 * 

(5.) Express the third root of a^(x - yy, 

(6.) What is the sixth root of (a - hf{x^ - 2/^)^2 1 

Find the roots of the following quantities, as indicated 
by the root-sign prefixed : — 

(7.) Xf^^ and V^^^^, 

(8.) JVa^ and V V - x^Y^. 
(9.) U{5^%a-xy\b-xy^}. 
(10.) X/{(a + xy{a-xy}^ 

(11.) t/a*»+i X a' 



.8n-6 



<"■> VB 



Ui-sT) 



m 



{{a - xYJ^'z'^-^ 
140i Square Root of a Compound Quantity.— The square 



i 



I 
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of a + 5 is a^ + 2ah + h\ and therefore the square root of 

a2 + 2a5 + 52isa + 6. 

This being known, let us try to find a method of obtain- 
ing the square root of a2 + 2a6 + 62 that will apply to 
similar quantities. 

Observe that a, the first term of the root, is the square 
root of a^, the first term of the given quantity, and that if 
a^ be subtracted there will remain 2ah-{-h\ The work 
will stand thus — 

a2 + 2a6 + 62 (a 
a2 



2ah + 62 

Knowing that h must be the next term of the root, we 
observe that it may be obtained by dividing the first term 
of this remainder by twice a ; but in order that there may 
be no remainder when the product of divisor and quotient 
is taken from the dividend, the divisor will require to be 
2a + 6. (2a is spoken of as the trial divisor, and 2(8 + 6 as 
the complete divisor.) 

The work will stand thus — 

a2 + 2a6 + 62 / a + 6 
a2 



2a + 6) +2a6 + 62 

If now 2a + 5 be multiplied by h, and the product sub- 
tracted from 2ah + h^, there will be no remainder. 

Thesquareof a + 6 + cisa2 + 2a5 + 62 + 2ac + 26c + c2,and 

this maybe thrown into the form (a + 6)^ + 2(a+&)c+c^ 
(Art. 135). On extracting the square root of this quantity, 
it is obvious that after a + 6 has been found, c may be 
obtained by using 2 (a + 6) as a divisor. But a + 6 may be 
found precisely as in the previous example, so that the 
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work of extracting the square root of c^ + 2a6 + 6^ + 2a<j 
+ 26c + c^ will stand thus — 



a a2_^2a6 + 52 + 2ac+25c + c2/a + 6 + c 



a 



a' 



2a + h 

h_ 

2a + 26 + c 



2a6 + 62 
2a6 + 62 



( 



2ac + 26c + c2 
2ac + 26c + c2 



141. From this we derive the following 

Rule. — Arrange the terms according to the ascending 
or descending powers of one of the letters. Extract the 
square root of the first term. Place the quantity thus 
found in the positions usually occupied by the divisor and 
quotient in a sum of long division. Multiply the divisor 
and quotient together, and subtract the product from the 
given quantity. Divide the remainder by twice the part 
of the root found, as a trial divisor : this gives the second 
term of the root Annex this term to the trial divisor to 
form the complete divisor. Multiply the complete divisor 
by the term of the root last found. Subtract the product. 
K there is still a remainder, use twice the part of the root 
obtained as a trial divisor, and proceed as before. 



Illustrative Examples, 
(1.) Find the square root of 4a2 + 12a6 + 962. 



2a 
2a 
ia + Sb 



4a2+12a6 + 962/' 2a + 36, Ans. 
4ca^ 



( 



12a6 + 962 
12a6-f962 
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(2.) Find the square root of 

6ax + 9x^ - 24:0cy + a^ - Say + 1 6^^. 
Arrange according to descending powers of a. 



{ 



a 
a 



a^ + 6ttx+9x^ - Say - 2ixy + 16^^ / a + 3x-iy 



a' 



( 



2a + 3x 
Sx 



6ax + 9x^ 
Goaj + 9x^ 



2a + 6a: - 42/ - Say - 24cxy + 16^^ 

- Say - 24:xy + 1 6y^ 

The square root is therefore a + Sx- 4cy. 

At A, 3x has been added in order to double the part of 
the root found, and so form the second trial divisor. 

(3.) Extract the square root of 

10 25 
9ic4- 12ic3 + i0a;2-34a; + 21 - — + -^2- 



x 



X' 



3a;2 

6a;2 - 2x 

-2x 
6a;2 _ 4a. + 1 

+ 1 



6a;2-4a; + 2-- 

X 



10 25 / 
9aj4-12a;3 + 10aj2-34a; + 21-— + -2/ 3aj2-2a; 

X x^i 



-12aj3 + 10aj2 
-12a;3+ 4a;2 



6a;2-34aj+21 
6a;2_ 4:X+ 1 



o^ o^ 10 25 
-30a; + 20- — +t;2 



X x^ 



10 25 
-30a; + 20- — + :;2 



X X' 



The required root is therefore 3a;2 _ 2a; + 1 - - 



X 



When the given quantity has no square root, an ap- 
proximation to it may be found by continuing the above 
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process untdl what is considered a sufficient number of 
terms has been obtained. 

(4.) Find approximately the square root of 

a^ - oaj + aj2. 



a 



a 



a^-ax + x^ (a — 
a2 



X 3^2 

2 ■*" 8a ■*■ 16a2 ^ 12Ba^ 



Sa^ 3ar* 



-etc. 



X 

2«-2 

X 

"2 



-aaj + aj2 

aj2 
-aa+ j 



2a -05 + 



3^ 

8a 
3«2 

8a 



3^ 

4 
3^2 

4 



2a -x + 



3^ 3g8 
4a"*"16a2 
3a^ 

16a2 



+ 



3a;2 3aj3 
2a-aj + T— + 



8a "^ 


9aj4 
64a2 








3aj3 9aj4 




8a " 64a2 








3a8 3ar* 
8a " 16a2 + 


9a^ 

64aa 

9a^ 


+ 


9afi 
162a4 




3aj* 


9aj» 



64a2 64a3 162a4 



4a ^ 8a2 

The approximate square root is therefore 

X 3^ _3a^ 3x^ 
^■" 2 ■*■ 8a "^^ 16a2 "^ 128a3 ~ ^^' 

EXAMPLES FOR PRACTICE.— XLVm. 

Find the square roots of the following quantities : — 
(1.) a2-6aa; + 9a;2 
(2.) 16a;2 + 8a;+l. 
(3.) 9a^ - 12a35 + 10a252 - 4a53 + ¥. 
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40 25 
(4.) 4a^+16a; + 36-f- + -2- 



(5.) 



X X" 



4 9 

(6.) 9^^+ i^-a;. 

(7.) ar* + a* - 4oaj(a;2 + a2) + 6a2a;2 

9 3 1 

(8.) aj4-a8 + ja:2_2a; + 2-«J"^ + 4a;"*- 

ah^ 2dbx 2acz b^y^ 2bcy c^z^ 

(10. ) a^ - 2a^b + 5a*~5» - 4a"*5« + 46* 
(11.) I -X and a2 + 4a;2 to four tenn& 

,, _ . 1 _« + .'» 

(12.) T— — and to five terms. 

^ '1 +x a-x 



142. Cube Root.— The usual method of finding the cube 
root of a compound quantity is derived from the expression 
for the third power of a binomial 

{a + by^a^-hSa^b-hSab^ + b^, and therefore the cube 
root of a3 + 3a26 + 3a52 + 53 is a + b. 



a3 + 3a26 + 3a62 + 63^a + 6 
3a2+ 806 + 52 



a3 ^ 



3^26 + 3a62 + 63 = (3a2 + 3a6 + 62)6 
3^26 + 3a62 + 63 

Observe that a, the first term of the required root, is 
the cube root of the first term of the given quantity, and 
that on a3 being subtracted, the remainder, 3a26 + 3a62+6^, 
or (3a2 + 3a6 + 62)6, yields 6, the second term of the root) 
on being divided by 3a2 + 3a6 + 62. 
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If it be required to find the cube root of a^ + Sa^ft + ^dtf^ 
+ 63 + 3a2c + 6a6c + 362c + 3ac2 + 36c2 + c8, which is the 
third power of the trinomial a + h-\-Cj we find, by throw- 
ing it into the form of an expanded binomial, that the 
method employed in the above example will also suffice 
for this. 



3(a+6)2 + 3(a + 6)c + c2 



3(a + 6)2c + 3(a-fft)c2 + c8 
3(a 4- hfc + 3(a + h)c^ + c^ 



lis. From these examples we have the following 
Rule. — Arrange the terms according to the ascending or 
descending powers of one of the letters. Extract the cube 
root of the first : this will give the first term of the root. 
Subtract the third power of this term from the given 
quantity. Divide the remainder by three times the square 
of the part of the root found: this is called the trial 
divisor, and gives the second term of the root. To the 
trial divisor add three times the product of the first and 
second terms of the root, and the square of the second : 
this forms the complete divisor. Multiply the complete 
divisor by the term last found, and subtract the product. 
If there be still a remainder, divide it by three times 
the square of the part of the root found : this will give 
the third term. To the trial divisor here used add three 
times the product of the first two terms by the third, 
and the square of the third. Multiply and subtract as 
befora 

Proceed according to the above method until there is 
no remainder, or until a sufficient number of terms have 
been found. 
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EXAMPLES FOB FBAGTIGE.— ZUX 
Extract the cube roots of the following quantities : — 



(1. 
(2. 
(3. 

(4. 
(5. 

(6. 

(7. 
(8. 

(9. 
(10. 

(11. 
(12. 



Uafi - 48iB^ + I2ayh/^ - y^. 

27a^ - 6ia% + 36ab^ - 863 ^ 27ah - 36abc + I2b^c 

Safi- 12a:^y + 42ar*y2_ 37 oc^y^ + 63aV- 27 xy^ + 27y«. 
x^ + Ssc^ + ex^ + l0afi+12a^ + l2a^+l0a:^+eay^+Sx+l. 

©3 - 6a2 + 15a - 20 + — - -o + -« • 

3 17 1 1 1 

1 25aJ« - 75icV + 1 5a^2/** - 2^- 

8a;i2 _ I2ajii + 12a;io - 7x^ + 3a^- |a;7 + h^s^ 

ah? - 3a25a;2 + 3(^2^ + ^^52)3. _ j3 _ g^^ 

+ 3(ac2 + h^c)x''^ - 36c2a;-2 + c^a-s. 

m3 - m^/i + ^2^2 - ?i3 to four terma 

1 - a; to five terma 



144. General Bnle for Extraction of Boots.— By the 

help of the two previous rules several other roots can be 
found ; as, for instance, the fourth root may be obtained 
by taking the square root of the square root, and the sixth 
by taking the square root of the cube root. They may 
also be found by a method which is applicable to all roota 
It will be best explained by an exampla 

Required the fourth root of 
81x8 - 216a;7 + 324a;6_3i2a;6 + 214ic*-104a:3 + 36a;2_8a;+ 1. 



252 



INVOLUTION AND EVOLUTION. 



00 00 



5S 


55-^ 


+ + 


■^S 


ni 


CO 


1 1 


p 


s ^ 


CO C4 


+ + 


^^ 


s^^ 


1 1 



+ + 
I I 



+ + 



I I 



+ + 

I I 



2. ^ 



I I 



+ + 



I I 



I 

+ 



I I 



C4 

I 






C4 

I 






+ + 



es. 



+ 

I 



CQ CO IC0 CO Idd CO 



+ + 



I I 



I I 



I 



+ 
I 



4?^ 

i I 

OS. 



I 



I I 



+ 

eg 

I 




ANY ROOT. 



253 








.3 






(M 

I 





•B 1 



■3 

§ 

I 

•J 



09 



H 
c^ 



s 



I— I 

s ^ 



I -^ 
'"^ 00 



1 g3. 



® 





8 



> '+3 



CO « og 
H g « 

'I' 

•43 



254 INVOLUTION AND EVOLUTION. 

' 2a; is added a fourth time to column (1.). 

The fourth column is then divided by the third to find 
the next term of the answer : it is +1. 

+ 1 being added to column (1.), and the process shown 
above repeated, it is found that there is no remainder in 
the fourth column. 

,'. 3a;2 - 2ic + 1 is the required root. 

The method adopted in the above example may be 
applied to the extraction of any root by employing a greater 
or less number of columns according to the root required 
For the third root, three columns ; for the fifth root, five; 
and so on : the quantity whose root is to be found being 
always placed in the last column. 

BXAMPT.KB FOR PRACTICE.— L. 

(1.) Find the third root oiafi + 6oi^- ^Osc^ + 96aj - 64. 
(2.) Find the fourth root of a* - 2a^x^ + a?* to four terma 
(3.) Find the fifth root of 1 + a; to five terms. 



CHAPTER XII. 



QUADRATIC EQUATIONS. 



145. A quadratic equation is one that contains the 
second power, or the first and second powers, of the un- 
known quantity, but no higher ona It is also called an 
equation of the second degree, or of two dimensions. 

When the second power alone appears in the equation, 
it is spoken of as a 'pure quadratic \ but when both first 
and second powers enter into it, it is called a compound or 
adfected quadratic. 

Sic^ -4 = 5 + 2aj2 is an example of the former, 

4a;2 - 2a; = 2a3 + 3, of the latter. 

146. Pure Quadratics. — In equations of this character 
the value of the second power of the unknown quantity 
Daay evidently be found in the same way as that of the 
Unknown quantity itself in a simple equation. 

Let the value of x be found from the equation 
3aj2 - (5 - 2a;2) = (7 + a:)(7 - x), 

fiy previous rules 

3a;2-5 + 2a;2 = 49-aj2 

And 6iw2 = 54. 
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To find X, it will here be necessary to extract the square 
root of both sides of the equation ; and as the even root 
of a positive quantity is either plus or minus (Art 137), 
we shall then have ±x= ±3. 

Taking the upper signs, we get + a5 = + 3 ; taking the 
lower, - 05 = - 3, which is the same as + a? = + 3 (Art 
34) : taking an upper and an imder one, we have + a; = - 3 
and -x= +3, this last being the same as +aj = - 3 (Art 
70). So that there are only two distinct results — ^namely, 
05 = + 3 and x= -3, and consequently it is unnecessary to 
write the double sign before x, 

147. From this we derive the 

EULE FOE THE SOLUTION OP PURE QUADRATICS. — Find, 

by the rules for the solution of Simple Equations, the 
value of the square of the unknown quantity, and extract 
its square root. 

If the value found is not an exact square, its root can 
be found approximately, or it may be merely indicated, 
and left in the form of a surd (Art. 138). 

nivstrative Examples. 

(^•) ^^^^^ (3^35)^ - (3^T5)S = 7pT3)' ^ ^^"^ 

Reducing the first side to L.C.D., we have — 

12a;2 + 29a;+ 15 - (12a;2- 29a;+15) 87 

(9a:2 - 25)aj "" l{x^ + 3) 

58aj 87 

CoUectmg, (-9^^2% = 7^^:21 ' 

2 3 

Cancelling, ^^2^25 = T^H^ * 

.'. 27a:2-75 = 14a:2 + 42. 
And 13i»2 = 117. 

From which ^ = 9, and a; = ± 3. 
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.) Find the value of x from the equation 

003(35 -b)'\-b^ = bx(x - a) + a\ 

aoc^ - abx + b^ = bx^ - ahx + a^ 

(a-b)x^^a^-b^ 

.*. 052 = + 5, and 05= ± Ja + by which 

the form of an irrational quantity. 

3aj2-a: 
.) Solve the equation x-2 = » » • 

sJX "t" ^ 

puig off fractions, 205^ - 05 - 6 = 805^ - 05. 

3 a negative quantity has not an even root (Art. 138), 
rithmetical solution can be found, and the value of 05 
only be expressed in the form of an impossible or 
[inary quantity ; thus, x= ± \/ - 6. 

BXAMPT.TO FOR FRACTICB.— LL 
)lve the following equations : 
(1.) 6a;2-5 = 3a:2 + 3. 
(2.) a;2+l = 2(23-2a;2). 
3aj2_8 aj2__i 



(3.) 



8 



u)-l ^IL_. 

^*-^ 6ic2+i -12a;2-l 

(5.) (a;-2)2 = 13-4jK. 
(6.) (3aj + l)(a: + 2) = (a; + 3)(aj + 4). 
2a; -1 2a; + l 10 



(7.) 



3i+l ^ 3x-i "■ 7 



g;2-l a;2~5 a;2-2 a;2-6 

(9.) a(a; + 5)2 = 6(aj + a)2 

(10.) a;2 + (3a. _ 2)2(4.'^ + 3) = 4{x^ + 2x - l)(9a; + 2). 

17 
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2a; -1 4(a; + l) x-l x+2 
(^^•^ ITT" 2a; + l ~x^2^x + l' 

.-^. 1-05 + 0:2 i^x-\-x^ 

(12.) —1- + ^i = m. 

^ ' 1 +« 1 -X 

148. Adfected Quadratics. — Equations containing both 
first and second powers of the unknown quantity, althougli 
named adfected or compound quadratics, are generallj 
spoken of simply as quadratics or quadratic equations, and 
this practice will be maintained here. For their solution 
several methods may be employed. 

First Method. 

149. By resolution of the quadratic into ^tors. 

Let X be given equal to 3, then 05 - 3 = ; and should x 
be also given equal to - 5, then 05 + 5 = 0. 

If now these two expressions be multiplied together, we 
shall have (x-3){x + 6) = ; that is, a;2 + 2a;- 15=0, a 
quadratic equation, the product of two simple ones in 
which the same letter represents two different values. 

Suppose that the quadratic equation a:2^2o5-15=0is 
given to us for solution. Plainly, if we could find the 
simple equations from which it was formed, we could teU 
from them the values of 05. 

Now these equations are readily got by resolving 
a;2 + 2a:-15 = into its factors (Art. 74). Doing this, 
we have (05 - 3)(o5 + 5) = 0. But if the product of two 
factors is nothing, then one or other of them must also 
equal nothing ; and consequently, in this example, either 
tc-3 = or a; + 5=:0. And /. 05 = 3 or -5. 

3 5 

Again, if 05 == « or g , we shall have the simple equations 

3 5. 

05 - 2 = 0, and 05 - g = 0, from which we can easily fonn 
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7 5 
the quadratic equation Jc2-oaJ+T=0, or 1205^-2805 

+ 15 = 0. 

Suppose this equation given for sq^ution. By trial, its 

factors are found to be 2a; - 3 and 6a; - 5 ; and as one at 

least of them must be equal to 0, we have either 2a; = 3 or 

3 5 
6a; = 5, and .', a; = h or ^ • 

To enable the factoring to be more readily performed, 
and to render applicable the methods of Art. 75, it is 
advisable to divide the whole expression by the coefficient 
of x^ ; thus — 

28 15 
" 12^ "^ 12 "" ' 
and at the same time to multiply both lines of the third 
term by its denominator, as under — 

2 28 1 80 _ 
X - ^^x + j^^ - 0. 

Now applying Art. 75_ we find that the two numbers 

180 
which multiplied together make ^jr , and added together 

^ , 28 18 ^ 10 

make — tq a«re — -to and — t^ • 

Therefore the above expression becomes 

(a;-^)(a;- }-^) = or (^ - 1)(«^ - 1) = 0. 

^ ,. , 3 5 

from which a; = h or ^ • 

Observe that 180 is the product of 12, the coefficient of 
a^, and 15 the known quantity. 

150. The process shown in tliis example suggests the 
following 
KuLE. — Collect like terms and arrange them all on one 
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sida Multiply the coefficient of x^ and the known quan- 
tity together. Resolve this product into two factors 
whose algebraic sum is the coefficient of x. The numbers 
thus obtained, divided by the coefficient of a^, and having 
their signs changed, are the required values of x, 

Note. — When the equation cannot be resolved into 
factors, X has no rational value, and the method is not 
applicabla 

Illustrative Exa/mplea, 

(1.) Given 2aj2 +« - 6 = 0, to find x. 

Multiply the coefficient of x^ by the known quantity. 

This gives 2 X -6= -12. 
Find the factors of -12 whose sum is +1, the co- 
efficient of x. 

These factors are - 3 and -f 4. 
Change the signs of these, and divide them by 2, the 
coefficient of x^, 

3 4 

: , X = -^ ov - 1^-= \\ or - % 

Proof, 

And 2(-2)2 + (-2) -6 = 8-8 = 0. 

(2.) Given (7aj + 3)(a; - 2) = (3a; - b){x -f 3), to find ai 
Expanding, 7a;2 - 1 la; - 6 = 3a;2 + 4a; _ 15, 
ColL and trans., 4a;2 - 1 5a; -f 9 = 0. 

4x9 = 36. 

The factors of 36 whose sum is - 15 are - 12 and -3. 

12 3 
.-. a; = -j^ or j. 

- 3 or J. 



Given 
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2x + 5 3a;- 8 



3a; 



~4: + 2iTl = 2, to find a^ 



5 away fractions — 

x^ + 12x + 5 + 9a^- 36a; + 32 ==? 2(6a;2 - 5a; - 4). 
id trans., a^-lix + ^b^O. 

le coefficient of a;^ ig qji^^ y^q have merely to find the 
of +45 which together amount to - 14. 
These are - 5 and - 9. 
.*. a; = 5 or 9. 

Given (x + 2)(2a; - 3)(3a; -1) - (x + l)(4a;-l)(5a;-6), 

V, 

ing, 6a:^-hx^-l9x + 6 = 20a^ - 9a;2 - 23a; + 6. 
d trans., 14a;^ - lOa;^ - 4a; = 0. 
gby2a;, 7a;2 - 5a; - 2 = 0. 

7x -2=-14=-7x2. 

7 2 

.'. x = w or -y- 

= 1 or - y- 

I the 2a; divided out, we also get a; = 0, a third value; 
equation 14a;^ - lOa;^ - 4a; = 0, on being reduced to 
becomes 2a;(a;- l)(7a; + 2) = 0; and as each factor 
equated to 0, we get the three values — 

2 
a; = 0, a;=l, x= -w' 

Griven mnx^ - (an - bm)x = ab, to find x, 
mnx^ - (an - hm)x - a6 = 0. 

mn X -ab= - ahmn = -any. + hm, 

an hm 

.*. a; = — or - — - 
mn mn 

a h 

= — or --• 
Wt n 
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(6.) GiTen6x>-5a;+3 = 0, tofinda:. 

6x3=18. 

As no two factors of 18 have - 5 for their sum, this 
expressi<Hi cannot be resolyed into &ctors, and a; has no 
radcmal valna 

ETAHFLEB FOB FBAOTICB.— UL 

Solve the following by the above method : — 
(1.) a:»-6a; + 8 = 0. 
(2.) x* + a;=20. 
(3.) 3x^-k-7x = e. 
(4.) e{s^-l) = 35x. 
(5.) (2x-l)« = 4a; + 22. 
(6.) (5a;+l)« + 4 = (4a;+l)2-lla;. 
(7.) 4(4a:+l)(a;-l) = (5a;-l)(3a;-l). 
3a;+l aj+l 11 



(a) 



4a; + 3"^5a; + l "12 



g + S x-3 4a;-9 
'^•^ iT4'^a;+l ■"2a:-l* 
(10.) {x + l){x + 3){x + 5) = (2a; + l)(i»2 + a; + 15). 
(11.) aha^ + a^-h^ = {a^ + b^)x, 
(12.) 4:0^-7x^3. 

Second Method. 

151. By Completing Sqnare.— Since {x+a)^=ay^'^2aX'^a\ 
the expression x^ + 2ax may be converted into a square by 
adding to it a^, which is the square of half the coeffident 
of Xf and since (a; - a)^ = a^ - 2aa; + a^, x^ — 2ax will also 
become a square by the addition of a^. 

If now we have for solution the equation x^ + 2aa; = 3fl^ 
by adding a^ to the first side we will render it a complete 
square ; but as the addition of a quantity to the one 
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requires the addition of a like quantity to the other, the 
equation will become a?- + 2aaj + a^ = a^ + Sa^ or 

Taking now the square root of each side, we get ± (a; + a) 
= ±2a, but, for the reason given in Art 146, it is suffi- 
cient to write the double sign only on the second side ; 
this gives x-\-a— ±2a, two simple equations, from which 
X may be determined. 

.'. x=: - a + 2a or - a - 2a. 
= a or - 3a. 
K the given equation be of the form ax^-hbx^c, on 

b c 
dividing by the coefficient of sc^, we obtain x^ -\- -x ^ - j 

and completing the square of the first side as in last ex- 
ample, we have — 

, b (by J^ c b^^iac 



b (by 



4a2 a ia^ 

b m 

Hb^ + 4ac be a square, say m\ we have aj + s" ~ * 2~ * 

. , -b±m 

And /. X = — 2^ ' 

But ii b^ + iae be not a square, its root can only be 

-b± j¥ + 4ac 
indicated, and x will then equal « • 

152. From consideration of the above, we obtain the 
following 

KuLE. — Arrange the unknown quantity and its square 
on the first side, and the known quantity on the other. 

Let the square be positive, and stand first 

If necessary, multiply or divide all the terms of the 
equation by such a number as will make the coefficient of 
the first term unity. 



I 



264 QUADRATIC EQUATIONS. 

Add to each side the square of half the coefficient of 
the unknown quantity. 

Extract the square root of each side, and place the 
double sign before the second one. 

From the two simple equations thus obtained, find the 
values of the unknown quantity. 

lUnstrative Eocamples, 

(1.) Given x^ + 2x = 63, to find x. 
Completing square, aj^ _j. 235 + 1 = 64. 
Extracting root, x + l= ±8. 

.•. 05= -1±8 = 7 or -9. 

(2.) When x^-3x = 40, what is the value of a; ? 

The coefficient of x being here an odd number, its half 

3 9 

is represented as the fraction h, the square of which is i'> 

therefore completing square we have — 

o o /3V 9 ,^ 169 

3 13 

Extracting root, x - ^ = ± 9" • 

3±13 
.'. X = — ^ — = 8 or - 5. 

(3.) Given Sx - 5x^ = - 4, to find x. 
Rearranging so as to have 6x^ first, and positive— 

5x^ - 8a; = 4. 
Dividing by coefficient of x^ — 

2 « ^ 

X 5«J - 5' 
Completing square — 
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4 6 

Extractmg root^ a - f = ± e . 

4±6 ^ 2 

/, X = — ^ = 2 or — K • 

(4.) Solve the equation 

(5a. + 4)2 - (3a; - 1)2 = {ix + 2)2 - {2x - 1)2. 

By Theorem III., Art 57— 

(8a; + 3)(2a; + 5) = (6a; + l)(2a; + 3). 

Expanding, 16a;2 + 46a; + 15 = 12a;2 + 20a; + 3. 

Collecting, 4a^^ + 26a; = - 1 2. 

13 
Dividing, a;2 ^ —x = - 3. 

Ciompleting square, 

13 /13\2 169 ^ 169-48 121 



(i) 



iB2+ oaJ + l-r I =-T^-3 = 



2'^'^\4; "" 16 "*'" 16 ~ 16* 

Extracting root. .-.^=±^. 

-13±11 1 
. . X — T = — 2 or - 6. 

(5.) Find x from the following equation : — 

a;-3 a;-l a;-4 a;-2 
33-5 a;-2'~a;-6 a;-3* 

Reducing each side to a common denominator, 

a;2-5a; + 6-a;2 + 6a;-5 a;2-7a;+12 -a^^ + 8a;- 12 
a;2-7a;+10 "" a;2-9a; + 18 

CoUecting, ^^^q = a;2-9^+18 = W- S (^- ^^^> 

Clearingfractions, 2a;2 - 8a; = a;2 - 9a; + 18. 

.*. a;2 + a;=18. 

1 73 

CompL square, a;2+a; + T=18J = -7-' 



266 QUADRATIC EQUATIONS. 

1 n/73 

Extracting root^ x + n= ± "o — 

-1± /s/73 
• aj = s 



(6.) Given — « — == 2_a2 ^> *^ ^^ ^ 
Simplifying and transposing, 

Completing square, 
2 2(a2 + 62) /a2 + 62\2 (^2 ^_ 52)2 _ ( ^2,52)2 4^252 



/ gg + 62 \2 (gg + 62)2 _ (^2,52)2 4 

Va2-62; - (a2-.62)2 -(^s 



a2_ft2 '^■^\a^-by " (a2-.62)2 -(a2^62) 

a2 4.^,2 +206 
Extractmg root, a; — 2 __ ^2 ~ 2 _ a2 • 

a2±2ab + b^ (a+by {a^bf 
•'• ^- a2_52 -a2-62^^ a2-62 

a + 6 a-6 

= 1 or — -7 • 

a—b a+b 
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Find the value of a; in each of the following equa- 
tions : — 

(1.) a:''-4aj = 5. 

(2.) a;2 + a; = 7a;-5. 

(3.) 3(a:2-a;)-6(a;-2) = 2(a:2-l). 

(4.) 6(a; + 6)-a;(a; + l) = 0. 

(5.) (a;-2)2 = 2aj. 

(6.) 2a:2-lla; = 40. 

(7.) (a; -4)2 + (2a: -5)2 = (3a; -7)2. 

(8.) (4a; - 3)(3a; - 4) - (a; - 4)(3a; - 1) = 4 
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-1 ^ 



(9.) - 
(10.) 3.76i" + 1.4!n 

(12.) aca+(o-l)a! = l. 

<i»)i + s-B-r 

3 + 3! 12- 



(11) ; 



'■r= 



(IS.) »»^-— JTS — 

*'«•' (..+2)(i+3)-(«-4)(,:-3)- 

. 1 1 1^ 1 

' ' (S=l5i5=3) + (a*l)(«»3) - (STJ^J) + («+3)(^)- 
„«> 1113 

Thibd Method. 
^ Ul ^ imdering Ooeffldent of ic* a Square.— Iq order 
^V K*oid fraotunu, it is Bometimea recommended to multi- 
^Btj tte vbtde lA tilie given equation by four times the 
Vaattoieitt of a^, and then to add to both sides the square 
of iho eocdScient of z. The root of both sides being ex- 
^^^^A, the value of x may be found from the resulting 



I 



lUusb-atwe Examplts. 
fCHven 6a!» + lla!- 10, to find k 
1^ 4 X 6, or 24, -we have — 
144iE^+ 264x1= 24a 
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Adding the square of 11 to both sides, 

144a;2 + 264a; +121 = 240 + 121 = 361. 
Extracting root of both sides, 

12a;+ll=±19. 
From which, 12a;= - 11±19 = 8 or -30. 

2 5 

And .-. «'=3 0'--2- 

(2.) Find x from the equation ISic^ _ 4.335 = _ 13. 
Multiplying by 60, 900a^ - 2580a; = - 780. 
CompL square, 900a;2 _ 2580a; + (43)2 = 1 849 - 780 = 1069. 
Extracting root, 30a; - 43 = ± Jl069. 

30a; = 43± n/T069. 

/. a = 30(^3 ± n/I069). 

KXAMFT.ra FOR PRACTICE.— LIV. 
Find the value of a; in the following equations : — 



(1.) 8a;2 + 45a;=18. 
(2.) 13a;2 + 33a;=18. 
(3.) 20a;2- 31a; +12 = 0. 



(4.) lla;2_5a.= i. 
(5.) 32a;2- 51a; + 23=0. 
(6.) aha? + OCX = he. 



154. Eauations that may be solved like Quadratics." 
Equations not really quadratics may frequently be solved 
by being thrown into the quadratic form. 

The following examples will illustrate the methods that 
may be adopted : — 

(1.) Given cc^ - 13a;2 + 36 = 0, to find x. 

If y be put for a;2, then y^ will stand for a;*, and the 
above equation may be written y^ - 13t/ + 36 = 0, a quad- 
ratic which on solution gives y = 4 or 9, that is, a;2 = 4 or 9. 
And /. a;= ±2 or ±3. 

Observe that there are here four different values of the 
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unknown quantity, and that the fourth power of this quan- 
tity appears in the given equation. 

(2.) Given 3a; + /s/i=2, to find ai 

Let fjx = y, then x = y*. 

And the equation becomes 3y^ + ^ = 2, a quadratia 

I— 2 
Solving, we find y, that is, va5= « or - 1. 

4 
From which aj=Q or 1. 

The second value of a;, however, will not satisfy the 
given equation unless Jx be taken with a minus sign ; 
thus, 3a; - \/a; = 2, in which case the first value of x will 
not apply. 

(3.) Find x from the equation a?* + 4ca^ - 8a; = 32. 
If 4a;2 _ 4jp2 \^ inserted in the first side, we shall have — 
a;* + 4a;3 ^ 4^2 _ 43.2 _ 8a; = 32. 
That is, (a;2 + 2a;)2 - 4(a;2 + 2a;) = 32. 
Or, 3/2_4y = 32, if y = i»2 ^ 2a;. 

Solving this, we find 2/~2=±6, ory = 2±6. 

/. a;2 + 2a; = 8or -4. 

Two equations from which we obtain 

a;+l = ±3, or ± J^. 
And .'. a; = 2, or - 4, or \/^ - 1, or -\/- 3-1. 

As in No. 1, this equation contains the fourth power of 
a;, and yields four values of it. 

If it had contained the third power, and no higher, it 
would have given three values of x. 

It will be found that, in every equation, the number of 
values of the unknown quantity corresponds to the highest 
power in which that quantity appears in the equation. 
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(4) Solyetheeqiiati<mx3-5Vz^-&E + 2 = 6a;-a 
Bj transpoeiiig 6a: - 2, we have — 

a;a_6a: + 2-5Va:2_6a.+2= -6. 

And iij/ = j3^ - 6a: + 2, the equation becomes^ — 5y= -6, 
from which we get y = 3 or 2 ; tJiat is, s^x*-6a5+2 = 3 or 2, 
and sqnaring, x^-6a; + 2 = 9 or 4: two quadratic equa- 
tions, the first of which gives a: = 7 or — 1, and the second 
x = 3± is/ir. So that X has again four ralnes. 

This appears to be contradictoij to what was said after 
last example, for here the hi^est power of the unknown 
quantity is a^. If, however, the equation be arranged so 
as to have the quantity under the root-sign on a side by 
itself, thus, a:2_6a: + 8 = 5Vic^-6a;-f.2 (Art 126), and if 
both sides be squared, we shall have — 

an equation of the fourth degree, and one therefore giving 
four values of x. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 

a 

9. 

0. 

1. 
2. 
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ic*-29a;2 + 100 = 0. 

4aj*-17a;2+18 = 0. 

ai^-2a!^ + 2x^-x = 6. 

ai^'\-2a^-13x^ = Ux-24u 

x-2 six = 3. 

5x + 7 is/x = 6. 

3x+ V3a;-fl = 19. 

X" ij4iX -3 = 6. 

1 2a;2 + 2 a/ r2flc2T^^ = 10 - cc. 

x^ X * 

x{x - a){x - 2a)(x - 3a) = 1 - 2a2. 
(a:*» - 2x''f - 2(ar^ - 2aff -H 1 = 0. 
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155. Problems producing Quadratic Equations with 
One Unknown Quantity. 

(1.) Find two numbers whose difference is 6 and whose 
product is 91. -* 

Let X = the greater, and a; - 6 = the less, 
Then x{x - 6) = 91, by the question. 

Completing square, 05^ - 6a; + 9 = 100. 
Extracting root, aj - 3 = ± 10. , 

.•; a; = 3±10=13or -7. 
And •a;-6 = 7 or -13. 

The numbers are therefore 13 and 7 or - 7 and - 13, 
both of these pairs fulfilling the conditions of the question. 

(2.) Bought at a sale a lot of sheep for £90, and found 
'that their number exceeded the number of shillings each 
cost by 5. How many were there, and what was their 
price per head ? 

Let X = the number of sheep, 
a; - 5 = the number of shillings each cost. 
x(x - 5) = total cost in shillings. 
;. a!^-5x=^ 1800. 
Solving, we find a; = 45 or - 40, 
And a; - 5 = 40 or - 45. 

The negative values being here inapplicable, the num- 
ber bought was 45, and the price per head was 40s. 

If, instead of " their Jiumber exceeded the number of 
shillings," we read " their number was less than the num- 
ber of shillings," and again put x = the number of sheep, 
we shall have the equation 

a;(a;-H5) = 1800. 
Prom which a; = 40 or - 45. 

And . a; -f- 5 = 45 or - 40. 

The two questions are so related that the Dejected value 
of a; in the one equation becomes its true value in the other. 
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156. After solving a problem producing a quadratic 
equation, it will be necessary to ascertain which of the two 
values, always yielded by such equations, is applicable to 
the given problem. In sonfe cases both will sjpply ; and 
in those where only one does so, it will frequently be 
possible, by some alteration in the conditions of the ques- 
tion, to form a new problem, to which the other value will 
in its turn be applicable. '' l^e reason of this seems to 
be that the algebraical mode of expression is more general 
than ordinary language" (WoocPs Algebra), 

(3.) A workman earned £5 in a certain time. If he had 
wrought six days more, and gained lOd. per day less, he 
would still have earned the same amount. How long did 

he work 1 

1200 
Let X = the number of days required ; then = 

1200 
what he earned per day in pence ; ^ = what he would 

have earned per day on working six days more. 
Therefore by the question, 

1200 1200 ,^ 

= —-a + 10. 

X x + o 

Multiplying out and transposing, 

aj2 + 6a;-720 = 0. 
From which a; = 24 or - 30. 

As - 30 cannot be the answer^ the number of days he 
wrought was 24. 

The 30 which is here rejected, on account of its being 
negative, affords a solution of the following modification 
of the given problem : — 

A workman earned £5 in a certain time. If he had 
wrought six days less, and gained lOd. per day motej he 
would still have earned the same amount How many 
days did he work ? 
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Putting X = the number of days required, we have the 

equation 

1200 .,^ 1200 

+' 10 = - — g . 

<*. X x-6 

Prom which aj2-6a;-720= 0. 

And /. a; = 30 or - 24. 

(4.) Two persons entered into partnership. One put in 
£1000 for twelve months ; the other continued in business 
for eight months more, ^d then retired with a sum of 
£1750. The total gain having been £350, what share of 
it should each have had ? 

Let X = the number of pounds the second gained ; then 
1750 - a; = the number of pounds in his capital 

In a question of this kind it is understood of course 
that the profit is divided in proportion to the sums 
invested and the duration of their investment. 

Now £1000 invested for twelve months may be con- 
sidered equivalent to £12,000 invested for one month, and 
1750-03 for 20 months the same as 20(1750 -a;) for one 
month. 

This gives 12000 + 20(1750 -a;) as the total capital 
for one month, the share of the second partner being 
20(1750 -a;). 

We have therefore by proportion 

12000 + 20(1750 -a;) : 20(1750 -a;) :: 350 : a;. " 

Cancelling 20 out of first and second terms, and reduc- 
mg to an equation, we have— 

(600 + 1750 - aj)aj = 350(1750 - a;) 
Or a;2~ 2700a; + 612500 = 0. 

This being solved, gives a; = 250 or 2450. 

As the entire gain was only £350, the larger value of x 
is here inapplicable. 

The second partner's share was therefore £250, and the 

first's £100. 

13 
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EXAMPLES FOR FBACTICE.— LVL 

(1.) Find two numbers whose sum is 18 and the sum 
of whose squares is 194. ; 

(2.) A boat's crew take as many minutes to row one 
mile up a river as they can go miles down in one hour. If 
the river flows at the rate of 3J^ miles per hour, at what 
rate can they row in still water ? 

(3.) In a race between two steam-boats, one went one 
mile an hour faster than the other, and gained by six 
minutes. The distance being 24 miles, at what rate did 
each go? 

(4.) Two numbers differ by one, and their cubes by 91 ; 
what are they ? 

(5.) The length of a rectangular picture-gallery is 30 
feet greater than its width, and the walls are 20 feet high. 
Making no deductions for openings, the area of the walls 
is exactly equal to the joint area of the floor and the 
ceiling. What is the breadth of the room 1 

(6.) At a game of draughts, the number of pieces lost 
by one player was twice the number lost by the other ; 
and it was observed that the product of these numbers 
exceeded the sum of the number of pieces left on the 
board by three. The loss of each piece having on an 
average occupied two minutes, it is required to find how long 
the game lasted. Each player began with twelve pieces. 

(7.) A and B set out at the same time to meet one 
another from two places 87 miles apart. A travels 12 
miles and B 1 1 miles a day more than the number of days 
which they require for the journey. How far does each 
travel ? 

(8.) A rectangular field of 3 acres is enclosed by a fence 
484 yards long. Find the length and the breadth 'Of the 
field. 
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(9.) In a certain town the consumption of water for 
domestic and trade purposes was 30 gallons a day for 
each inhabitant. By the adoption of measures to prevent 
waste, the domestic consumption was reduced two-sevenths 
and the trade consumption one-sixtL It was then found 
that the saving on the domestic consumption bore to that 
on the trade consumption the same proportion that the 
original consumption did to the total saving. To what was 
the total consumption reduced per head ? 

(10.) Three persons can together do a piece of work in 
10 days. If each wrought by himself, A would take 10 
days more than B, but only half as many as C. What 
time would each take ? 

(11.) The perimeter of a quadrangle is 280 feet When 
a path 10 feet wide was formed round the inside of it, the 
area of the plot left in the centre was found to be half 
that of the whole quadrangle. Kequired its dimensions. 

(12.) The number of passengers in a special train was 
the same as the number of miles in the journey. Thirty 
passengers paid one penny a mile, and of the remainder 
three-fourths paid twopence a mile, and one-fourth three- 
pence a mile. The total amount paid being ^15, 12s. 6d., 
what was the length of the journey 1 

(13.) For ^6 a person can buy a certain number of yards 
of one kind of cloth, or 3 yards more of another kind worth 
2a a yard less. At what price per yard does each sell 1 

(14.) The expenses in a workman's club having increased 
to £60 per annum, it was found necessary either to increase 
the annual subscription by Is. 6d., or to obtain 40 new 
members. What was the number of members and the 
annual subscription? 

(15.) At an election, the number who voted for the 
unsuccessful candidate was a mean proportional between 
the number who voted for his opponent and those who did 
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not vote at all, of whom there were 432. He lost by 84 
votes. What was the size of the constituency 1 

(16.) What time is it when the number of hours after 
noon is the same fraction of a day that an hour is of the 
number of hours it wants of 10 o'clock 1 

(17.) A farmer sold a number of geese and turkeys — 
18 in all — for £7, 14s. The number of geese was the 
same as the number of shillings a turkey cost, and the 
number of turkeys equalled the number of shillings a 
goose cost. How many were there of each ? 

(18.) A person went from X to Y by coach, and retume<j 
by train, the distance between the two places being 32 
miles by road and 30 miles by rail The rate of the train 
was 22 miles an hour greater than that of the coach, and 
it did the journey in 3 hours less. Find the time each took 

(19.) Of two bankrupts the first can pay per £1 what the 
other can pay per guinea. The debt of the first exceeding 
that of the second by ^6105, the creditors of each lose X210. 
Find the assets of the first and the debts of the second. 

(20.) Two workmen received X4, 10s. for doing a piece 
of work between them in 4 days. If they had wrought sepa- 
rately, the one would have taken 6 days longer than the 
other. What share of the £4, 10s. should each have received? 

(21.) One boatman can row 5 miles up a stream in an 
hour, while another can row only 4. On making a trip to 
a place situated 10 miles up, the first went and came in 
36f minutes less than the second. Find the rate at which 
the stream flowed. 

(22.) In balloting for the admission of members to a 
club, one black ball in 12 was sufficient to exclude. A 
new member was told that the number who voted against 
his admission, multiplied by itself, would only be equal to 
the number who voted for him ; but that if 5 of these 
latter had voted against him, they would have increased 
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the dissentients to the number just sufficient to prevent his 
election. How many voted 1 

(23.) A bicyclist can make the same number of revolu- 
tions per minute with each of two machines, the first of 
which has the circumference of the driving-wheel 2 feet 
greater than the other. Using the first machine, he can 
go 3 miles per hour less than the number of feet in the 
circumference of its wheel, and using the second he can 
cover a mile in 4J minutes. Find the circumference of 
each of the wheels. 

(24) On the same day A and B withdrew all their 
money from the bank, A's having lain for 12 months and 
B's for 8. The bank-rate per cent, was exactly equal to 
one-half the difference between the sums they gained as 
interest, and the total of these sums was £41-28. The 
amounts withdrawn having been equal, it is required what 
each lodged in bank. 

Selected Examples. 

(25.) A person by selling a horse for £56 gains as much 
per cent, as the horse cost him. What did he pay for 
the horse ? 

(26.) Find the price of eggs per dozen when two less in 
a shilling's worth raises the price one penny per dozen. 

(27.) Two detachments of foot, being ordered to a station 
at a distance of 39 miles, began their march at the same 
time; but the one party, by travelling a quarter of a 
mile an hour more than the other, arrived there an hour 
sooner. Find their rates of marching. 

(28.) A person drew a quantity of wine from a full 
vessel which held 81 gallons, and then filled up the vessel 
with water. He then drew of the mixture as much as he 
before drew of pure wine, and it was found that 64 gallons 
of pure wine remained. How much did he draw each time > 



278 QUADBATIC EQUATIONS. 

(29.) A and B run a race. B, who runs slower than 
A by a mile in 5 hours, starts first by 2^ minutes, and 
they get to the fifth mile-stone together, B.equired their 
rates of running. 

(30.) A detachment from an army was marching in 
regular column, with 5 more men in depth than in front ; 
but on the enemy coming in sight the front was increased 
by 845 men, and the whole was drawn up in 6 lines. Find 
the number of men in the detachment. 

(31.) The product of four consecutive numbers is 3024 
Find the numbers. 

(32.) A cistern can be filled by two pipes running to- 
gether in 2 hours 55 minutes. The larger pipe by itself 
will fill it sooner than the smaller by 2 hours. What 
time will each take separately to fill it ? 

(33.) A person lowered his goods a certain rate 
per cent, and found that to bring them back to the 
original price he must raise them 3^ more per cent 
than he had lowered them. Find the original fall per 
cent 

(34.) A grazier bought a certain number of oxen for 
J&240, and, after losing 3, sold the remainder for £8 a 
head more than they cost him, and gained thereby £59. 
How many oxen did he buy 1 

(35.) A and B take shares in a concern to the amount 
altogether of £500. They sell out at par, A at the end of 
2 years, B of 8, and each receives in capital and profit 
£297. How much did each embark 1 

(36.) Some bees were sitting on a tree. At one time 
there flew away a number of them represented by the 
square root of half the number in the swarm ; and again, 
eight-ninths of the whole swarm ; two only remaining. 
How many bees were there 1 — (From the " JSija GanUa^^ a 
Hindu Treatise an Algebra,) 
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157. Simnltaneons Quadratic Eauations.— Equations of 
two unknown quantities involying terms of two dimensions 
(Art 145) have the following general form : — 

aa?' + hxy + cy^ + dx + et/ —f [1 
a^ + h^ + c^y^ + d^ + e^y^^fi i[2 

If [1] be multiplied by Oj, and [2] by a, we shall have — 

a^aa^ + (i^bocy + a^cy^ + o^idx + a^ey = a^f, 
and a^ax^ + ah^xy + oc^y^ + oc^iCC + ae^y = a^. 

From which, by subtraction and division, we get — 

^ (oci - «ic)yg + (0^1 - a^e)y + (a^/~ a/i) 
(0^6 - db^y + (ojC? - ad-^ 

If now this value of 05 be substituted in one of the 
original equations, we shall obtain an equation in y of the 
fourth degree : y therefore must have four values, and so 
consequently must x. 

Although thus properly of the fourth degree, many equa- 
tions of the above character, especially those in which 
some of the terms are wanting, may, by a little manage- 
ment, be solved as quadratics. 

No general rule for their solution can be given, but the 
following examples will show some of the methods that 
may be employed. 

158. L When one of the equations is simple. 

Find from the simple equation a value of one of the 
unknown quantities in terms of the other, and substitute 
this value in the other equation. 

Illustrative Example, 
Givm| ~^l2yl3 [2] } . to find « and y 
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From [2], a; = 2y + 3. 

Substitute in [1] — 

(2y + 3)2-2(2y + 3)y-3y2=12. 
Then - 32/2 + 61/ + 9 = 12. 

2/2-2y+l=0. 

And 2/-l=^- 

.'. y=l, and a; = 2?/ + 3 = 5. 

Observe here that only one value of each of the un- 
known quantities has been found, but if these be succes- 
sively substituted in the first equation, we shall obtain, 
when y = l, two values for x, — namely, 5 and -3; and 
when 03 = 5, two values for y, — ^namely, 1 and - 4^. 

These second values, - 3 and - 4J^, however, do not 
satisfy the second equation, so that only the first found 
pair of values is applicable to both equations. 



159. XL When the equations are symmetrical ; that is, 
when the unknown quantities in each are similarly in- 
volved. 

Assume x = u-{-v, and j/ = u-v; substitute these values 
in the given equations, and therefrom deduce a quadratic 
equation in u. This being solved, v and therefore x and y 
may be found. 

Illustrative Example, 

f 2a;2-3ajy + 22/2 = 23 [1]) ^ , 

^'^^^1 x2-a: + y2^y = 26 [2] | » *<> ^^ a: and y. 

Let x = u-^v, y = u-v. 

Then 2{u + vf - ^u + v){u-v) + 2(u - v)^ = 23 

And (u + vy - (u + v) + (u- vf - («a - v) = 26 



From 
From 



3 

4 



X 7, 
[7] - [5], 



^^2 + 7^2 = 23 

W2-|^ + |;2=13 

7u^-7u + 7v^ = 91 
6w2-7w = 68 
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. . w = 4 or - -g- • 

J77 
And from [5] or [6], v = ± 1 or ± -^^ • 

K ^ ± V77-17 
/. a; = 6or3or — ^^^— g • 

A ^ Q K + V77-17 
And y = 3 or 5 or — /. • 

160. nL When the equations are homogeneous; that 
is, when all the terms in each, except the known one, are 
of the same dimension. 

Assume y=vx, and substitute this value of y in the 
given equations. From each, find x^ in terms of v, and 
equate the two expressions thus obtained. 

This gives a quadratic in v; and v being found, the 
original equations may easily be solved. 

lUvfStrative Example, 

(x^ + xy-2y^^ 7 Til) 
^^^^^ \x^ + 3y^ =21 [2] I' to find x and y. 

Let y = vx 

7 

From [2], aP == 



l + 3t;2 
21 



•• l+v-2i;2~ 1 + 3^2 
And 1 + 3i^« = 3 + 3v - 6^2 

Or 9v2_3^^2 



From which 



i; = 30r -3 

2 1 

y = osc or - gaJ . 
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Substituting the first of these values in [1] we get — 

2 8 

From which, a: = ± 3, and .'. y= ± 2. 

Substituting the second value of y in [1] we get — 

3 — 1 - 

From which, a; = ± ^ n/7, and /. y = + s VT. 

Making the same substitutions in [2], we obtaia the 
same values of x and y, which have, therefore, each four 
values, — ^namely, 

a;= ±3 or ±2^/7 



and y = ± 2 or +2 \/7. 



161. By employing the following modification of the 
above method, x may be expressed in terms of y, or y in 
terms of sc, without employing the auxiliary quantity v :— 

a:2 + a;y-2y2= 7 [1 
a;2 + 3y2 = 21 [2 

Find the least common multiple of the two knom 
quantities, and multiply each equation by such a number 
as will bring its knoum quantity to the common multiple 
found. 

The above will then become — 

Sx^ + Sxy-6y^ = 2l 
a;2 + 3y2 = 21 

Subtract the one equation from the other ; this givesr— 

2a;2 + 3xy - 9y2 = [3] 
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Besolving into factors, we have {2x - Sy)(x + 3y) = 0. 

2 1 

Substituting these values in [1] or [2] we get, as before— 

a;= ±3 or ±2>/7^ 



1 — 

and y = ± 2 or + ^ >/7 . 



If the quadratic equation [3] is solved by completing 
the square, one of the unknown quantities must be con- 
sidered the coefficient of the other. 

Thus, solving for y in terms of x, we have— 
From [3], 9y2_3icy=2aj2 

or y^-oXy = Qix^ 

And completing square — 

,1 /I \2 a2 2x^ 9iB2 
2^'-3^ + V6^j=36 + "9" = ^' 

1±3 2 1 

'*' y= 6 ^ = oos or - «« , as before. 

Additional Excmiple, 

/(2a;-3y)aj = 5 [11) 
^^^^^ t(3« - 4y)y = 9 [2]/ » *<> ^^^ ^^ ^^^ y. 
1] X 9, 18aj2-27aJ2/ = 45 

2] X 5, 15a:2/-20y2 = 45 

Subtracting, \%a? - 42icy + 20y^ = [3] 
Solving for x in terms of y — 

[3]-f 18, x2-|By=-^' 

7 49 49-40 9 
Completing square, x^-^-^xy^ ^^y^ = 3^ y^ = 3^2/ 

7±3 5 2 



r2 
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Substitutmg these values successively in f 1]— 

SO ^ 15 ^ ^ „ , 

rvrst, 9-^-3"^ =5, .'. y=±3, and a; 



= +5. 



Second, 



92/2-32^2 = 5, .-. y=±S^ 

and a; = ± 2 ^A-i. 



162. lY. When the given equations wUl admit, they 
should be solved so as to find expressions for the sum and 
difference of the unknown quantities. 

Illustrative Examples. 

(a;2 4-2/2 = 109 Fll) 
(1.) Given I ^^^^ ^3 y|, to find a; and y. 

Squaring [2], aj2 + 2a:y + y^ = 1 69 [3 

3] - [1], 2xy^ 60 [4' 

1] - [4], x^-2xy'\-y^= 49 [5^ 

Extracting root, as - y = ± 7 [6 



2] + [6], 
[2] - [6], 



2a; = 20 or 6, and /. «= 10 or 3. 
2y = 6 or 20, and /. y = 3 or 10. 



(2.) Given I f ■*-2/'- 
^ ' {xy + x-y^ 



= 89 [1]) ^ , 

4.S r2 n » *^ ^ ^' 

X 2, 2a;y 4- 2(a; - y) = 86 [3] 

"1] - [3], a2_2a^ + 2/2-2(a;-y)= 3 

or {x-yf-2(x-y)^ 3 [4] 

Com. sq., (a; - y)2 - 2(a; - 2/) 4- 1 = 4 
Extracting root, 05-^-1= ±2 

/. aj-y= 3 or -1 [5] 

[2] - [5], a«/ = 40or44 

and 2a^ = 80 or 88 [6] 

[1] 4- [6], a2^.2a^4.y2=i69 or 177 _ 

Extracting root, a;4-2/=±13or± Jill [7] 



TWO UNKNOWN QUANTITIES. 285 

[7] + [5], 2a;=16or -10 or -1±>/177 

-l±>/r77 



• • 



X 



= 8 or - 5 or 



2 



[7] - [5], 2y = 10 or - 16 or 1 ± ^177 

^ 1±>/I77 
/. y= Dor -8 or ^ 

(3-) Given {Xlt) = '^ [2]} ' *° ^^^ a, and y. 

[2] squared, 

m^a^ + 2aJ2/ .+ y2) = ay [3] 

[1] X m\ m\a^ + y^) = wi^aj V [4] 

[3] - [4], 2mh^ = (1 - m2)aj2y2 

2m2 
.*.a^y=rr^2or0 [5] 

Substitut in [1], (^2 + y^ = n - 7^^2)2 ^^ ^ [^1 

[5]x2, 2a:y=j-3^2 [7] 

r.n r . « ^ o 4771^+ 4m2(l -m2) 4w2 
[6] + [7], a? + 2xy + y^^ (r--^^ = (r:^2 

or a:+y = Y^::^ 

r.-, r n « « o 4m4-4m2(l-m2) 4m2(2m2-l) 

[6] -[7], r.2^2.:2/ + y^= - (l-m2)2 = (1-^2)2 

± 2m N/2m2 - 1 
or x-y= T 2 

/. aj=±w(l+ N/2m2-l) 
and y= ±m(l - \/2m2 - 1). 

If a:y = be substituted in [1] it will be found that x 
^nd y each equal 0. 
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163i EanatioiiB containing terms of more than two 
dimensions. 



lUibstrative Examples. 



i 



(1.) Giyen|^^^^^y2^21 [2]]' ^^^''^y- 



r 


• 
m 


2' 


> 


a;-y = 3 


[3] 




'3' 


squared, 


x^-2xy + y^ = 9 


'4" 




'2' 


~ 


■4 


} 


3xy =12 and ojy = 4 


'5' 




y 


+ 


y. 


) 


x^ + 2xy + y^ = 25 




or x + y^ ±5 [6" 


& 


+ 


•3 


9 


/. 2a; = 8or -2, /: a; = 4or -1. 


& 


— 


'3^ 


) 


2y = 2or -8, /. y = l 


or 


-i 



,«v ^. faJ* + 2/* = 97 [1]) 

(2.) Given | ^^y^ 5 [2] J ' ^ ^ ^' 

From [2], X*^ + 4:X^y + Gxh/ + ixy^ + y* = 625 [3] 



[3]- 



1], 



ia^y + Gxh/ 4- 4.xy^ = 528 
or 2a;y(a;2 + 2/2) 4. 3a;y = 264 [4] 
From [2], a;2 + y2 = 25 - 2xy 

Substitut. in [4], 2xy(25 - 2xy) + 3a;2y2 = 264 

50xy - 4aj2y2 + 3^^ ^ 264 

a;2y2_50iBy + 264 = 
(icy — Q)(xy - 44) = 

.'. ocy = Q or 44. 

x-{-y being known, a5 - y ™*y i^^w be found, and there- 
fore X and 2/ ; their values are — 

a; = 3 or 2 or |(5± x/TTsT) 
y = 2 or 3 or J(5+ V^nyf). 

.. (x'^ + 2xh/ + 4xy^ + Sy^^32 [l]|tofinda; 

(^.)Oriven| ' a;4y2 + 4^2^^32 [2]/ andy. 
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quared, 



x+2y , 



[6] 



or x^ + 4y2 =5 xM/^ - 4ccy [6} 

titut in [4], (ccV - ^^)^y^ = 32 

iB«/ - 4a^y3 ^ 32 [7] 

pL square, jc^y* - 4a5^^ + 4 = 36 

/. a:3y3 = 2±6 = 8_or -4 

and ajy = 2 or -^^4 [8] 

tituting the first of these values in [4], we get — 

(aj2 + 4y2)(4) = 32, or x^ + 4y2 = 8 [9] 

i[8]and[9]|^2,4^^^^2 = o 

.-. aj + 2y=±4 
and a; - 2y = 

/. 05= ±2, and y= ±1. 

Jier values of x and y may also be found; for, resolving 
ato factors, we get — 

- 2)(ajy + ^Jl){xhf + 2a«/ 4- 4)(a;V - xy »^4 + 2 ^2) = 0. 
on equating these successively to 0, we obtain — 
r = 2, or-Vi, or ± ^Ts - 1, or J{ Vi± ^^32), 
X different values of xy which, in conjunction with 
^ield twelve values of x and twelve of y, 

KXAMPT.KB FOR PRACTICE.— LVU 

nd the values of x and y in the following equations : — 
(1.) aj-y = 3, aj2-y23=33. 

(2.) a; + y = 7, ic24.2^2^29. 

(3.) a;2 + 2/ = ll, Zx-y^l. 

(4.) 2aj2 + 2/2 = 9, 2.x4-2/ = 5. 

(5.) a;2 + y= 17, a;22/ = 16. 
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(6.) a^ + 9y»-61, «y = 10. 
(7.) :^+Xj/+y^=7, 3! + »/=3. 
(B.) i>+ay.70, ij+y'.SO. 

(9.) .01x«--2y=l, ■3a;-^=3. 

(10.) 3a:S-5a;y=8, 2iKy + 3y2 = 2a 

1 



(13.) . 



= 25, 



.7. 



(U) i> + y'.28,i+y-4. 
(15.) crf-y'.m.x'y^^/.SO. 
(16.) »■+»■. 407, «'-rqi+y". 37. 
(17.) j;'+iy+j'.17jV, »!'+>»+»'- 
(18.) 16a^«+16aV = 333, 4a:V + 4a^^ = 



(19-) , 
(20.) ■ 



= 234, a?'+y2 = 4a 



g'-^x'- 



^B (26.) 



(21.) ar2 + y'=85, ay + a!+y=29. 
(22.) a:' + y*-257,a;+2,=5. 

(24.) xy=l6i>y + 4:20,x^ + y^ = &l. 
(25.) ^+|-2, 3! + y = a. 
(26.) s^-3xy = m,3x + y=n. 
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(28.) aP + y^ + x + y==2{a^ + a + l),x^^a^'-l. 

(29.) xy + Qcy^ = 064-62, a; + an/^ = a^ + — . 

(30.) a%2 _ 2a63ajy = ^252(^4 - ^4)^ aj2 _ j^y^ ^ (^2 _ 52)2 

It has not been considered necessary to give all the 
values of x and y that may be found from some of the 
above equations. 

164. Three Unknown Quantities. — Occasionally the 
methods employed in the previous article may be used to 
solve equations with three unknown quantities of the 
second or higher dimensions. 

lUust/rative Exa/mplea. 

(1.) Find values of a;, y, and z that will satisfy the 
following equations : — 

{x'\-y){y-\-%) = a^ [1 

(2/ + »)(« + 2^) = ^^ [2! 

{% + x)(x + y) = c^ [3 

Multiply the equations together — 

(a; + y)\y + zy{z + xf = a^^c^ [4] 

/. (x + y){y + z){z + x)=±abc [5] 

[5]~[1], « + «^=±5 [6] 

[5] -[2], a: + y=±f [7] 

[5] ^[3], y + ^=±7 [8] 

[6] + [7] + [8], 2(a: + y+.)=±(^%f + ^^) 

19 
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[9] - [8], 
[9] - [7]. 
[9] - [6], 



X 



y 



% 



\thc ac ah\ 

1/bc ah ocX 

\(ah ac bc\ 
^-2\V'^'b-a)' 



(2.) Given -I (a; + y + »)y = 30 
( a» = 10 



to findo?, ^, andz. 



[1] 

[2] 

[3] 
From [2], 2xy + 2yz = 60 - 2y^ [4 

From [3], 2xz = 20 [5^ 

[1] + [4] + [5], x^ + y^ + z^ + 2xi/+2yz + 2xz = m'2f^ 

or {x + y + zy=llS-2y^ [6] 

;6] X y\ (a: + y + 2;)V = (118-2yV 

'2] squared, (05+^ + z)^^ = 900 

/. (118-2y2)2/2 = 900 
From which, y^ = 9 or 50 

Using the first of these values, we obtain — 
From[l], a;2 + »2 = 29 

From [3], 2xz = 20 

/. (a;4-2j)2 = 49, or « + »= ±7 
and {x - »)2 = 9, or as* z= ±3 
We have .*. a; = ± 5, 2/ = ± 3, and 2 = ± 2. 

From 2/2 = 50 we may obtain other values of x and Z) 
but they will be found to be imaginary. 

(3.) Find X, y, and z from the equations— 

032 4- 2/2 + 2;2 — a [^1 

052/ + a» + y25 = 6 [2 
ajy(a; + 2/ + ^) = ^ P^ 
From [1] and [2] we have 

aj2 + y2 4. /j;2 ^ 2(ajy 4- a» + 2/^) = a + 26 
Extracting root, X'\-y + z= ± ^/a + 26 [4] 
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[3] ^[4], -y-±:j=u [«] 

From [2] and [5] we have — 

4c 
2xy-'2xz-2yz^± -i===-2h [6] 

4c 
[l] + [6], iK? + y^-\-z^ + 2(xy-xz-yz) = a± -7=== - 26 

/ 4c 

Extracting root, x + y-z= ±j^/ a± -, ~ - 26 [7] 

▼ V ^ "f" 26 

Prom [4] and [7] z may be found, and consequently, in 
conjunction with [5], we may obtain values of x and y. 

BXAM?T,E8 FOR PRACTICE.— LVm. 

Find the values of x, y, and z from the following equa- 
tions : — 

(1.) icy = 20, a» = 24, y2 = 30. 

(2.) a^z = ahy xy^z = bc, xyz^ = ac. 

(3.) {x+y)(j/+z) = 2l, (y+z){z+x) = i2, (z+x){x+y)=^ 18. 

(4.) x(x + y + z)=^a, y{x + y + z) = b, z{x + y + z) = c. 

(5.) (x + y)z = 60, (x + z)y = 78, (y + »)a; = 90. 

(6.) I0xyz = 20(x-hy) = l5{x + z) = l2(y + z). 

X b V c z a 

(7.) - + - = 3, f + - = 3i, - + - = U. 
^ ' a y ' z ^'c a; ^ 

(8.) ajy + 3a» + 5y« = 35, 2xy-icz + 3yz = 21, 

3xy - 2xz -yz = \8, 

(9.) x^^-oiyy+y^^yi, y^-k-yz + z^^l^, z^+xz->tx^ = 2\. 

(10.) a; + y + » = 10, a^^ + y2-|.2;2==38, ajy-|.y2; = 21. 

(11.) a^ + y^+z^=a^-'2l^, xy + xz + yz = h^, 

xz + yz + z^=al>. 

(12.) sb2+j^+j52=io9, aj2-y» = 46, y2-a» = 12. 
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[3] 4. [4], -y='±-j^, [«] 

From [2] and [5] we have — 

2^-2:^-2yz^±-jJL=-2b [6] 

4c 
[l] + [6], a^+y^-{-z^-{-2{xy-xz-yz) = a± . — - 26 

Extracting root, x-\'y-z=±^ a± -, -. - 26 [7] 

From [4] and [7] % may be found, and consequently, in 
conjunction with [5], we may obtain values of x and y. 

BXAM?T,E8 FOR PRACTICE.— LVm. 

Find the values of a;, y, and % from the following equa- 
tions : — 

(1.) ay = 20, a» = 24, y2 = 30. 

(2.) a^yz=^ah, xyhi^hc, xyz^ — cLC, 

(3.) {x+y){y+z) = 21, {y+z){z+x) = 42, (»+a;)(a;+2/) = 18. 

(4.) a;(a5 + 2/ + «) = a, y(aJ + y + ») = 6, 2;(a; + y + ») = c. 

(5.) (a:+y)» = 60, (a; + % = 78, (y+»)a; = 90. 

(6.) 10a^ = 20(aj + y) = 15(a; + 2;) = 12(y+2;). 

(7.) - + - = 3, f + - = 3^, - + - = U. 
^ ' a y '6 2 ^' c X ^ 

(8.) ojy + 3a» + 5y2 = 35, 2xy-icz + 3yz = 21, 

3xy - 2xz -yz = 18. 

(9.) iB2 + ajy + y2 = 37, sr* + y» + »2 = 13, 2;2 4.as5 + a:2 = 21. 
(10.) a; + y + 25 = 10, jc2 + y2^2;2 = 38, ajy + y» = 21. 
(11.) jc2 4.y2 + 2;2=,^2_262, ajy + a» + y« = 62^ 

xz + yz + z^ = ah. 
(12.) aj2+j^ + »2==io9, a^-y» = 46,y2-a»=12. 
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165. Problems producing Quadratic EquatioiiB of Two 
or more Unknown Quantities. 

lUvstrative Haxmiples. 

(1.) Two fanners took to market between them 600 
bushels of oats. Each received the same sum for his share 
of them ; but if the first had sold his at the rate the second 
did, and the second his at the rate the first did, then the 
one Would have received £40, Os. lOd., said the other 
£35, Os. lOd. How many bushels did each sell, and what 
price per bushel did each receive 1 

Let a; = number of bushels the first sold. 
Then 600 - 05 = number of bushels the second sold. 
Also let y = sum each received in pence. 

y 
Then - = price a-bushel at which the first sold 

And /.Q/N _ = price a-bushel at which the second sold 
Then by the question, we have— 

g^ = 9610[l].and<^5^=8410[2j 

[l]x[2], y2=. 9610x8410 

/. y = 31 X 29 X 10 = 8990d. = £37, 9a 2i 

L^J • l^h (600-a;)2-"841 

X 31 X 31 
•'• 600-a""29^^600~60 

.-. a; = 3-10, and 600 -a; = 290. 
y 8990 ^^, 

. _ y 8990 -,, 

^^ 600::^ = "290"=^^^ 
So that*the one had 310 bushels at 2s. 5d. per bushel, 
and the other 290 bushels at 2a 7d. per bushel 
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(2.) A and B set out from the same place, at the same 
time, to ascend a mountain. A travels at a uniform pace, 
and reaches the summit in 4 houra B, after travelling 
one-half mile more than half the distance, reduces his 
pace by three-fourths of a mile per hour, and arrives at 
the top 12 minutes after A In returning, each maintains 
a pace half a mile per hour greater than that at which he 
began the ascent, and it is found that B descends in ^^tha 
of the time A takes. Find the rate at which each began 
the ascent. 

Let X = number of miles Atakes per hour in ascending. 

Then 4a; = distance to top of mountain. 

Let y = number of miles B goes at first. 

2aj + A 
Then = number of hours B takes to first part 

And # = number of hours B takes to second part. 

y-i ^ 

r«. , 1 . 2iC + i 205-4 ._ r-.n 

Then by the question, + — ^^ = 4^. [1 J 

4a; 14/ 4a; \ r_T 

Also on returmng, ^-^ = jg^^^ j • [2] 

1 

From [2], y^-^gi^Ox + l), 

By substituting this value of y in [1], and reducing, we 
obtain the equation — 

6a;2-19a; + 3=:0. 

From which we have, after solution — 

, 1 
a; = 3 or g 

»d.-.,.3J.rl. 

As 2a; must be greater than ^, and y greater than f , 
the second values are inapplicable. 
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(3.) There are three numbers such that the product of 
the first by the sum of the other two is 408, of the second 
by the sum of the other two is 364, and of the third by 
the sum of the first two is 330. Find them. 



Let X, y, and z be the numbers in order. 
Then by the question, 

x{y + z) = 4cOS 

y(x + z) = 364 

2(a; + y) = 330 

By addition, 2{xy + xz + yz)=:l 102 

or xy + xz + yz = 551 



.J' 



"4] - [3 
'4] - fl' 



By multiplication, 
Extracting root, 

[8] - m, 

[8] - [6], 
[8] - [5], 



ajy=221 
a»=187 
yz = 143 
a;22^V = 221x 187x143 

= 17x13x17x11x13x11 

02/2;= ±17x13x11 [8] 

17x13x11 
^=^ 13x11 =^^^ 

17x13x11 

y= ± i^rTTTi =±13 



»=± 



17x11 

17x13x11 
17x13 



= ±11 



TnCAMPT.BB FOB PRACTICE.— UX 

(1.) A ferryman took three more passengers than he 
was licensed to carry, and thereby drew as much money 
as if he had carried only the full complement, but had 
charged each a penny more than the usual fare. For this 
he was fined one guinea, by which he lost twice what he 
drew for the trip. How many was he licensed to can^j 
and what was the fare ? 
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(2.) A grocer sold 5 lbs. of tea and 6 lbs. of coffee for 
25 shillings, and he gave 2 lbs. more of coffee for 10 shil- 
lings than of tea for 12 shillings. What was the price of 
each per lb. ? 

(3.) The fore wheel of a carriage makes 12 revolutions 
more than the hind wheel in going a distance of 117 
yards ; but if each be increased one foot in circumference, 
the fore wheel will only make 12 more in going 140 yards. 
Eind the circumference of each. 

(4.) Two lads running a race start from opposite ends 
of the course at the same tima When they meet, it is 
found that one has run 220 yards further than the other, 
and that they will complete the remaining parts of 
their course in 4 minutes and 6J minutes respectively. 
Required their rates of running, and the length of the 
course. 

(5.) A cistern was filled in 6 hours by two pipes run- 
ning into it together ; but if the pipes had been such that 
each when running alone would have required 5 hours less 
to fill the cistern than it did, then when running together 
they would have taken only 3 hours and 20 minutes. 
What time would each have taken separately 1 

(6.) A pedestrian set out to go from A to B, and when 
he had gone 16^ miles, he was passed by a coach which had 
left A 4 hours after him ; 2^ hours later, 10 miles from 
£, he met the same coach returning from B. l^either of 
them having made any stoppages, it is required to aacer- 
tain their rates of travelling, and the distance between A 
and B. 

(7.) The difference between a certain fraction and its 
reciprocal is 3^, while that between their squares is ^-J-|. 
Find the fraction. 

(8.) A draper bought three pieces of cloth for £125, 
paying for each as many shillings per yard as there were 
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yards in its lengtL Had each piece been a yard longer, 
and cost a shilling more per yard, he would have paid 
£Sf 15s. more for the whole ; but if the first had cost per 
yard what the second did, and the second what the first 
did, while the price of the third remained unaltered, he 
would have saved 4 shillings. How many yards were in 
each piece 1 

(9.) A, B, and C undertake a piece of work which th^ 
can together do in 4 days. At the close of the first day 
C leaves, but A and B go on for 3 days more, when B 
also leaves, and it takes A other 2 days to finisL Had 
A been able to lessen by 1 day the time in which he could 
have himself done the whole work, and had B similarly 
lessened his time for the whole by 3 days, the two 
could have finished it between them in 4J days. How 
long would each take separately to the whole 1 

(10.) The area of a square exceeds that of a rectangle 
by 18 square feet If the dimensions of both figures be 
increased by 6 feet, the difference between the areas 
will be increased by 6 square feet; if all the dimen- 
sions be diminished by 6 feet, the rectangle will be 
two-thirds of the size of the squara Find the dimensions 
of each. 

(11.) A, B, and C set out simultaneously from the same 
point to walk round an island 30 miles in circumferenca 
A, proceeding in a direction contrary to that of the other 
two, met B and then C at an interval of one hour. C 
then, doubling his pace, overtook B in other 7^ hours ; 
whereas, if he had continued at the same rate as before, 
B would have overtaken him 20 hours after the first start 
At what rate did each travel 1 

(12.) A sum of money laid out at simple interest for as 
many years as there are pounds in the rate per cent 
amounts to a pounds ; and the present value of the same 
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sum for the same rate and time is b pounds. What is the 
sum, and for how long is it lent ? 

Selected Examples, 

(13.) Two cubical vessels together hold 407 cubic inches; 
when one is placed on the other, the total height is 11 
inches. Find the contents of eacL 

(14.) A person buys two bales of cloth, each containing 
80 yards, for £60. By selliAg the first at a gain and the 
second at a loaa of as much per cent, as the second bale 
cost him, he finds he has made a profit of £4 on the 
whola Required the cost price per yard of each bale. 

(15.) A aiid B run a race round a two-mile course. In 
the first heat, B reaches the winning post two minutes 
before A In the second heat, A increases his speed 2 
miles per hour, and B diminishes his as much, and then 
A arrives at the winning post two minutes before B. 
Find at what rate each man ran in the first heat. 

(16.) Find two numbers such that their sum multiplied 
by the sum of their squares shall be 272, while their dif- 
ference multiplied by the difference of their squares shall 
be 32. 

(17.) A person has £13,000, which he divides into 
two parts, and placing them at interest, receives an equal 
income from each. If he placed the first sum at the rate 
of interest of the second, he would receive £360 income ; 
and if he placed the second sum at the rate of the first, he 
would receive £490 income. What are the two sums, 
and what the rates of interest ? 

(18.) A and B are two towns situated 18 miles apart 
on the same bank of a river. A man goes from A to B 
in 4 hours, by rowing the first half of the distance and 
walking the second half. In returning, he walks the first 
half at the same rate as before, but the stream being with 



298 QUADRATIC EQUATIONS. 

him, he rows 1^ mile per hour more than in going, and 
accomplishes the whole distance in 3^ hours. Find his 
rates of walking and rowing. 

(19.) A person bought a number of sheep for ^13, 10s, 
Reserving a portion of them, he sold the remainder for 
the same sum that the whole had cost him, and had a 
profit per head on those sold of as many shillings as the 
number of the sheep he had reserved. Now he found that 
had he reserved one sheep less, his profit per head would 
have been Is. 10|d. Required the number of sheep 
bought, and the number reserved 

(20.) What two numbers are those whose sum multiplied 
by the greater is 209, and whose difference multiplied by 
the less is 24? 

(21.) A sets out to walk to a town 10^ miles distant; 
and 30 minutes afterwards 6 is sent after him, overtakes 
him, and then returns to the place they started from at 
the same time that A reaches the town. If £ walk 4 
miles an hour, what is A's rate 1 

(22.) If £300 be laid out at simple interest for a cer- 
tain number of years, it will amount to £360. If the 
same be allowed to remain two years longer, and at a 
rate of interest one per cent higher, it will amount to 
£405. Required the rate per cent, and the number of 
years on the first supposition. 

(23.) There are two numbers such that 3 times the 
sum of their squares multiplied by the less is equal to 26 
times the greater, and twice the difference of their squares 
multiplied by the greater is equal to 15 times the less. 
Required the two numbers. 

(24.) A farmer at a fair found the price of a cow 
equal to that of three sheep, and saw that he could just 
dispose of £100 in buying twice as many sheep as cows. 
But waiting till the evening, when the price of a cow 
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fell £1 and of a sheep 6s. Sd, he bought for £100 three 
times as many sheep as cows, and increased his whole 
stock by ten more than he would have done in the former 
case. How many sheep and cows did he buy^ and what 
was the price of each 1 



CHAPTER Xm. 



SURDS. 



166. The definition of a surd will be found in Arta 124 
and 138. 

167. Fractional Indices.— From Art 139 we find that 
the root of a simple quantity is obtained by dividing the 
exponent of the given quantity by the number indicating 
the root required. Thus, the square root of a* is a^ or a^, 
and the fifth root of a^^ is cc^ or aj^, and generally the nth 

root of a^ is a« when m is divisible by n. 

Observe here that the index takes the form of a fraction, 
the numerator expressing the power to which the quantity 
is to be raised, and the denominator the root to be ex- 
tracted ; also, that the index is rendered integral by 
dividing the numerator by the denominator. When, 
however, this cannot be done, the index becomes a true 
fraction, and we have such a quantity as a* where m is 
not divisible by n. This expression must evidently have 
such a meaning attached to it as shall be consistent with 
the one it has when m is divisible by n ; and if we say that 

a» signifies the T^th root of a*^, we shall give it such a 
meaning. 
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"We know that a^, a^, a^ indicate respectively the 
second, third, and sixth roots of a^^, and we agree that 
a^, a^, a^ shall represent the sixth, fourth, and third 
roots of a}^. 

Similarly, the third root of a^ may be indicated by a^, 
and the fourth root of a by a^ ; and as these may also be 
represented respectively by IJa^ and XJa^ we have IJa^ = a^ 

and tja = a^, and generally ^cIT = a»» . 

This is also true of compound quantities, so that 

168. Let a^ = Xy then a « = a;" = (a***)*. 

J. mi 

Again, let a" = 05, then an=af^ = (a*^"*. 
From which we find that 

an = (a***)" = (a**)**, 

that is, a»»" expresses the ^th power of a*", or mth power 
of a". 

169. Surds under the same root-sign are said to have the 
same index, or to be of the same order. 

^a, J/a, ya, ^a are respectively of the second, third, 
fourth, and nth order. Those of the second order are some- 
times called quadratic surds ; and those of the third, cubic. 

Surds which consist of the same quantity under the 
same root-sign are said to be like. 

170. Bedaction of Surds.— Let it be required to find the 
product of ija by ^h. 

Put Jax^Jh — x 
Squaring, then ay.h^iii^ 

or ah =^7^ 
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Extracting root, ^ah = x 

That is, Jay. ^6 = Jah, 

Similarly we may show that IJa y IJh = ljc3>, aad 
generally that ^a x^b == J^ab. 

In like manner also we may prove that 

ya ^ n/a 

::/b''\/b 

From this we have the following 

171. Preliminary Froposition.--The product or quotient 
of two surds having the same index is a surd of the same 
order, the multiplication or division indicated being per- 
formed on the quantity under the root-signs, and the result 
placed under a root-sign of the same kind. 

lUvstrcUive Examplea, 
(1.) Multiply ,Ja by Jx, Ana. = Jcuc 



(2.) Multiply Jab by Ja + b, Am, = Jab{a+b), 
(3.) Divide Ja by Joe Ans. = ^ /- 

(4.) Divide Jm-n by Jm + n, Ana, =^ / ^"" . 

V m+n 

deduction naturally arranges itself into the following 
propositions :— 

172. L To bring a Rational Qnantity to the form of 
a Surd. 

Baise the given quantity to the power which is inverse 
to that of the required root, and place it under the proper 
root-sign. 
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lUustrcUive JSxampUs, 

(1.) Express a + a; as a quadratic surd. 

a + x = J{a + xyoT {{a + x)^}i. 
(2.) Reduce 3a to ^e form of a surd with the index ^. 

3a=y34^or(81a4)i. 

173. n. To bring a Product, of which the Factors are 
partly Rational, partly Surd, entirely to the Surd form. 

Kaise the rational part to the power inverse to that 
expressed by the index of the surd, and multiply it into 
the quantity under the root-sign. 

lUuatrcUive Exa/inplea, 

(1.) Express 2ah^ija^ entirely as a surd. 

2ab^ tj^ = l/S^ X V^ or {Sa^^)i{x^)i 
= l/Sa^b^x^ or (8a866«2)J 

3 /T 

(2.) Reduce ^m / ^—(m + n) to the form of an entire 

surd. 



174 m To bring to its simplest form a Surd which 
contains a Rational Factor or Factors. 

Extract the root of the rational quantity, and let it 
form a coefficient to the remaining surd. 

Illustrative Examples, 



(1.) Bring the expression X/lMh^ to its simplest form. 

= 2a5 tjah^ or 2ahc^o^, 
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V 3<!«(a -by V c» X 3(a - 6)« 

_ b(a + b) ,/ 2ab{a + by b ^ 2ab(a + by ]i 

CoToUcvry : Any quantity may be made a. coefficient to 
a surd, provided that the expression under the root-sign 
is divided by that quantity raised to a power corresponding 
to the root indicated. 

IHustrative Examjihs, 
(1.) V^=«^ = a^f 






Similarly, V^-h^-c^^^-rn^ 

(2.) v^^^=v^==Vf' 



175. IV. To change the Index of a Surd. 

Bring the quantity under the root-sign to the power 
required, and indicate the extraction of the corresponding 
root 

lUvsi/rative Examples. 



(1.) Write IJd^h^x with the index ^, 
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(2.) What form does lj{m-nf assume, when the ex- 
ponent is 1^ ? 

lj{rn - Vbf = (m - n)^ = (w - n)^**^ = (w - n)H 
= {(m-n)*}* or {^(m-w)*}*. 

176. V. To bring Two or more Surds to a Common 
Index. 

Reduce the indices of the given surds to fractions of the 
same denominator. The denominator will give the common 
index, and the numerators the powers to which the quan- 
tities under the rootnsign must be raised. 

Illustrative Exa/raples, 



(1.) Reduce J2ax and ^/Sa^x to a common index. 
The index of the first being J, and that of the second J, 
the common index is J. 

Then J2ax^{2ax)i=^(2aa;)^=^U¥a^ 
And 1/3^ = (Sa^x)^ = (Sa^x)^ = ;^"P^. 



(2.) Reduce V«^ - 62, ;^a\a + b), and tjb\a-b) to the 
same index. 

The least common denominator of ^, J, and J being 12, 
the common index is y\. 

Then ^^23^2 = (^2 _ ^2)4 = (^2 _ 52)^ ^ 12/(^2 _ 52)6 

Va2(a + 6)- {a2(a + 6)}i= {a2(a + 6)}A = i^a6(a + 6)3 
and V52(a _ 6) _ |52(a -&)}*= {^^{« - 6)}i^ = '^/^^(a - 6)2 

After the common index has been found, the transforma- 
tion may be made at once, by multiplying each of the num- 
bers indicating the roots by such a number as will bring 
it to the one required, and multiplying the exponents of 

20 
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each of the factors under the root-signs by the same 
number. 



Thus, lj{a^ - 62) = ^{a^ - ^2)6 multiplying exponents by 6. 



General Illustrative JExamples, 



(1.) Express X/a^b^ and IJx^a^-x^) with fractional 
indices 

By Art 167, ^^^ (a^fts)* = ^Ij* _ ^i 

and ^a;2(a2 _ a^) = x\a^ - a;2)4. 

(2.) Reduce ba^x^a - a:) to the form of a cubic surd. 
By Art 172, ba^x^{a -x) = Ul25a^afi{a - xf. 



(3.) Write ^mljif and (x-a)/^-^ entirely as 
surds. 



By Art 173, ^m l/in^ = ^*^' = ^piV 
and (a; - a)^ /^ = ^ /(x - a)^(a: + «) ^ ^-^ 



1 



(4.) Reduce -^lSa^x-36a^a^ + lSa^a^ to its simplest 

form. 

By Art 174, 

-^ISa^x - 36a^x^ + ISa^x^ = -JlSa^x{a^-'2aX'{-s^) 
J-J9a\a-xf X 2aa: = ^"^'^^^ "^ ^2; 



soo; 



== 3a(a - x)^2acc 
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(5.) "Write Jah{a^ + lr) with a5 as a coefficient to the 
surd. 

By Art 174 (corollary), ^ah{a^ + h^) = ohjJ ^^^\t ^ ^ 
(6.) Change the index of \la\a - xf to J. 



By Art 175, \la\a - xf = Va\a - «)». 

(7.) Reduce ^axy X/bx^, and l/ca^ to the same order. 
The lowest common index is ^. 



By Art 176, ^ax =~/alV^ !^bx^ =««/^i0a;20, and 
KTAMPT.TO FOB PRACTICE.— LX. 



(1.) Express ^a, l/a\ XjW^, Xl{a^-x^)a?f, 
m/?^ and "/ (f " y,V with fractional indices 

V ^y^^ V (a + 6)^ 

(2.) Write a*, aM, (a2-l)ia;M and , , ""^:& under 



root-signs. 



(3.) Express 2a^m\m - ct) as a cubic surd. 

a^xHa^ — aj2)a 
(4.) Reduce r — r— ^ to the form of a surd of the 

sixth order. 

(5.) Bring the coefficients under the root-sign, in 
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(6.) Kesolve into rational and irrational factors JTl2, 
V8T^^ V64(a2 - 5c2)2(a - x)^ ^5a^ - lOah: + 6aa^, 



(7.) Write XJ4:aa:^ ydth the coefficient 4, and Ja^-ix^ 
with the coefficient a - as. 



(8.) Change iJ3{a + x)(b + y) to a surd of the fourth 

order, and write \la^(x - yY{y - z) with the fractional 
index \, 

(9.) Keduce ^8 and 5/9 to the lowest common index ; 
also ^Ja\ X/a%a - x)^, and Ja{b - a?) to the index ■^. 

(10.) Simplify Ja^^ax^ax-x^ and ^^^"^ "^ V W' 



(11.) Express a^xj^ax^ and -3t\/ I — r-) as entire 
surds, the latter with a fractional index, n being > p, 

(12.) Write in simplest form, a'"^ tj(a^ - a^f{a^ ■{- ah) 
and !;/«*"+**(« - cc)*"*-** ;/a3"*+**(a - a?) 



n-2m 



177. Addition and Subtraction. — It is evident that 
addition and subtraction of surds must be performed in 
the same manner as in the case of ordinary quantities. 

Rule. — ^When the surds are like, add or subtract their 
coefficients as may be required ; when the surds are unlike, 
indicate their addition or subtraction by employing the 
signs + or -. 

Before adding or subtracting, reduce the stirds to their 
simplest form (Art 174). 
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lUuaPrative Examples. 



(1.) Find the sum of Sx^JSa^x^ 2aJ2ax^y and ax^32ax. 



3x^Sah: = Zx^^a^ x 2aa; = 6axj2ax 

2aj2aa^ = 2a Jx^ x 2ax = 2ax^2ax 

izx^32ax = ax^l 6 x 2aa5 = iax^2ax. 

As the root-signs and the quantities under them are the 
same, the surds are like, and their sum will be found by 
adding their coefficients ; this gives — 

12a>x^2ax. 



Sx^Sa^x + 2aj2aa^ + axJ32aai = 12ax,J2a>x. 



(2.) Subtract Zxija^xhf^ - ^a^a^ from ialja^y^ - ^aV- 
Simplifying, 4a ijoifiy^ - ^Ja^y^ = 4aa5 IJx^y^ - ay J ay 
And Sx^c^o^-Jc^^SaxiJc^-axJax. 

Here the first terms are like and the second unlike; the 
difference will therefore be ax IJxh/^ + aacjax - ay,Jay. 

(3.) Reduce to as simple a form as possible, 

ViS^ + 2V4^- V8^- V8«^+ V2^ 
Simplifying, this becomes — 



^2ax + 2a IJiax - 2a^2ax - 2a IJax^ + a^>J2ax. 
Collecting, (1 - 2a + a^) J2ax + 2a(ljl^ - IJaa^ 
or (1 - a)2 ^2aS + 2a(ljiax - {/o^. 

KXAMPT.Ta FOR PRACTICE.— LXL 



(1.) Find the sum of ^2a, JSa, and ^32a. 
(2.) CoUect XjSh?+U2i^-^3xY. 
(3.) Add together— 

Jcfi + a% Jaa^ + x^, and J{a^ - x^){a - x). 
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(4.) Subtract \Jl63exy from 2^486^. 



(5.) By what does J27a^x-lOSah^ + l08aa^ exceed 
Jl2a^x - 72a^x^ + lOSaa^ ? 



(6.) Simplify a(a + a;)« -!;/(«+ a;)"'+" + a;(a + a;) ». 

178. MtQtiplication and Division.— In Art. 170 it was 
shown that ^ x 1^6 = lijab, and similarly we can prove 

that ^ax'l^bxyc^ Xjahc, and so on for any number of 
quantities 

From the same article it also appears that —7^ = "/?. 

^^ l/b V b 

Consequently the multiplication and the division of surds 

of the same order are performed as there indicated. 

The same method may also be applied to surds of 
different orders^ for by Art. 176 such surds may be reduced 
to a common index. 

We have therefore the following 

General Rule. — Reduce the surds to the same order 
if necessary : perform upon the quantities under the several 
root-signs the multiplication or the division indicated, and 
place the result under the common root-sign. Rational 
coefficients must also be multiplied or divided. 

Illustrative Exa/mples, 



(1.) Multiply together lja% and yhx^ 



XJa% X XJbx^ = XI a% X 6aj2 = X/aWxK 



(2.) Find the product of J ax and \Ja^hx, 

By Art. 170, Jaa:^ tjc^ and ljc^r= Xf^i^^. 



^^Ua^h^a^^atjahh^. 
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(3.) Divide tjl^^ hy V^P^ 



Bv Art. 170 V"'^' = 'y^*^*'^ = >,/M 



V (a3-ic3)3(a + a:)2 

y g V(a - xf{a + a;)3(a2 + oa? + x^f 
{a - a;)8(a2 + 03. + x'^f{a + a;)'^ 

8 / aacia + a;) 
V a^-\-ax + x^ 

179. When the literal parts of the surds are the same, 
the multiplication or the division may frequently be more 
conveniently performed by employing fractional indices. 

m — p 

By Art 167, ^ar = an and IJa^^m, 

m p 

But J^'cT X ifa^ = "«/a*^ x '^^o^, By Art. 176. 

= "^d^-^'' , By Art. 178. 

= a «« , By Art. 167. 
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Similarly we can show that — 

a« -^ av = a*» «. 

From this it appears that the product of two fractional 
powers of the same quantity is obtained by adding the 
fractional exponents together, and the quotient by sub- 
tracting the exponent of the divisor from that of the 
dividend, as in the case of integral indices (Art. 50). 

lUvstrative Examples, 

(1.) Multiply a^feiaji by ohl^x^, 

a46M X ai^iic* = ah^i 64+i ici+i 

=^a^h^x^ [A] 

= ?J/S50p5i27^ By Art. 176. 

In most cases it will suffice to leave the answer in the 
fractional form, as at [A]. 

(2.) Divide V^^P^ by tjab'^c^a^. 

= ai6-ia;-Aorp-s. 

EXAMPLES FOR PRACTICE.— LXH 



(1.) Multiply ^ax by Jhx, and Jax by J/ftV.- 
(2.) Multiply V28 by ^24 and itj'ia by 3^4^. 
(3.) Find the product of Ja^^^ IJaF^^, smd 'Ja^' 

(4) Divide 4V^ by 8^6^ and 6^- by 8 V|- 

(5.) Divide d^xy^ by c^x^yi, and mWaji by {rnhMr- 
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(6.) Simplify ^aJoT^, \/x^xh^ Jx^y, 



1 1 



4/~^M^ ^^ - (ax - x^)^{cfi - ax)n 

(a^ — x^) »»»» 

180. Compoimd Surds.— To such expressions as 2 - ^3, 

X/ctx + Jhy and c^-c^+\, "which are spoken of as com- 
pound surds, we are now able to apply all the ordinary 
rules of addition, subtraction, multiplication, and division 
that are applicable to integral quantities. 

lUvstrative Examples, 

Examples in addition and subtraction have already been 
given (Art 177). 

(1.) Multiply SJx-2Jyhj2Jx + 3 Jy, 

3Jx-2Jy 
2jx-^3Jy 

Qx-ijxij 
■\-^s]xy-^y 



6a; + 5 Jo^ - 6y = product. 

(2.) Multiply xi -2xi + 3sd-l by xi - 2. 

a^-2x^ + 3xi-l 
a;i-2 



x^ — 2x + 3a5* - 03^ 

-2xi + ix^-Qxi + 2 

x^-2x + a;i + 3aji-6ici + 2. 
(3.) Divide a** + c^x^ + x^ by a^ - c^ak" + aiH 
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c^x^ + af" 

(4.) Kaise ai - a;i to the fourth power. 
This may be done by actual multiplication, or by apply- 
ing the method of Art. 134, thus — 

(ai - a;i)4= (ai)* - 4(ai)3(a;4) + ^{a^)\x^f - 4(ai)(a;4)3 + (a;*)* 

= a - ia^x^ + 6a^x — 4aia;^ + x^. 

EXAMPLES FOB PRACTICE.— LZm. 

(1.) Add >+V^-V^. V"4^-4»/6 + 5Vc, 

3Ja-U27b-SX/Yc, and V§^- ^16^+2^2^ 

Subtract 4:Jxy - 2bx-J9y from 7^a;y - 4aa; + 5Jx. 

Multiply Ja + Jb by ^a - Jb. 

Multiply a8 _ aJft J + 5§ by a4 + bk 

Multiply a^ + a^b^ + 6^ by a* - bk 

Multiply a + a^b^ + & by a - a^ft^ + 6. 

Multiply Jx + Jxy + ^y by ^a; - ^a;^ + Vy. 

Divide a; - 3a;8 + 3a;4 - 1 by a;4 - 1. 

Divide m - 9m^p~^ + 12mip'^ — 4p~^ by 



(2. 
(3. 

(4- 
(5. 

(6. 
(7. 
(8. 
(9. 



(10.) Find the continued product of 



73 -1_ 

Sj5 + J15 ' 



and 



J5 + 2 



V15_+ 2^3 
V2-1 



^ 
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(11.) Find the quotient of a^ -a'ix^-a'^oc^ + a'^xi 
by aiflji - a'^x^, 

(12.) Expand {2^x- Jxf. 

181. Eational Product of Surd Factors.— Observe in 
Nos. 3, 4, 6, and 6 of; the above examples that we have 
the following results : — 

3. (Ja + Jb)( Ja- Jb) = a-b ; 

4. (a8-ai6i + 68)(ai + 6*) = a + 6; 

5. (J + aibi + bi)(ai-bi) = a-b; 

6. (a + aib^ + b)(a-a^bi + b) = a^ + ab + b^; 

corresponding to Theorems III, lY., V., and VI. of 
Art 57. 

From this it appears that the product of certain com- 
pound surds is a rational quantity, and conversely that 
such expressions as a + b, a-b, can be resolved into 
factors. 

182. In Art. 81 it was shown that when n is even, 
af*-a*^ is always divisible by both x + a and x-a; also, 
that when n is odd, a;** + a" is divisible hyx + a, and af^-a"^ 
by 05 - a. If we give the two terms of the above divisors 

fractional exponents, say ^ and A, and let n be the L.C.M. 

of p and q, it can also be shown that when n is even, 

n n 1111 

x^ - a' is divisible by both af + a^ and x^-a^ ; also, that 

25,,, 11 «t» 

when n is odd, a;'' + aJ' is divisible by a;'' + a* and af-a^hj 

af-a^. So that we again have the product of two com- 
pound surds equal to a rational quantity. 
It follows from this that for every binomial surd, as 
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well as some others of a greater number of terms, a multi- 
plier may be found that will render it rational 

lUvstrative Examples, 

(1.) Resolve a^-b, 2-m, and S + x into factors. 
By Art 182, a^-b = {a+ Jb)(a - Jb). 

2 - w = {J2 + Jm){'J^- Jm). 

S + x = (2 + Ux)(4:-2Jx + ijx^). 

The same quantity may frequently be resolved into surd 
factors in various ways; thus a^-b may also become 
{a+Jb){Ja+tJb)Ua-Xjb) and (ai-bi){a^ + a^bi + hi), 

(2.) Find the multiplier that will render a^ + 2^ rational 
Since 6 is the L.aM. of 3 and 2, we must employ the 

- - Aft 

- 1 af-a^ , . , V x-x x- • a^-25 a^-2^ 
formula — r , which on substitution gives -^ ^ = -^j — r 

= a^ - 2ia^ + 2a - 2^a^ + 2^ai - 2^, the multiplier required 
(3. ) Rationalize Ja + x+ J a - x. 
Multiplying by Ja + x- Ja-x, we have — 

{Ja + x-^ Ja-x}{Ja + x- Ja-x} = {a -{• x) - (a-x) = 2x. 
(4.) Rationalize tja - Jb+ Jc 

Multiplying by Ja+ Jb- Jcy we have a-b-c + 2Jbc 
Multiplying this answer by a-b-c-2^bc^ we have 

(a - 6 - c)2 - 46c, or a^ + b'^ + c^- 2(a6 +ac + 6c). 

183. Bationalizing Denominator of a Fraction.— 

When the denominator of a fraction contains a surd or 
surds, it is frequently a matter of considerable conveni- 
ence so to change the fraction as to remove the surd. In 
many cases this cannot be done, but whenever it is pos- 
sible, the method of doing it consists in finding a suitable 
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multiplier (Art 182), aoid using it to multiply all the 
terms of the fraction. 

lUuatrative Examples. 

(1.) Expre^ 4, . ^ . and -J^ with ™- 
tional denominators. 

^/3-V3 "" V3" 3_°'3V»^ 



V2 + 1 V2 + 1 V2-1 2-1 

^ - J3- Ji - JZ"" J7 + J3 7-3 -iW^ + V^) 
(2.) Find the sum of — = ;= — — and 



73-72 + 1 73-72-1 

in its simplest form. 

1 J 73-72"-l + 73-72 + l 



73-72+1 _73-72-j _ (73-_72)'-i 

_ 2( 73 - 7 2) _ 73 - 72 _ -_( 72- 73) 
4-276 2-76 72(72-73) 

"72- 2^^- 

(3.) Eationalize the denominators of — r 1 and 7 • 

as - 032 a + 03* 

The L.C.M. of 8 and 2 is 8. 

and ^ — 1 t = a? + a^x^ + a^x + a W + a^x^ + aia3^ + a^x^ + x\ 
a«-x^ 

. 1 __ cfi + a^x^ + a^x + a^x^ + a^x^ + a^x^ + a^a^ + xi 
Simikrly, _J_ «*-«'=«* + «'^* -««*+»* 
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UTAMPTTM FOB PRACTICE.— LXIV. 
2 3 2 

(1.) Express — =, -,^, and -^-7=^ with rational de- 
nominators. 

(2.) Rationalize the denominators of -jf-3 and 

JS+Jb' 

(3.) Reduce ^.-rs and ., \ = to their simplest 
forms, with rational denominators. 

(4.) Find the sum of - — ,- and - — ,- , and 

i + Ayi+«^ l-71-a; 

take — ^^ from ^t= — ^t • 

1 + V3 1 + V2+V3 

a* _ aj2 

(5.) Rationalize the denominators of r— r and 

a — a 203 2 + X 

1 



(6.) SimpHfy 



184. Theorems in Surds.— It will be necessary here to 
prove the following propositions : — 

I. The i^roduct of two urdike qioadratic swrds cannot he 
rational. 

Let Ja and Jh be two unlike surds, and, if possible, 
let J a X Jb = m, a rational quantity, then 

771 771 

ab = wi^, and a = -r- = j^b ; 
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wherefore ^a = -r Jb, that is, the one surd is a rational 

multiple of the other, from which it follows that they 
must be like, which is contrary to the supposition. 

IL A quadratic surd cannot he eqiuU to the sum or the 
difference of a rational quantity and a quadratic surd^ or of 
two quadrcUic surds. 

If possible, let ,Ja=^m± Jb; then 
Squaring, a = m^ ± 2m Jb + 5, 

«■ a — b — 7n? 
From which sjb==^ ± — s , that is, a snrd is equal 

to a rational quantity, which is impossible 

Also, if we suppose Ja = Jb± Jc, it can similarly be 
shown that Jbc = ± ^(a -b-c) ; that is, Jbc is a rational 
quantity, which by Theorem I. is impossible 

m. If two expressions partly jrational, and each contain- 
ing a quadratic surd, be eqtud to one another^ the rational 
part of the one must be equal to the rational part of tJie 
otJieVy and the surd in t/ie one to the surd in tlie other. 

Let m + Ja = n + Jb, 
Then m = n and jja = Jb, 

For if m be not equal to n, one of them must be the 
greater : let m be the greater, then Jb must be greater 
than tja, or Jb must be equal to the sum of a surd and 
a rational quantity, or of two surds, which is impossible by 
Theorem II. "We have therefore m = n, and consequently 

185. Extraction of Boots of Surd Quantities. — The 
roots of both simple and compound surds may generally 
be found by writing them with fractional indices, and 
applying the methods of Arta 139 and 141. 
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lUtistrative Exa/mpU, 
Find the square root of 



2ai- 



a - 6aSa;4 + 13aW - 120*058 + ix^, 
a - 6aM + 13aW - I2aia:^ + 4a;i 



Saixi 



a 



2a4 - 6a^x^ + 2^ 



-6aM + 13aia^ 
- 6a*a;4 + 9aafl5* 



4aia5i 
4aW 



12alaji + 4a;i 
12a*al + 4a;4 



a3 
-3ay 
+ 2jci 



186. The Sanare Boot of a Binomial Snrd Quantity.- 

When a surd quantity of the form Ja + Jb is raised to 
the second power, we have a + 2 Jab + 6, the square root 
of which may be easily extracted by the method of last 
example or by inspection. 

When, however, the expressions ,Jx + a + Jx - a and 

Jl - J2 are raised to the second power and the like 

quantities added, we have 2x-\-2Jx^-'a^ and 9-2^14, 

binomial surds of the form a + Jb^ to which the above 
method obviously does not apply. 

Let it be required to find the square root of a + Jb, 

Put Jx + Jy= Ja + Jb [1] 

Squaring, x + y + 2jxy = a+ Jb 

By Theorem III. , Art. 184, x-\-y = a 



[3] - [4], 
Extracting root, 

[1] X [6], 



and 2Jxy= Jb 
x-2Jxy + y = a'- Jb 



Jx- Jy^Ja- Jb 
x-y= Ja^-b 



[2] 
[3] 
W 
[5] 
[6] 
[7] 
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From [3] and [7], x = ^(a+ Ja^ - h) 



So that tja + Jb= Jx + Jy 



From line [6] it also appears that 

Note, — In these results, the expressions found for the 
square root of a+ Jh and a- Jb will be simpler than the 
original ones only when Ja^ - b has an exact root. 

lUtistrative Examples, 

(1.) Let it be required to find the square root of 
9-27U. 

Put ^/5-^/y=^/9-2Vl4 [1] 

And VS+^=n/9T2714 _ [2] 

[1] X [2], ' aj-y=V81-56= V^5 = 5 

By Theorem III., a; + y = 9 

/. a. = J(9 + 5) = 7 
And y = ^(9~5) = 2 

(2.) Find the square root of 2x + 2Jx^ - a^. 

Put Jm + Jn= J2x + 2Jaf^ [1] 

And Jm-Jn= J2x - 2jo^^^ [2] 

[1] X [2], w - 71= Jix^ - i{x^ - a2) = 2a 

By Theorem III. , m+n = 2x 

/. m = 05 + a and n = x-a 
,*, J2x + 2^05^ -a^= Jx + a+ Jx-a, 

21 
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inrAM?T.ra for practioe.— ucv. 

(1.) Extract the square root of 

(2.) What is the cube root of 

8a:3 + 12a;* - 5a; + fa;"* - Jaj-M 

(3.) Find the square roots of 5 + 2^6, 5-276, 
13 + 4^10, and 17-4^13. 

(4.) Find the square roots of 4t- Jl5^ 7+3^5, 
1(7 + ^13), and ^(27 - 10V2). 

(5.) Extract the square roots of 2a- 1 -2Ja^-a and 
x+ Jx^ - 4y2. 



(6.) Simplify V(a + 2)2 - ^a - 2)V2a and 



y 



a-b a+6 



2a - Jia^ - 62 2a + 

187. The square root of a binomial surd may frequently 
be found without using the method given above. The 
following examples will sufficiently show how : — 



7(5 + 2^6)= 7(3 + 2^3 X 2 + 2)= V3+V2 



V(14 - 6V6) = V(14 - 2^46) = ^(9 - 2^9 x 5 + 5) 

J{2x - 2^x^ -l) = J{{x+ 1) -2J{x + l)(a;- 1) + Ml 

In eswh case the expression is first written so that vH 
coefficient of the surd term is 2, and the quantity ooder 
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a23 



the root is then resolved into &ctors of which the rational 
term is the sum. Its root is then obvious. 

The student should apply this method to such of the 
previous examples as will admit of it 

188. Occasionally the square root of a surd expression 
of the form a + Jh+ J(T+ Jd may be found by putting 

^a+ Jb+ Jc+ Jd= Jx+ Jy+ Jz^ 
and squaring each side, which gives 

a+ Jb+ Jc+ Jd'=x + y + z + 2jocy + 2j3ai + 2Jyz. 

From this, a = x + y + z, Jb = 2Jxy, Jc = 2JxZf 

Jd = 2Jyz ; and if the values of x, y, and z obtained 
from, the last three equations also satisfy the first, the 
required square root has been found. 

lUuatrative Example, 

Extract the square root of 9 + 2^6 + 4^2 + 4^^. 
Let J~x+ Jy+ ^/2= 79 + 2^6 + 4^2 + 473. 
Then x + y + z + 2Jxy + 2jxz + 2Jyz = 9 + 2^6 +ij2+^j3. 

Put 05 + ^+2 = 9, Jxy=^J6, Jxz^2j% Jj/z = 2J3. 

\l^ X /s/^« X V2/^ = ^^= V^ ^ ^V^ X 2^/3 = 24. 

xyz 24 
yz 12 

xyz 24 

xy 6 
Alsoa:+y + «= 2 + 3 + 4 = 9. 

/. the required square root is 

V2+^+V^4or 72+73 + 2. 
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189. Imaginary Qnantities.— Such quantities have been 
already defined in Art 138. 

Since -a? cannot be formed by the multiplication of 
either + a by + a or of - a by - a, or of any quantity by 
itself, it follows that it is not a true square, and that it 
has no real square root. 

The expression /^-a^, therefore, which is used to 
indicate the square root of -a^, is spoken of as an 
imaginary or impossible quantity. 

Since - c^ may be considered as the product of c? and 

- 1, J-^ may be written ,J(i^(^ 1) or aj^ ; so also 
^-h^ may be written bj-l, and J-x as JxJ-l. It 
is thus easily seen that all imaginary quantities may be 
expressed as multiples of J- 1. 

190. The various operations of addition, subtraddoU) 
etc., may be performed on imaginary quantities in the 
same manner as on surds. It is necessary, however, to 
guard against a very probable error in multiplication. 



Let it be required to multiply ^- a by J- b. 






We are apt to write J- a x J-b = J- ax-b = »Johf 
whereas it should be J- a x J- b = Ja(- 1) x ^(- 1) 

Similarly we are liable to write that ,J-a %J-^ 
= J- a X -a — ^a^ = ± a, instead of J-a y> J-^ 
= ^-a X - a = V(-«)^ = -a, there being no dubiety of 
sign, as a^ is known to have been derived from - a bj -* \ 

General lUuatrative Exam/ple8. 



(1.) Find the sum of J-a^, 2J-ab, and J-b^. ^ 
= (a + 2^ + 6y-l = (Va + Vft)2^. 
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(2.) Multiply a + bj^ by a - bj^. 

a + bj^ 
a^bj-l_ 
a^ + abj^ 

a2 +62 

191. It appears from this that a^ + b^ is the product of 
two factors ; and hence we can resolve a binomial whose 
terms are both positive into factors, one of which is the 
sum and the other the difference of a real and an imagin- 
ary quantity. 

This may be considered an extension of Theorem III., 
Art 57. 

(3.) Resolve 2 into a pair of imaginary factors. 
2 = l + l = l-(-l) = (l+ J—l)(l-jU). 



(4.) Divide2 + 3V-2by 3-V-2. 

2 + 3^ _ (2 + 3^) (3+vg) ^ 6 + lVr2 + 3(-2) 
3-V-2" (3-7^2) "" (3+7:12) 9-(-2) 



11 



V-2. 



(5.) Raise 7- 1 to the fifth power. 
By multiplication — 

z^- 1 X J- 1 = - 1, second power. 
- 1 X 7- 1 = - 7~ 1, third power. 
- J-l X 7- 1 = - (~ 1) = 1, fourth power. 
1 X J-l=z J^, fifth power. 

It is plain that higher powers would simply repeat the 
same series of answers, so that if a? = V^^T, we have only 
*he four forms x = J^, x^= - 1, a^= - ^^1, and ar* = 1. 
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(6.) Extract the square root of 12 + 27-13. 



Put Ji+Jy=J l2 + 2j^ 

And Jx-Jy= Vl2_-_2V-13 

.-. aj-2/= 7144 + 52=^196 = 14 
Also a; + y=12 

/. 05=13 and y= - 1 
.-. 712 + 27313=713+7^1 

KXAMPT.K8 FOB PRACTICE.— LZVL 



(1.) Find the sum of 7" ^^ ^ "" ^V~ 1j ^ ~ ^J- 1» ^ 
fj-b^ ; also the difference between jj—a^'-2a-l and 
7-a2 + 2a-l. 



(2.) Multiply 7-a2 by 7-62, and 2+7-5 bj 
2-7^. 

(3.) Resolve 5 into two imaginary factors. 
(4.) Divide ^7^3 by ^7::?, and 1 + 7=1 by 1- V^ 
(5.) Find the product of 1 + 7^ + 7^ by 1 + J^' 
' (6.) Cube - Kl - 7^) and - J(l + 7=3). 

(7.) Find the sum of L '^'^'^zl and L^^*^^- 

(8.) Expand (a + 67^1)3 and (1 - 7^1)8 

(9.) Extract the square root of 5-127^ and of 
-5-127^. 

(10.)ShnplifyV^+-^.-^^and 
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(11.) Find the continued product of a+o(3+,y^), 

a+2(3-V^), a - 2(3 - ^/=^), and a - 2(3 + V=T). 

(12.) Simplify 
;y/{V2a-l + 2a(a-l)V^ + a2-a-l + (a+l)7rT}. 

192. Surd Ikiuations. — Examples of these equations 
have already been given in Chapter X, but they must 
here be treated somewhat more fully. 

lUuBt/raiive Exa/mpUs. 



(1.) Given ^o? + 4 + ^a; - 3 = 1, to find x. 
Squaring, a: + 4 + 2^(a; + 4)(a; - 3) + a; - 3 = 1 
Collecting, 2a; + 2^Qt^ + x-\2 = 

Transposing, Jx^ + aj-12= -a? 

Squaring, ai^ + aj- 12 = a;2 

Transposing, a; = 1 2. 

Remembering what was said in Art. 127 regarding 
unsatisfactory solutions, we substitute this value of a; in 
the first side of the equation, and obtain — 



712 + 4+^12-3, or V16 + V9. 

Extracting the roots, we get — 

4 + 3 = 7, 

a result which does not correspond with second side, so 
that a;= 12 does not seem to be a solution of the equation 
at alL 

It must be noticed, however, that ^16 may be either 
i 4 and ^9 either ± 3, and therefore 

^T6 + ^=±4±3=:7 or -7 or 1 or -1. 
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It follows from this tliat by selecting the proper signs on 
extracting the root, it is possible to have J16 + ^9 = 1, and 
consequently a; = 12 is a true solution of the given equation. 

If we disregard the double sign, and consider the square 
root of a quantity as positive only, then 05 = 12 is a solu- 
tion of the equation Jx'^4:- Jx-3 = 1, and the one 
given admits of no arithmetical solution. See Art. 127. 

(2.) Find x from the following equation : — 



a=-V«=*_-5^ 20,-1. 



x+ Jx^-5 

Multiplying numerator and denominator of first side by 
x - Jay^ - 5, 



Simplifying, x^ - xjx^ - 5 = 5ic 

Dividing out x, and transposing so as to have the surd on 

a side by itself, Jx^ - 5 = a; - 5. 

Squaring, a;^ - 5 = a:^ _ 1 Qa; + 25. 

From which lOcc = 30 and a; = 3. 

From the x divided out, we also get a; = 0. 

If these values be substituted in the given equation, it 
will be found that a; = solves the equation as it stands, 
while a; = 3 is an arithmetical solution only of the equation 

(3.) Solve the equation 



V^ Ji 



X 



Multiplying by Jx{x - 3), a; - 3 + ^3a;(a; - 3) =-ax 
Transposing, JSx(x - 3) = 3. 

Squaring, 3a;(a; - 3) = 9. 
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This yields the quadratic equation a:^ — 3x = S, which 
being solved in the usual manner gives 

If these values be substituted in the given equation, it 
will be found that x = — ^ — 

is an arithmetical solution of the equation 



Jx ^ Jx-3 
and not of the above as it stands. 

(4.) Find the value of x which satisfies the equation 

i/a + x + !^a'-x = 2!^'a. 



Squaring, Ja + x + 2 ^a^ -x^ + Ja-x^ ija. 



Transposing, jja + x + Ja-x = 4:Ja-2i/a^-x^, 
Squaring, 2a + 2J^i^^=l6a-l6Ja^ii^^^ + ^Ji^^^. 
Transposing, 2Ja^ - x^ - IQJal^W^^ + 14a = 0. 
Factoring, 2(^^23^ _ 7^){i/^r^^ - Ja) = 0. 

Haising to fourth power — 

a2_a;2 = 2401a2ora2. 
/. x^^ - 2400a2 or 0. 

And aj = 20a J^ or 0. 
Substituting in given equation — 



tja + 20a J^ 6 + tja - 20a J- 6 = 2tja, 



ija{\ + 20^^) + tja{\ - 20 ^^6) = 2^a. 

yi + 20^4-4/1 -20^ = 2, 

XI {I - J~^Y + v'(l + ^^ = 2. 
l-V-^ + l + V-6 = 2. 

Or 2 = 2. 
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SURDS. 



Find 



the 
1. 

[2.; 
;3.; 

[4.; 

[5.; 

;6.; 

;7.; 

[8.; 
[9.; 

0.; 
1.; 
2.; 

3.; 

,4.; 

5.; 
6.; 

.7.) 



EXAMPLES FOB FBACnCE.~LZVn. 

algebraical solution of the following equations :- 



Vic2-7=iB-l. 



^a;2 + 3a;+ 1+05 = 2. 

V 16^^V1^J+P = 4 - 7i. 

Jx + 3 ^ 3Jx-l 
Jx-l S^x - 5 

7a ; + l + l _ a; + 8 
V^Tl - 1 ~ 



X 



\/l -^Jl + Jl + 2x = Jl+Jx, 
Jl-^x-^x^+Jl-x + x^=^ix. 

A^X^ + Sj^^Sjx+i = X + 4:. 

Jx + 2'{-Jx-{'l y/x + 2-Jx+l _ 
Jx + 2-Jx^ Jx + 2 + JxTl'' 



^405 + 1 + 7iB + 4 = 73a; + 2 + ^2a; + 3. 



V{362 -ab + bj{a^ + ft2 + 2bjax - a6)} + 26 - 0. 



J2x + 3 + J3x-5 = J7x+4:. 
1 1 1 

= r + -==^ r = - 

X 



^l+a;-l ^l-a;+l 
l + V^^^ 1 



l + 2a>2-l 1 + Va^2^1 



j9-x^ + 2xJ2:=9Jl-'X\ 

J2x + 5 + ^3a:-2 = ^^^ 1 + Jx + 2. 

9x + 4: „ - 5Jx-2 
-3^a; = 



3VaJ-2 



V^ 



EQUATIONa 
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(i9.)|\/fVf = :;^H-i 

(20.) I Vy-Vior^=7^ri ) 

(21.) I >/a'-VVa;+y^y+^y = 20 | 
(22.) I V«« + V^=o + 6 I 

(23.) yTw§^+vrr^=2. 

(24.) *^i-H.-^^-i'.«,-^„.-. „ 



CHAPTER XIV. 



RATIO, PROPORTION, AND VARIATION. 



193. Ratio. — ^We may compare one quantity with an- 
other of the same kind by ascertaining how much the one 
is greater than the other, or by ascertaining how many 
times or parts of a time the one is contained in the other. 
In this latter method, the relation between the two quan- 
tities is called their ratio. 

194. If a and h be two quantities of the same kind, the 
ratio of a to ft is obtained by dividing a by ft ; so that the 

a 

fraction t expresses the ratio of these two quantities. It 

may also be expressed by writing them with a colon 
between them, thus, a : ft. These quantities are spoken 
of as the terms of the ratio, the former being called the 
antecedent, the latter the consequent. 

When the antecedent is equal to the consequent^ we 
have a ratio of equality. 

When the antecedent is greater than the consequent, we 
have a ratio of greater inequality or of majority. 

When the antecedent is less than the consequent, w^ 
have a ratio of less inequality or of minority. 
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Since a ratio may be expressed as a fraction, it follows 

that if the ratio of a to 5 be equal to the ratio of c to cf, 

a c 
or a :o = c : d, that r = j • 

195. The following propositions are important : — 

Prop. I. — If two rcUios have the same ccmsequentj the 
first is greater than the second, equal to it, or less, according 
as the antecedent of tlie first is greater than that of the second, 

equal to it, or less. For if - , - be the two ratios, treating 

them as fractions, the first is greater than the second, 
equal to it, or less, according as a is greater than h, equal 
to it, or less. 

Prop. IL — A ratio is not altered hy having both its terms 
rnuUiplied or divided hy the same qua/rUity, 

a m>a 
By Art 91, t = —7, .*. a : b^^ma : mb (Art 194). 

Similarly, a : 6 = - : - • 
•'^ n n 

From this, and previous proposition, we can compare 
one ratio with another, so as to ascertain wliich is the 
greater. 

lUustralive Examples, 

(1.) Wliich is greater, 11 : 18, or 19 : 32? 
Change to the fractional form, and reduce to a CD. 

11^176 , 1?_^171 
18 " 288 *^^ 32 "" 288 ' 

Since the fraction ggg >288' ^* ^oHo'^s tliat Tg > 3o> 
and consequently that 11 : 18 > 19 ; 32, 



<a. 
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(2.) Compare the ratios 2a + b : a + 6, and 2a-h : a-b, 
2a + b _ 2a^'-ab-b^ 2a--b _ 2a^ + ab-b^ 

Since the second of these fractions exceeds the first bj 

2ab 

2_T2 , 2a - 5 : a - 6 is greater than 2a + b : a + b. 

Prop. III. — A ratio of greasier inequality is diminished^ 

a/nd one of less inequality is increased, by the addition of 

ifie samfie quantity to each of its terms, 

a , , a + x 

Let r he a given ratio, and t-— a new one formed by 

the addition of a? to each of the terms of the first. 
Reducing to a common denominator, we have — 

a ab + ax a + x ah + bx 

b " b(b + ~x) ^^^ b + i " b{b + x)' 

Now the first of these fractions will he greater or less 
than the second, according as ab + ax > or < ab + bxj 
that is, as aa > or < bx; that is, as a > or < 6. 

_ - _ _ a a + a; r or the ratio is diminished 

If, then, a > b, -^ > y^j 



A J '£ I ^ ^ a + xj 

And if a < by T < j—— < 

' b b + x [ 



by the addition of x. 

or the ratio i& increased 
by the addition of x 



Prop. IV. — A ratio of greater inequality is increased^ 
and one of less inequality is diminished, by the stibtraction 
oftlie same quantity from each of its terms. 

Let J-— be a given ratio, then ^ will be the one formed 

by the subtraction of x from each of the terms of the first 

. a + x ah + bx a ah + ax 

By reduction, i— — = ttt— — ^ and r = jjr-, — r, the 
^ ^ b + x b{b + x) b bip + xy 

second fraction being greater or less than the first, 
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according as a is greater or less than b, that is, as a + x is 
greater or less than b + x, 

a + x a (or the ratio is increased 
^ b + x b\ by the subtraction of iB. 

a + x a (or the ratio is diminished 
^ b + x b\ by the subtraction of iB. 

196. When the antecedents of two or more ratios are 
multiplied together to form a new antecedent, and their 
consequents to form a new consequent, the rjBsulting ratio 
is said to be compounded of the others ; thus abc : xyz is 

compounded of the ratios a :x, b:y, c:z. or — = - x - x -• 

If a : 6 be compounded with itself, the result a^ : b^ is 
called the duplicate ratio oi a :b. 

And if a^ : 6^ be again compounded with a : 5, the result 
a^ : 6^ is called the triplicate ratio of a : 5. 

Similarly, c^:b^ is called the sub-duplicate ratio of 
a : 6, and a^ : b^ the sub-triplicate ratio oi a\h, 

a^ : &t is sometimes spoken of as the sesquiplicate ratio 
oia\b. 

Prop. Y. — If the consequent of one ratio be the antecedent 
of a second, and the consequent of the second the antecedent 
of a third, and so on, the ratio compounded of them all is 
eqiud to the raJtio of the first antecedent to the last consequent 

a b c d e 

Let the given ratios beT,-,;^,-,-, 

c a e X 

__ a b c d e abcde a 
Then tx-XjX-x- = , , = -. 
c a e X ocaex x 

Prop. VL — A ratio is increased by being compounded 
with a rcUio of greater inequality, and diminished by being 
compounded vnth one of less inequality. 



336 RATIO, PROPORTION, AND VARIATION. 

Let T be compounded with — , then r x — = -7— • 
^ n' n on 

a an . am 

But T = Yz. (Art 91.) Now -j— will be greater or 



bn' v-^"- •'"•^ "^"'' bn 

an 

bn 



^ . an .. . _ , 

less than j- according as m is greater or less than n. 



am a ( or the ratio is increased by 
' ' ^ bn b\ being compounded with ^. 

am a r or the ratio is diminished by 
' bn b\ being compounded with —, 

197. Approzimate Ratios.— When one quantity differs 
very slightly from another, the ratio between their 
powers or their roots may be expressed approximately. 

Let a±b and a be two quantities differing very slightly, 
and consequently such that b is very small as compared 
with a ; then 

(a±by:a^ = a^±2al + b^:a^ 

= a±2b + — :a 
a 

= a±2b :a, 
since — must be a very small fraction, and may be neglected. 

Similarly, (a ± 6)3 :a^ = a^± 3a^b + Bab^ ±b^:a^ 

362 63 

= a±364- — ± -o^a 
a a^ 

= a ± 36 : a, 
and generally (a ± 6)** : a** = a ± 7i6 : a. 

By assuming that this holds true also when n is a frac- 
tion, or by actually extracting the roots of the given 
quantities, we have 
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Ua±h\lja^a±\h:a 
and generally !^a±b: X/a^a ± bia, 

198. Incommensurable Quantities.— It frequently hap- 
pens that the relation between two quantities cannot be 
exactly expressed by any number, either whole or frac- 
tional When this occurs, the quantities are said to be 
incommensurable. Thus, if the side of a square be repre- 
sented by 1, its diagonal will be represented by ^2 and 

the ratio between them by — =, to. which no exact nume- 

lical value can be given, as 2 has no square root. But 
its root can be obtained approximately to any degree 
of accuracy, and therefore a fraction can be found 

which shall differ from -:= by a quantity less than any 

V2 

that can be assigned. This fraction may be considered 

equal to --=, and will represent the given ratio. It thus 

appears that the definition of a ratio, although strictly 
applicable only to quantities that have a common unit of 
rueasurement, may be extended so as to include those that 
are incommensurable. 

General Illustrative Eoccmiplea, 
(1.) Compare the ratios 53 : 81, and 41 : 63. 

81 ^ ^ 63' ^^^ 81 ■" 567 ^^ 63 ~ 567 ' 
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(2.) Show that a:b >ax:hx + y, but < ax:bx-y. 

a ax . a abx + ay _ (zx abx 

T >< iiTT-r,* l>ut -T = TTT-rrTA and 



6 ^&B + y' 6 6(6a; + ^) 6aj + y b{bx-\- 

a ax 
•• 6 ^bx + y' 

a ax . a abx -ay . aac abss 

I >< A;:r-T,> ^^t i = xta:::— -a and 



I 



b bx-y^ b b(bx-y) bx-y ^bx-y)' 

a ax 
" b^bx-y' 

35 25 
(3.) Und the simple ratio of 07 • Tq • 

35 25 _35 18_7 2 _ U 
27 ^ 18 - 27 ^ 25 "" 3 ^ 5 " 15 ' 

(4.) Compound the ratios 72 : 91 and 78 : 99, and reduce 
the result to its simplest form. 

72 7^ _ 8 ^ __ 48 
91 ^ 99 - 7 ^ n "■ 77 * 

(5.) Find the approximate ratio between 1000^ and 
9993. 

Since a^ : (a - 5)^ = a :'a - 36 nearly, 

10003 : 9993 = 1000 : 1000 - 3 nearly, 
= 1000 : 997 nearly. 
The exact ratio is 1000 : 997002999. 

(6.) Solve the equations — 

ax + by-\-cz = [1] 

d^h'^chcyz + 63c3a; + o^<?y + a3632; = [3] 

Obtain from [1] and [2] the ratios that rr, y, and % bear 
to one another. 
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r 


xa5, 
-[5], b{a^ 

• 


a^hx + ahhf + ahcz = 

Jc^aj 4- ac^y + o^ca; = 

-c2)a; + a(62-c2)y = 


"4 
'5 


• • 


a(62 - c2) - 6(c2 - a2) ' 

y » 




• 


UJULCULXy 

X 


6(c2 - a2) - c(a2 - 62) ' 
y 2J . 



• • a(62 - c2) - 6(c2 - a2) - c(a2 - 62) ' 

i if each of these ratios = wi, we have — 

X = a(b^ - c2)m, y = 6(c2 - a^)m, z = c(a2 - 62)77*. 

bstitute in [3] — 

x363c3(62 - c2)(c2 - a'^)(a^ - 62)m3 + a68c8(62 - c^)m 

+ 6a3c3(c2 - a2)m + ca^b^{a^ - h^)m = 0. 
vide out ahem — 

»262c2(62 - c2)(c2 - a2)(a2 _ 62)^2 + 62c2(62- C^) + a2c2(c2- Op) 

4- a262(a2 _ 62) = 0, 
, a262c2(62 - c2)(c2 - a2)(a2 - 62)m2 = (62 - c2)(c2 - a2)(a2 - 62) 

/. aV)^c^m^ = 1, and m = ± — r- • 
From this, 

TnTAWTFT.ra FOR PRACTICE.— LZVm. 

(1.) Which is the greater ratio, 17 : 36 or 23 : 48 ? 
(2.) Find the ratio compounded of 15:16 and 24 : 25. 

(3.) What is the simple ratio of h^s • ZZ ^ 

(4.) Write the triplicate ratio of 3 to 5, and the sub- 
plicate ratio of 6 J : 9. 

(5.) Compound the ratios a - 6 : a + 6, a2 _ 52 . ^2 ^ 52^ 
da4-64:(a-6)4. 
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/ 1 v^ /ly* 

(6.) Find approximately the ratio of I iqaI *^ Iqq) ' 

and of 200^ to 20P. 

(7.) Two numbers are in the ratio of 5 to 6, and when 

3 is taken from each the remainders are in the ratio of 

4 to 5. What are the numbers? 



(^•) ^^6^5^/' ^^^^ that ^ ^2 + ^2^^, is less 



a 



than T and greater than ->• 

(9.) What must be added to each term of the ratio 
a^ : 6^ to make it equal to the ratio a -.hi 

(10.) Solve the equations, 6a;+2/-3»=0, 7a;-8y+2s=0, 

a4 + 2/4 4.2;4=, 11552. 

(11.) One piece of metal consists of 2 parts copper to 
3 parts tin, another consists of 5 parts copper to 7 parts 
tin : in what ratio must the pieces be combined so as to 
form a mixture of 9 parts copper to 1 3 parts tin 1 

(12.) Solve the equations — 

ahx + acy + hcz = 
(a + h)x + (a 4- c)y + (5 4- c)2; = 

a^¥x^ 4- a4c4y2 + ^^^^2 = 2aWc\a^h^x + aVy + }^(h\ 

199. Proportion.— When the ratio between one pair of 
quantities is equal to the ratio between another pair, the 
four quantities are said to be proportional to one another. 

Thus, when t = ^ j a, h, c, and d are proportionals; 

the first being the same multiple or part of the second that 
the third is of the fourth. Their relation to one another 
is usually expressed by writing them as follows :^— 

a:h = c:d, or a :b::c:dy 

this being read aisto5a8cisto(2. 
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The first and last terms of this statement are called the 
extremes, the second and third the means. 

200. When the second term is the same as the third, it 
is said to be a mean proportional between the other two ; 
thus ina:6::5:c, 5isa mean proportional between a and 
c, and c is spoken of as a third proportional to a and h, 

201. When in a number of equal ratios the consequent 
of one is always the antecedent of the next, the terms of 
these ratios are said to be in continued proportion; thus— 

If a\h = h:c^ b:c = c:dj and c:d = d:e, then a, 6, c, dy 
and e are in continued proportion. 

202. The terms of a proportion need not be all of the 
same kind of magnitude, but each consequent must be of 
the same kind as its antecedent. Thus, 3 cwt. : 4 tons :: 
6 shillings : £S would be a proper proportion, while 
3 cwt. : 6 shillings :: 4 tons : .£8 would not. 

203. Propositions in Proportion. 

Prop. L — When /our quantitiea are proportionals^ the 
product of the eoctremes is equal to tlie product of the means. 

ft ft 
Let a, J, c, d be proportionals, then i = 7 > and multi- 
plying both sides by hd^ we have ad=hc. 
From this we can find any term of a proportion when 

_ ., _ ^ he ^ ad ad . 

the other three are known, fora = -?,o = — «=-,-, and 

' d c 

be , . 

c?= — , this last being the foundation of the ordinary rule 

for working simple proportion in Arithmetic. 

Prop. IL — When the prodv^ct of two quantities is equal 
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to that of other ttoo, the fov/r qtiantUies a/re proportional; 
tlie terms of either product forming the m^eanSy cmd those of 
tlie other the extremes. 

Let ad = be, then dividing both sides by bd, we have 

a c 

r- = J or a :h ::c:d. 

Prop. IIL — When four quantities are proportional, they 
are also proportional when taJcen oMemately ; or, the first is 
to the third as the second is to the fourth, 

K a:b::c :d, then ad= be (Prop. I.) Dividing by dcj 

a b 

- = 3 , and /. a:c::b:d, 
c a 

This will only hold true when the quantities are all of 

one kind. 

Prop. IV. — Wlien fov/r quantiJties are proportional^ thei/ 
are also proportional when taken inversely; or, tlve second w 
to the first as the fourth is to tJie third. 

11 a:b'.\c\d, then ad=bc, or be = ad. Dividing by flc, 

b d 

■ — - , and /. b\a\\d : c. 
a c 

Prop. V. — When three quantities are in continued pro- 
l^ortion, tJie product of the first and third is equal to ^ 
square of the second, and conversely. 

If a'.b'.\b\c, then a/c = b^ (Prop. L) Conversely, i^ 
ac = b^, then a\b\\b\c (Prop. IL) 

Prop. VI. — When three quantiJties are in continued pro- 
portion, the first has to the third the duplicate ratio of ^ 
first to the second. 

li a:b::b:c, then b^ = ac (Prop. Y.) Multiplying botb 
sides by a, ab^ = a\ and .'. a:c :: a^ : b^ (Prop. II) 

Or, a:c:: dup. a : b. 
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Similarly*, we can show that if a, h, c, d are in continued 
proportion, then a:d::a^ ib^^ and generally if there are n 
terms, a:z:: a**"^ : 6*"^ 

Prop. VIL — When four quantititB a/re proportional, if 
the first and second he mulHplied or divided by any qtuintity, 
08 likewise the third and fourth^ tJie results are 2)roportionaL 

a c a ma c nc 

U a:b::c:d, then r = j> hut T = "T ^^^ // ~ ^' 

.*. — TT = — y, and ma :mh::nc : nd, m and n being whole or 

fractional 

Prop. VJLLl. — Also if the first a/nd third be multiplitd or 
divided by a/ny quantity^ and likewise the second andfourthy 
ike results are proportional, 

a c 
As before, r = 3 

. m ma mc 

Multiplying by - , — v- = -^ , and /. mxi :nb::mc:nd. 

This will evidently hold true when either m or w is 
Unity. 

Prop. IX. — When four quantities are proportional^ and 
likewise other four, if the corresponding terms of the two 
sets be multiplied togetJier, the results are proportional. 

Given a:b'.:c:d and e :f:: g : h then r = j and 7= f • 

Multiplying, Tf^" Zn > and /. ae : bf:: eg : dJi. 

This is called compounding, and may be extended to any 
number of proportions. 

Prop. X. — When fou/r quantities a/re proportional, the 
Uke powers amd roots are also proportional. 
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As before, t = j> ai^d squaring, v2=^, or a' :h^::c^: 

Similarly, Ti ~ ;^> ^^ ^^ • ^^ •• ^^ • ^t 

and generally a** : 6" :: c* : cf, whether » be whole or frao- 
tionaL 

The theorems proved in Art. 109 may be held to estab- 
lish the following propositions, a, 6, c, d being four quan- 
tities in proportion : — 

Prop. XL — The sum of the first and second is to tk 
second as Uie sum oftJie third and fourth is to thefomik 

a+b c+d 
By Theorem I, Art 109, -^= -g-, 

and .'. a + 6 :6 ::c-f c?:c?. 

This is called Composition, or Comjxmendo. 

Prop. XIL — The difference between the first amd seccmd 
is to tlie second as the difference between the third andfmr^ 

is to the fourth, 

a—b c—d 
Theorem IL, ~"r~ ~ ~;7~> •'• d-bibiic -did 

This is called Division, or Dividendo, 

Prop. XIII. — TJie swm of the first and second is to thdr 
difference as tlie sum of tJie third and fourth is to M>f 
difference. 

^, ___ a'\-b c + d - _ , J 

Theorem III., 5= ^, /. a-f :a-6 ::c-f a:c-rf. 

a — oc — d^ 

This is called Composition and Division, or sometimes 

Mixing. 

Prop. XIV. — When several quantities are in continvd 
proportion, any one of the antecedents is to its conseqttent as 
the sum of all tlie antecedents is to the sum of all the co^ 
seqv^ents. 
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Theorem IX, 5 = ^^^^^y -, and if m = 7i=;> = l, 

a a+c+e . , , , ^ 

then T = » , /. , .. a:o::a + c + € :o + a+/. 

The proposition may easily be extended to any number 
of proportionals. 

There are many other propositions in proportion, which 
may be proved in a manner similar to the above, but they 
must be left as exercises to the student 

General Illvstrative Examples. 

(1.) Prove that a, 6, c, d are proportionals when 

{a-\-h + c-\-d){a-h'-c-\-d) = {a-h-\-c-d){a + h -c-d). 

T, . - ^. a + h + c + d a-b + c-d 

Expressing as fractions, t 3 = 1 , • 

^ ^ ' a+b-c-d a-b-c+d 

.yv I r\ ^v 3\ 

By Art. 109, ^-^ = ^^ (Theorem III.) 

Ct b Of c 

Also - = ^(Theorem VII.), or t = ^ (Theorem V.) 

,\ a-.bwcd. 

(2.) If a, by c, c? are proportional, show that aV)d+bh+bc 
= ah^c + abd+(id 
Put a^d + b^c + bc> = <ab^c-\-ahd+ad. 

Since a: 5 :: c:c?, bc==ad. 
Subtracting equals, a^d 4- ft^c > = < ab^c + a6d 
Dividing by b, a^d+ bo = < abc + ad. 
Subtracting equals, a^d> = <abc. 
Dividing by a, ad = be. 

,\ a%d + b'^c + bc — aiP-c 4- ohd 4- ad. 

(3.) The times in which two boatmen row the same dis- 
tance up a stream are as a to J, and their times of rowing 
equal distances down are as c to c?. Find the ratio of 
their rates of rowing in still water. 
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Let X = rate of first per hour in miles. 
y = rate of second per hour iil miles. 
z = rate of stream per hour in miles. 
If m be the number of miles they row up, and n the 
number they row down, then — 

:: a : b [1] 



x-z y-z 

4 1 n n , _^_ 

And — — : — — :: c : a [21 

x-\-z y + z ^ -• 

From [1], y-z:x-z\ia:h, and oaj = % + (a - h)z. 

From [2], y-j-z:x + z ::c :d, and cx~dy+(d- c)z. 

From these equations we obtain — 

{ad - 2ac 4- hc)x = (25c? -ad- bc)y 

x 2bd -ad -he 



And 



' ' y ad- 2ac + be ' 



EXAMPLES FOR PBACTICR-— LXDL 

(1.) Prove that ratios which are equal to the same ratio 
are equal to one another. (This is called Equality of ratios 
or Ex jEqualce.) 

(2.) Find a fourth proportional to /^B, ^3, and aJ% 
and a third proportional to ^S and y^G. 

(3.) Find a mean proportional to ^13 + 2 and >yi3 - 2. 
(4.) If 03 be a mean proportional to 7 and 1183, what 
is its value ? 

(5.) Given a:b::c:d, to show that a^d^ + ahc = a^d + W. 

(6.) Find a?, when a + x:b + xv,c^:b\ 

(7.) In a school there has recently been an increase of 
a per cent, in the number of boys, of b per cent, in the 
number of girls, and of c per cent, on the whola Find 
the relative number of boys to girls at present in school 



k 
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(8.) Given a, h, c in continued proportion, to show that 



{a + b + c){a-b + c) = a^ + b^ + c^; 
And that a + c > 2b. 



(9.) If four quantities be proportional, prove that the 
sum of the greatest and the least is greater than the sum 
of the other two. 

(10.) The distances which two boatmen can row in equal 
times in still water are as 10 to 9. If the times they take 
to row equal distances in going up a river are as 4 to 5, 
what is the ratio of the times in which they would row 
equal distances going down ? 

(11.) Find the ratio of a; to y when 

^x + a!^y ^yx + a^x-^y 

(12.) If the six quantities a, 5, c, d, e^f are such that 
a\b\\c\d^ and e : b \\f\ d, show that a + e : c +/ :: b : d, and 
also that a*" + e*" :c"'4-/*" ::c"*:/"*. 

204. Variation. — Questions in ratio and proportion are 

sometimes presented in a manner somewhat different from 

that given in the preceding pages. 

A C 
When A : B :: C : D, ^ = t\) and as the ratio expressed 

is a constant quantity, we may put it equal to m. 

A 
This gives ^ = m, and /. A = mB. 

If now, in this equation, any alteration takes place in 
the value of B, a proportional alteration will take place in 
that of A. If B be doubled, tripled, or quadrupled in 
value, so will A ; and if B be halved, quartered, etc. , so 
wiUA. 

A depends for its value on B, and is said to vary as B. 
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The relation between them is generally expressed thus 
A oc B, the character oc being read varies as, 

205. When one quantity increases as anotJier increases, 
or diminishes as the other diminishes, the first is said to 
rari/ directly as the second. 

A a B implies that A varies directly as B. 

When one quantity increases aa another diminishes, or 
diminishes as the other increases, the first is said to vary 
inversely as the second, 

A a tr implies that A varies inversely as B, for if we 

put A = m • -5 , then as B grows larger, A grows less, and 

as B grows less, A grows larger. 

When a quantity varies as the product of two or more 
quantities, it is said to vary as these others jointly. 

A a BO indicates that A varies directly as the product 
of B and C. 

When a quantity varies as the quotient of other two, it 
is said to vary directly as the dividend, and inversely as 
the divisor. 

A a p indicates that A varies directly as B, and in- 
versely as C. 

206. Propositions in Variation. 

Prop. I. — If A a B, and B a C, then A a C. 

Put A = mB, and B = 7iC. 

Then A = rn/nO^ or A a C, mn being constant. 

Similarly, if A a B, and B a p , then A oc p • 

1 1 

Prop. II. — If A a g, and B a p , then A a 0. 
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t^ ' and B == p • 

m 

.". A = 71 = - C, or A a C, - being constant, 
p w n 

Prop. IIL— If A a C, and B a C, then A ± B a C. 

A = mC, B = wC. 

.*. A±B = (m±7i)C, 

or, A ± B a C, m±n being constant. 

Prop. IY.— If A a C, and B a C, then AB a Q\ 

A = mC, B = 7iC, /. AB = mwC2, 
or, AB a C^, mn being constant. 

CoroUary, C a V^ ^or C = — =^ VAR 

A A 

Prop. V. — If A a BC, then Bap, and C a ^^ • 

1 A 1 A 

A = mBC, .'. B= — -ttj and C= - -^rj 

A A 

and consequently Bap, and C a ^« 

Prop. YI.— If A a B and C a D, then AC a BD and 
A B 
C "^ D* 

A = mB, C = 7iD, /. AC = m7iBD or ACaBD. 
, ■ A m B A B 

Prop. YII. — ^If A a B when C is constant, and A a C 
when B is constant, then A a BC. 

When C is constant, mC will also be constant, and we 
may put A=:mCB. 
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Similarly, when B is constant, we may put A — rtB-C 
Multiplying, A^ = mnB^C^. 

:. A = ^mnBC, or A a BC. 

Prop. VIII. — If A a B when C and D are constant, 
and A a C when B and D are constant, and A a D when 
B and C are constant, then A a BCD. 

For C and D constant, we may put A = mCD-B. 
For B and D constant, we may put A = nBD-C. 
For B and C constant, we may put A =pBG-D, 
:. A3 = mripB3C3D3, or A oc BCD. 

A similar result may be proved for any number of 
quantities. 

General Illustrative Exmnples, 

(1.) \i ax -by — ex- dy, prove that x (xy. 
Transposing, (a - c)x = (b- d)y 

h-d , h-d, 

/. X = y. and as is constant, x a y. 

a — c*^ a— c ' *^ 

(2.) Given that y^o:x^ + h\ and that when x = {a'^-h'^)\ 
y='T9 to find the equation between x and y. 

Put y2 =. rn{x^ + 52), then m = -^-r^ • 

Substituting for x and y, their given values, we have 

a , n. _« _«» a 
m = p-(a2-62 + 62) = p. 

Fromthis, 2/2 = p(ic2 + 62), and /. hh/^ ^ ahi'^ ^ aW, ^<i^ 

required equation. 

If now any value be given to a;, the corresponding value 
of y may be found. 

Suppose a; = 6, then h^y^^a%^ + aW, andy = ±a^2. 



VARIATION. 351 

(3.) Given that y is the sum of three quantities, of 
which the first is constant, while the second varies as x 
and the third as a?. If, when x equals 1, 2, 3 successively, 
the values of y are 9, 15, 23, what is the equation between 
X and y% 

Let y = m + wa; -\-poi^ represent the required equation. 
Substituting successively the given values of a;, we have 

m+ 71+ />= 9 
m4-2»4-4jt> = 15 
m + 3w + 9jo = 23, 

three equations from which we can find w, w, and p. 
Solving them in the usual way, we get — 

m — b, ri = 3, and p = \. 

The required equation is .*. y = 5 + 3a: + x\ 

(4.) If (a + 5 + c)(a + 5-c)(a + c-5)(54-c-a) varies as 
aW, then a^ 4. 52 _ ^2 jg either 0, or it varies as ah. 

Put (a 4- 5 + c) (a 4- 5 - c) (a - 6 + c) (- a + 5 + c) = ma%\ 
{{a + h)-\-c} {(a + 5) -c} {{a-h) + c} {{a-h) - c} = - maW, 

{(a + 5)2 _ c2} {(a - 6)2 - c2} = - 7?wi262. 
(a2 _ 52)2 _ 2(a2 + 52)c2 + c^ = - wa252. 

Add 4a252 to each side — 
(a2 + 52)2 _ 2(a2 + 52)^2 4. ^4 = 4^252 __ ^^^252 = ^252(4 _ ^), 

Then a2 + 52 - c2 = ± a5^4"ir^. 

When m = 4, a2 + 52-c2 = 0. 

For any other value of m, a2 4. 52 _ ^2 q^ ^5 

EXAMPLES FOB FBACTICR— LXZ. 

(1.) If 4a: - 3y = 3a; + 2y, show that x(xy. 

(2.) Given that y a a;, and that when aj = 3, 2/= 12, to 
find the value of y when a; = 5. 

(3.) It is known that y is the sum of two quantities, 
the first of which varies directly as a;2 and the second in- 
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versely as x. What is the equation between x and y, 
if, when a: = 1, y = 7, and when a;=2, y = 14? 

(4.) If y a a:^ 4- 9, and if when aj = 4, y = 100, what value 
will y have when a; = J ? 

(5.) Given that a; a y, to prove that x^ + xi/-\-y^<x ip', 

(6.) If a + 5 a a - 6, show that a^ + 6^ oc a6. 

(7.) If several sums of money, each lent for a different 

length of time, all gain the same interest (simple), show 

that the times must vary inversely as the interest on each 

sum for one year. 

X y 

(8.) Show that x^ - y^ is constant if - (x x + y, and - 

y ^ 

<xx-y. 

(9.) If several triangles have the same area, their bases 
vary inversely as their altitudes. Prove thi& 

(10.) In what time will 3 men and 11 boys perform a 
piece of work which can be done by 9 men and 13 boys 
in 3 days, or by 5 men and 9 boys in 5 days ? 

(11.) The speed of an engine is 20 miles an hour when 
it draws two carriages, and 16 miles when it draws eight, 
its speed being reduced by a quantity which varies as the 
square root of the number of carriages attached. Find 
its rate by itself, and the greatest number of carriages it 
can draw. 

(12.) Given that s cct^ when / is constant, and 8 (xf 
when t is constant, also that 28 =f when < = 1, to find the 
equation formed by^J «, t 



CHAPTER XV. 



ARITHMETICAL, GEOMETRICAL, AND 
HARMONICAL PROGRESSION. 



207. Aritlimetical Progression. — When several quan- 
tities increase or diminish according to a fixed law, they 
are said to form a series. When this law is such that 
the difference between every two consecutive terms 
is the same, the series is called an Arithmetical Pro- 
gression. 

Thus, 3, 8, 13, 18, 23, and 11, 8, 5, 2, are arithmetical 
progressions, the first increasing regularly by 5, the second 
diminishing regularly by 3. 

The difference between the successive terms is called 
the common difference 

Terms standing between two other terms of an arith- 
metical progression are called the arithmetical means be- 
tween those terms. One is spoken of as the arithmetical 
Tnean. 

208. Prop. I. — To find any term, of an arithmetical 
progression. 

If a represent the first term of an arithmetical pro- 
gression, and d the common difference, then a, a + dj 

23 
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a + 2d, a + 3d, etc., will form an Increasing Arithmetical 
Progression, and a, a - c?, a - 2c?, a - 3c?, etc., a Decreasing 
Arithmetical Progression. 

Notice that one term differs from another only in the 
coefficient of d, and that each coefficient is one less than 
the number of the term in which it occurs. Thus in the 
third term the coefficient of c? is 2, and in the fourth tenn 
3 ; in the tenth term it will be 9, and in the Tith tenn 
» - 1. The nth term will therefore be a±(n- l)dy the 
plus or minus sign being taken according as the series is 
increasing or decreasing. a + {n-l)d ia called the general 
term, and may be considered to include a-{n- l)i, so 
that if ^ be put for the nth term, we shall have the equa- 
tion ^ = a + (w - l)d, 

209. Prop. IL — To find the sum of an arithmetical pro- 
gression. 

If I be the last term, the second last will be l-d, the 
third last I - 2d, and so on. 

If 8 represent the sum of the series, we shall have — 

8 = a + (a + d)-k-{a + 2d) + , . . . + {l-2d) + {l-d)'^lj 
and also 

8 = l + (l-d) + {l-2d) + , . . .+(a + 2c?) + (a + c?)+a 
by writing the series backwards. 

Adding the two lines together, term by term, we 
obtain — 

28=(a + t) + (a + l)+ .... +(a + Q + (a + 

as many times as there are terms in the series; and if 
there be n terms, then — 

28 = n(a + 1), and 8 = o(» + 0. 

If now we substitute in this expression the value of ♦ 
found in Prop. I., we shall obtain — . 
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Collecting the above results, we have — 

l=a + {n-l)(l I. 

n 

a=2(a + Q. n. 



„d..!(2«.(,-i». m. 

From these formulae any two of the quantities a, d, I, n, 
and 8 can be found, if the other three are given. 

lUvstrative Examples, 

(1.) Find the seventh term of the series 1, 4, 7, 10, etc. 

Subtracting any of the terms from the succeeding one, 
we find the common difference to be 3, and as the first 
term is 1, we have 

a=l, c£ = 3, /I = 7, 

and /. by substitution in L, 

^=a+(w-iy=l + (7-l)x3 = l+6x3 = l + 18 = 19. 

(2.) Find the sum of eight terms of the series 13, 9, 
5, etc. 
Here 9-13= -4 = df, a = 13, 7i = 8. 
Substitute in IIL, 

/. s = ^{2a+(7i-l)c?} 

= |{26-7x4}=4x-2 = -8. 

(3.) The first term of an arithmetical progression is 5, 
the last 23, and the number of terms is 13 ; what is the 
common difference 9 
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Substituting in I, 23 = 5 + (13 - l)d. 
Transposing, 12c? =18, and .*. £Z = 1|. 

(4.) The sum of the series 10, 17, 24, etc., is 1122; how 
many terms are there ? 
Here c?=7. 
Substituting in III., 

1122 = 2{20 + (ri-l)x7} 

= |(20-7 + 7n). 

Or, 7^2 + 1371 = 2244. 

Solving, »=17 or - 18|, and, as the second value is 
inapplicable, the number of terms is 17. 

Occasionally, both values of n will afford a solution; 
thus, if a = 10, c?=-2, and s = 24, we shall have the 
equation n^ -lln-\-24: = 0, from which we get ?i = 3 or 8. 

Writing the series 10 + 8 + 6 + 4 + 2 + 0-2-4, we see 
that 5 = 24, either for n = 3 orn = S, 

Again, if a = 9, c?= 3, and 8 = 54, we obtain the equation 
?i2 + 5n - 36 = 0, from which we derive ti = 4 or - 9. 

In this case we have 9 + 12 + 15 + 18 = 54, and also 
-6-3 + + 3 + 6 + 9 + 12 + 15 + 18 = 54, the nine terms 
being counted backwards, from the last term of the posi- 
tive series. 

(5.) The first, fifth, and last terms of an arithmetical 
progression are 3, 19, and 35 respectively. Find the 
common difference, the number of terms, and the sum of 

the series. 

I — a 
From I. we have d= _ •, , and considering the fifth 

term to be the last, then 

, 19-3 16 , 
6?=^^^ =-j-=4. 
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Also from I., n= — -, — , 

35-3 + 4 36 ^ 

and n = 1 = -p = 9, 

4 4 

Substituting in IL, « = |(3 + 35) = 9 x 19 = 171. 

3 4 

(6.) Insert four aritliinetical means between j^ and « ; 

and find the sum of 16 terms of the series. 

In the first part of the question, counting the two end 
terms and the four means, we have n = 6 ; and substitut- 
ing in L, 

4 3 

3 = ^ + (6 - l)d, or 64 = 9 + 240e^, 

^ 55 11 
a^d .;. ^=240 = 48' 

Adding this difference to the first, second, and other 
terms successively, we obtain the four means required — 

namely, 

20 31 42 53 

48' 48' 48' ^"^"^ 48' 
To find the sum, substitute in III., 

210. Arithmetical Progression is occasionally called Equi- 
different Progression. 

EXAMPLES FOR PRACTICE.— LXXL 

(1.) Pind the thirteenth term of the series 2, 5, 8, 11, 

etc 
(2.) What is the nth term of a series which decreases 

by 4, the first term being 4 ? 
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(^.) The first term of an arithmetical progression is |, 
and the third § ; what is the tenth 1 

(4.) Find the sum of the numbers 1, 2, 3, 4, eta, to n 
and also to 1000 terms. 

(5.) Find the sum of the series 37, 30, 23, etc., to eleven 
and also to fifteen terms. 

(6.) If the first term of an arithmetical progression be 
1, and the common difference §, what is the sum of n and 
of fifty-one terms ? 

(7.) Find the ?ith term, and the sum of n terms of the 
odd numbers 1, 3, 5, 7, etc. 

(8.) What is the common difference when the fifth term 
is 37 and the twelfth 100? 

(9.) Find the common difference of the decreasing 
arithmetical progression in which the nth term is a and 
the mth term b ; a being > b, 

(10.) Insert three arithmetical means between 47 and 
91. 

(11.) Insert five arithmetical means between 2^ and 

2 

~^- 
(12.) Show that the sum of the first and last terms of 

an arithmetical progression is the same as the sum of any 

two terms equally distant from them. 

(13.) The first and last .terms of an arithmetical pro- 
gression are 3 and 37, and the sum is 420. How many 
terms are there ? 

(14.) If the sum of the series 50, 46, 42, eta, be 50, 
what number of terms does it contain ? 

(15.) Prove that in an arithmetical progression of an 
uneven number of terms, the first and last terms together 
are double the middle one. 

(16.) The middle term of an arithmetical progression of 
thirty-one terms is 35, and the common difference is 2. 
Find the series. 
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(17.) The first term of an arithmetical progression is 
30, its middle term 1, and the common difference - 2^-^, 
Find the number of terms and their sum. 

(18.) The sum of the first three terms of an arithmetical 
progression is 30, and of the second three 66. What b 
the sum of the following six 1 

(19.) Find three numbers in arithmetical progression 
such that their sum shall be 93, and the product of first 
and last 861. 

(20.) If a person lay past one penny on the first day of 
the year, twopence on the second, threepence on the third, 
and so on to the end of the year, what will his savings 
amount to ? 

(21.) A train starts from a certain station at noon, and 
proceeds on its journey at the uniform rate of 35 miles an 
hour. Two hours later another sets out after it, at the 
rate of 30 miles an hour, but at the end of every hour it 
increases its rate by 5 miles. When will the second over- 
take the first ? 

(22.) If «i, «2> ^8» *4 ^® respectively the sums of n terms 
of the arithmetical progressions 1, 2, 3 etc., 1, 3, 5 etc., 
1, 4, 7 eta, and 1, 5, 9 etc., show that 8^, «2> *3> *4 *^® 
themselves in arithmetical progression, and find thek 
common difference. 

(23.) If a falling body passes through 16^^ feet in the 
first second, 48^ feet in the next, 80^^ feet in the third, 
and so on, what time will it take to fall a distance of 
2316 feet? Compare the space through which it falls in 
the last second with that through which it falls in the first. 

(24.) A regiment of 1200 men, employed in the con- 
struction of a fortification, was divided into a number of 
equal working parties. On the first day one party 
was sent out; on the second, two; on the third, three; 
and 80 on till all were out ; and then they continued 
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working together till the work was finished. Had the 
number of parties been reduced by placing a man more in 
each, they would have completed the work one day sooner, 
while if the whole had been employed from the beginning, 
they could have done it in 35^ days. How many parties 
were sent out, and how long was the first engaged ? 

211. Doable Aritlunetical FrogressiozL 

Illustrative Examples, 

(1.) Find the sum of 1-3 + 5-7 + 9- etc. to twenty 
terms. 

This may be considered to be composed of the difference 
between two arithmetical progressions, and its sum may 
be found by taking the sum of the one from that of the 
other. Thus the sum of twenty terms of the above series 
will be — 

1+5+9+eta to ten terms - (3+7+11 +etc. to ten terms). 

10,^ ^ ., 10,^ , ,, 
= -2{2 + 9x4}- 2-{6 + 9x4} 

= 5x38-5x42 = -20. 

It may also be found by performing the subtraction 
indicated on the terms as they stand; the above then 
becomes - 2 - 2 - 2 - etc. to ten terms, that is, - 20. 

When the number of terms is odd, the sum may be 
found in the same way by setting the first term aside, and 
taking the difference between second and third, fourth 
and fifth, etc. 

Suppose the sum of the above to be required to twenty- 
one terms, then we have l + (2 + 2 + 2 + etc. to ten terms) 
= 21. 

(2.) Find the sum of » terms of the series 4-7 + 10 
-13 + 16 -etc. 
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When n is even, the number of differences is „ . 

o « « ^ 3 

.'. «= -3-3-3- eta to s terms = - ^ 

When n is odd, the first term being left out, the number 
of differences will be — „— • 

71, — 1 S 

/. « = 4: + (3 + 3 + 3 + etc to —^ terms) = 4 + 2(^- 1) 
371 + 5 

Half the sum of the two answers is 

5 

Half their difference is 

6ri + 5 



l/ 3?i + 5 _^ 3^\ 



1/ 3/^ + 5 3^\ _ 



Connecting these terms together as under, we have 
an expression which represents the sum of the series, 
whether n be odd or even — 

. = j{5-(67. + 5)(-l)«}. 

(3.) Find the sum of the series 1 -3 + 4-5 + 7-7 + 10-9 + 
etc. to n terms. 

The factors of the terms here form the two series — 

1 + 4 + 7 + 10+. . . +(371-2), 
and 3 + 5 + 7 + 9 + . . ,+{2n + \). 

So that the general term (Art. 208) of the given series 
is(37i-2)(2n+l). 

Assume that 
«=1.3 + 4.5+. . .+(3n-5)(27i-l) + (37i-2)(27i+l) 

= Xn + Bn^ + Qn^ + etc L 
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Change n into 71 + 1, and rewrite the series — 
1. 3 + 4.5 + . . . +(3n-2)(2ii+l) + (3ri+l)(2w + 3) 

= A(/i+l) + B(7i+l)2 + C(w + l)3 II 
Taking I. from II. we have — 

(37i+l)(2ri + 3) = A + B(27t + l) + C(3w2 + 3w+l), 
or 6n2+ll7i + 3 = 3Cfi2 + (2B + 3C)7i + A + B + C. 
Equate the coefficients of like powers of n. 
This gives 6 = 3C, 11 = 2B + 3C, and 3=A + B + C. 

From which C = 2, B = « and A = - 5 . 

Substituting these values in I., we have — 

8= -|n + |7i2 + 27i8=|(4n2 + 5»-3). 

The same method may be applied to find the sum of 
series such as 2.3. 4 + 4.5. 6 + 6.7-8 + etc., 12+22 + 32 + etc., 
13 + 33 + 53 + etc. 

(4.) Find the sum of 2.5-3. 9+413-5. 17 + 6. 21-725+ 
etc. to 2r and also to 2r + 1 terms. 

Writing the series so as to admit of the subtraction 
indicated, we have — 

8 = 10 - 27 + 52 - 85 + 126 - 175 + etc. to 2r terms. 
= - 17 -33 - 49 + eta to r terms. 

Here a = - 17 and d=-l6, 

/. s = |{-34 + (r-l)x-16} = -r(8r + 9). 

This may also be found by the method of last example, for 
by it the sum of r of the positive terms is o(16r3 + 15r2 - r), 

and r of the negative terms is o(16r3 + 39r2 + 26r), and 

.-. 8 = i(16r3 + 15r2-r-16r3-39r2-26r) 

= g(- 24r2 - 27r) = - r(8r + 9). 
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Again — 
«= 10-27 + 52-85 + 126-175 + 232-etc. to (2r + 1) terms, 
= 10 +(25 +41 + 57 + etc. to r terms), 

= 10 + |{50 + (r-l)16} = 10 + r(8r+17). 

If w = either 2r or 2r + 1, we have from the first answer 
s = - n{4:n+ 9), and from the second 8 = 10+ -«- { 4:(n-l) + l7} 

= ^(4^2 + 9^ + 7). 

Connecting half the sum of these with half their diflfer- 
ence, as in Example 2, we have — 

8=:\{7 -(Sn^ + l8n + 7)(-iy}, 

a general expression for n terms of the above series, 
whether n be odd or even. 

KXAMPT.TW FOR PRACTICE.— LZXIL 

(1.) Find the general term of the series 3-8 + 13-18 
+ 23 - eta 

(2.) Find the sum of the series 1-5 + 9-13 + 17- 
21+ etc. [i.] to ten terms; [ii.] to thirteen terms; 
[ill.] to n terms, whether n be odd or even. 

(3.) What is the nth term of the series 2-3 - 4-5 + 6-7 
-8.9 + 10.11-etc.? 

(4.) Find the sum of the series 1-3 + 6-10 + 15-21 + 
etc. to n terms. 

(5.) How many terms of the series 1-7 + 13-19 + 25- 
etc. amount to - 192 ? How many to 175 ? 

(6.) Find the nth term and the sum of n terms of the 
series 1 + 3 + 6 + 10 + 15 + etc. 

(7.) Sum to n terms the series whose general term is 
3n2-l. 
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(8.) What is the sum of 2r terms of the series 1-3 - 2-5 
+ 3-7 -4.9 + 5-11 -613 + etc. ; also of 2r+l terms, and 
of n terms when n is either odd or even ? 

(9.) Find the sum of the series 1^ + 32 + 52 + 72 + etc to 
71 terms. 

(10.) Sum n terms of the series 1-2.5 + 3-4-7 + 5-6-9 
+ 7-8-11 +etc. 

(11.) Show that P + 23 + 33+. . . +n3 is equal to 

(1+2 + 3+. . .+71)2. 

(12.) If {a + (n-l)d}{a•^ + (n-l)d•^} be the general 
term of a series, prove that its sum may be expressed by 

212. Geometrical Progression.— When in a series the 
ratio between every two consecutive terms is the same, 
the series is called a Geometrical Progression. Thus, 

3, 6, 12, 24, and 9, 3, 1, ^, ^ are geometrical progressions, in 
the first of which the covemwn ratio is 2, and in the second \. 

Terms standing between any two temls of a geometrical 
progression are called the geometrical means between those 
terms. One is spoken of as the geometrical mean, 

213. Prop. I. — To Jlnd any term of a geometrical pro- 
gression. 

Let a represent the first term of a geometrical pro- 
gression, and r the common ratio, then the terms of the 
series will be a, ar, ar'^, ar^, etc., which only differ from 
one another in the exponent of r ; each exponent being 
one less than the number of the term in which it stands. 
Thus, in the third term it is 2, in the fifth term it will be 

4, and in the nth. term n-1. 

The nth term is therefore ar"~\ and if ^ be the nth 
term, l=^ar^-\ [I] 
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214. Prop. IL — To find the su/m of a geometrical pro- 
gression. 

If 8 represent the sum of the series, and n the number 
of terms, we shall have — 

s=a + ar + ar^ + ar^ + . . . +ar"~' + ar*'"' + ar*'"^ [AJ, 
and r8 = «w + or^ +«r^ + ar* + . . . +ar*~' + ar*'"* + ar*' [B], 

by multiplying the whole by r. 

With the exception of the first term of the one series 

and the last of the other, the second sides of the two 

expressions are identical, and by subtracting [A] from [B] 

we have — 

(r-l)s = a(r"-l) 

As 1=^0^'^, this may be written-^ 

rl-a 



8 = 



r-l 



215. Prop. IlL — To find the sum to infinity of a de- 
creasing geometrical series. 

In the expression [II.], when r is less than unity, 
numerator and denominator will both be negative, and it 
will be preferable to write the value of s thus : — 

a{\ - r«) 



« = 



1-r 



Also, since r is less than unity, its powers will be suc- 
cessively less and less, until, by taking n large enough, r" 
will be less than any quantity that can be named. It 
may therefore be neglected, and, putting 2 (sigma) to 
represent the altered value, we may write 



=«(r^r) 



orr^- [lit] 
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Now taking n large implies a great number of terms in 
the series, and if we suppose this number to be infinitely 

great, then when r is a proper fraction 2= y^- is the sum 

of the series to infinity. 

a 

It must be borne in mind, however, that j-^ is greater 

than the true sum by an infinitely minute quantity, which, 
although it may be lessened by taking more terms of the 

seriea, can never be got rid of. j^ is, therefore, the 

limit to which the series continually tends, although prac- 
tically it is the sum of the series, and is usually spoken of 
as such. 

lUriatrative Exa/mples, 

(1.) What is [1] the twelfth term of the series 2, 6. 18, 
etc., and [2] the twentieth of 256, 128, 64, 32, etc. ? 

The common ratio r is found by dividing the second 
term by the first, or the third by the second, etc. This 
gives for the first series r = 3, for the second r = ^. 

Substituting in I., we have — 

[1], ;= 2 X 311 = 2 X 177147 = 354294. 

oKfi L 256 1 

L2J, ^-256 X 219 - 524288 = 2048 ' 

(2.) Find the sum of 1 -5 + 25 - 125 -fete, to nine 
terms. 

Here a = 1, r = - 5, and n= 9. 

Substituting in II. — 

(_ 5)9-1 -1953126 ^ 
g = ^_g_^ = ^-g =325521. 

(3.) Find the sum of ten terms of the series 

111 1 - 
2 + 4 + 8-*T6 + ^*'- 
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XX 1 ^ . ,,v 

Herea = o> ^=o) anaw=10. 

2y 217 2^0 - 1 1023 
•'• ^~ 1 "\ 210 ~1024' 

^"2 

Observe here that the sum is a fraction very Uttle less 
than 1 j and if more and more terms be taken, it will 
approach more and more nearly to 1, but will never reach 
it or exceed it, even if an infinite number of terms be 
taken, for the numerator must always be less than the 
denominator. "We say, therefore, that 1 is the limit of 
the above series. 

"We arrive at the same result by substitution in III. ; 
thus, 1 1 

Similarly we find the limit or atmi to infinity of the 

series + + 97 + ®*^* to be 2 ; for substituting in III. we 

have— 2/^\ _ 2/_3_\ _ 2 3 

"^ - 3\^1 _|^ - 3\^3 - 2^ ~ 3 ■ 1 ~ "*• 

(4.) Insert four geometrical means between kr and 125. 

We may consider these the first and last terms of a 
geometrical progression of six terms ; this gives 

a = 2K, w = 6, and Z=125, to find r. 

ByL, ^=ar"-i=^r5 = 125. 

.-. r5 = 25 X 125 = 55, and r = 5. 

The series is .'. 05 > 5 > 1> ^9 25, 125. 
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virkim.va FOR PRACTIOE.— LXZm. 

(1.) Find the seventh term of the series 2, 10, 50, etc., 

3 11 

and the ninth of the series j , q , o j etc. 

(2.) By how much does the fifth term of the series 

27 3 2 

on ) - 7 J Q > etc., differ from the sixth 1 

(3.) Write the next ^ve terms of the geometrical pro- 

. 1 J^ 
gression J " ^ • 

(4.) Find the sum of 1+4 + 16 + etc., and of 1-3 + 9- 
etc., each to seven terms. 

(5.) Find the sum of 1 + g + ^f + etc., and of 1 - j + y^ - 
eta, each to ten terms. 

(6.) What is the sum of n terms of each of the series 
3-6 + 12-etc. and j + l + g + etc. ? 

(7.) What is the sum of n terms of the series 1 + - + -li + 

etc., and of - - o~2 + 4r~3 - ®^- ' 

(8.) Insert three geometric means between 12 and 972, 

27 8 

and ^ve between -^ and ^n • 

(9.) Find the geometrical mean, or mean proportional^ 
to 228 and 513, also to ^1+02-^1^^^ and jT+a^ 

(10.) Find the limit, or sum to infinity, of the follow- 
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mg senes: — [i.J l + g + j + etc; [ii.J 3 + 9 + 27*^^ ^ 

112 2 13 

[ill.] 2'^3'^9'^®*^ > t^^O 3"*"2'^8"^®^* 

(1 1.) Sum to infinity L^-] 3 "" 3 + A "" ®^* > [^^0 To "" 102 

1 7 72 

+ YQ3-etc. j [ill.] 3^-lJ + i-etc.; [iv.] -l + g-gg + etc. 

(12.) Find the value of .5555. . ., and of -23454545. . ., 
each to infinity. 

(13.) The population of a town was 65700 in 1871, and 
67890 in 1881 ; what should it become in 1891, if the 
same rate of increase be maintained ? 

(14.) The sum of two numbers is 180, and their mean 
proportional is 54. What are they ? 

(15.) Show that any term of a geometrical progression 
continued to infinity is greater than all that come, after it 
if r is < ^, and equal to them if r = |. 

(16.) From a vessel containing at first 64 gallons of 
wine, a certain quantity of liquor is drawn off daily, and 
is replaced with water. At the end of six days it is 
found that 11 gallons 3^ pints of wine still remain in 
the mixtura What quantity is drawn per day ? and how 
much wine is in the last drawing ? 

(17.) The first term of a geometrical progression, con- 
tinued to infinity, is 1, and every term is equal to the 
sum of the succeeding ones. Find the series. Also find 
the series when every term is five times the sum of all 
succeeding ones. 

(18.) If a be the first term and I the last, r the common 
ratio, and s the sum of n terms of a geometrical progres- 
sion, show that the following relations are true : — 

24 
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and [ill.] ?(s - 0""^ - a(« - »)""' = 0. 



216. Mixed Progressions. 

Illustrative Examples, 

(1.) Find the sum of the series 
aA+(a + c?)Ar+(a + 2cZ)Ar2+ . . . + {a + (w- l)c?}Ar"-\ 

This is formed by the products of the corresponding 
terms of the arithmetical and geometrical series — 

a-\-{a-\-d)-\-{a-\'M)+, . . . -\- {a + {n - \)d} 
and A + Ar+Ar2+. . . . -|-Ar^-\ 

Put s = aA + (a + e^Ar+(a+2c?)Ar2+. . . . 

+ {a + (n-iy}Ar-^ 

then ra = aAr -\-{a-\- d)Ar^ + . . , . 

{a+(n-2)d}Ar^-'^+{a + (n-l)d}Aj^ 

and (1 - r)s = a A + dAr + dAr^ + . . . . 

+ e?Ar»-i -.{a^{n- \)d}Ai^ 

= aA-\-dAr\-YZ — )- {a + (w- l)c?}Ar". 

A / dr\ 
If r be a fraction and n infinite, then 2 = i— - 1 a + tTTJ./' 

(1 -}f\ 
1 _, 1 Ar"'. 

Setting aside the constant multiplier aA, we have 

«=l + (l + 5)r + (l + 6 + «>V + --- + (l + ^ + ---+^""y' 
then 5rs = 6r+(6 + 62)r2 + . .. + («> + . . . + 6"-V^ 

+ (5 + 624-... +6-)7' 

and (1 -6r)a= 1 +7. + r2 + . . . +r«-i- (6 + 62 + . , . ^jy. 
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l~r» 5(1 - h'^y 
-l_r"" 1-6 

1 r i-r» 6(1 -6V^ 

*~l-6rt 1-r 1-6 " J ' 

" ^~l-br\ l-r l-b J ' 

KyAMFT.ra FOB PRACTICE.— LZZIV. 

(1.) Find the sum of n terms of the series 1-1 + 2-2 
+ 3.4 + 4-8+ +71x2**-^ 

(2.) Find the sum of n terms of 33 + 7-9 + 11-27 
+ 15-81 + etc. 

(3.) Find the sum of ri terms of 4-1 -7-4 + 10- 16-. . . 

+ (37t+l)(-4)-\ 

13 5 
(4.) Sum to n terms, and also to infinity, + 7+0 + 

2n-l 
. . . + 2« 

(5.) Sum 4 + 44 + 444 + etc. to n terms. 

(6.) If Aj = a, A2 — a +am, A^ = a + am+, . . am^'\ 
what is the sum of the series A^ + Agr^, + Agr* + . . . 
+ A^r^"^ to n terms, and also to infinity ? 

217, Greometrical Progression is sometimes called Equi- 
rational Progression. 

218. Harmonical Progression,— A number of quantities 
are said to be in Harmonical Progression when, of any 
three consecutive terms, the first is to the third as the 
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difference between the first and second is to the difference 
between the second and third, — ^the differences' being taken 
in the same order. Thus, 3, 4, 6, 12 are in Harmonical 
Profession, 

For 3: 6 :: 4 -3: 6 -4 
And4:12::6-4:12-6. 

Terms intermediate between any two terms of a har- 
monical progression are said to be harmonical means to 
those two terms. 

219. Prop. I. — Quantities in harmonical Progression 
liave their reciprocals in Arithmetical Progression, 

Let a, 6, c, c? be in harmonical progression, 

Then a\c::a-h'.h -c [Def.] 
And ab-ac = ac-bc. (Art 203). 

Dividing by 060.1-1 = 1-1. 

Similarly, since b :d::b-c:c-d, 

We have bc-bd=bd- cd 

A A 1111 

And -j = Y* 

a c c o 

111111 

• ^__ ^ 

" d c c b b a 

That is, - , T , - , -J are in arithmetical progression, 

for the difference between every consecutive two is the 
sama 

220. Prop. II. — To insert a n/aTnher of ha/rmonical mexm 
between cmy two qttantities. 
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Let a and b be the given quantities, and m the required 
number of means. Since (Prop. L) the reciprocals of a 
harmonical progression are equidifferent, we may write 
those of the required series thus : — 

and the harmonical series will be 

a a a a 

^' T+ad' l + 2ad l+mad' l + {m+l)ad' 

As the last term is b, we have 

,^, ^^,, . = 6, from which d^^-^^. 
l+{m+l)ad ' {m+l)ao 

The harmonical means are therefore 

(m + \)ah {m+l)ab (m-\-l)ab 

m6 + a ' mb + 2a-b^ ' 7)ia + b 

221. Prop. IIL — To find any term of a IvarmonicaZ 
series when two consecutive terms are known. 

Let a and b be the first and second terms of a harmoni- 
cal series. Find the Ttth. 

Here - > -r are the first two terms of an arithmetical 
a b . 

1 1 
series (Prop. L) whose common difference is r — , and 

, ^, ^ . 1 . ,./l 1\ {n^l)a-{n-2)b 
whose nth term is - + (^ - 1)1 i - - I or -^^ —j^ — • 

The nth term of the harmonical series is therefore 
ah 



(n-l)a-{n-2)b' 

222, Note. — ^The sum of a harmonical series cannot be 
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reduced to a general form, but must be obtained in each 
case by actual addition. 

223. It may be useful to bear in mind that any three 
quantities a, 5, c are in arithmetical, geometrical, or har- 
monical progression according as 

a—h a a a 

=- or =:=- or ==-. 

b-c a c 

Also that ^(a + c) is the arithmetical mean, 

,Jac is the geometrical mean, 

and — ; — is the harmonical mean, 
between the two quantities a and c. 

Illustrative Excmiples, 

1 1 

(1.) Find five harmonical means between v and «« • 

The series here must consist of seven terms whose 
reciprocals are 5, 5 + <i, 5 + 2(i, etc, the seventh being 
5 + 6g?=23. 

This gives g? = 3, and therefore the reciprocals are 
6, 8, 11, 14, 17, 20, 23, and the harmonical series — 

1 ^ Jl i_ Jl Jl Jl 
5* 8' 11' 14' 17' 20' 23' 

(2.) The arithmetical mean between two quantities is a, 

and the harmonical mean is 5 ; what are the quantities 1 

Let X = the first, y = the second. 

By Art. 223 the arithmetical mean between x and y is 

x-\-y , , 2xy 

~-K~ : and the harmonical mean is — ; — • 



• • 
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Multiplying together, we have xy^^ah [3] 

Squaring [1], x^ -\- 2xy + y^ = 4a2 

[3] X 4, 4ajy = 4a6 

Subtracting, a^ - 20:3^ + y^ = 4a(a - b) 

.'. x-y== ±2Ja{a-b) 
But a; + y = 2a. 



.*, a: = a ± ^a(a - 6), and y = a'^Ja{a - h), 

KXAIMTPT.TO FOB PRACTICE.— LZZV. 

(1.) Find the next three terms of the harmonical series 

Jl A A 
10' 17' 21* 

(2.) Find the fifth, seventh, and tenth terms of the 

harmonical progression of which the first two terms are 

jand jQ. 

(3.) Insert three harmonical means between 1 and 101. 

(4.) Place four harmonical means between 2 and - 3. 

(5.) The arithmetical mean between two numbers is 15, 
and the harmonical mean is 9f ; what are the numbers ? 

(6.) The harmonical mean between two numbers is 7^^, 
and the geometrical mean is 1 2 ; find the numbers. 

(7.) The sum of three fractions in harmonical progres- 
sion is |s J and the sum of their squares is tjt . What 

are the fractions ? 

(8.) If a, 5, c be in arithmetical progression, and 5, c, d 
in harmonical progression, prove that a-.h wed. 

(9.) Show that the geometrical mean between two 
quantities is a mean proportioned between the arithmetical 
and the harmonical means, and that of these last the 
arithmetical mean is the greater. 
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(10.) The arithmetical mean between two numbers 
exceeds the geometrical mean between them by 6, and the 
geometrical mean exceeds the harmonical by 4^. Find 
the numbers. 

(11.) Three quantities are in harmonical progression. 
If half the middle term be taken from each, the remainders 
are in geometrical progression. Prove this. 

(12.) If a, b, c be respectively the ptih, qih, and rth 
terms of a harmonical series, show that 

c a 




CHAPTER XVI. 



INDETERMINATE EQUATIONS. 



224. It has been shown (Art. 112) that a single equa- 
tion containing two unknown quantities yields an unlimited 
number of solutions, since the substitution of any value 
for the one letter gives a corresponding value for the 
other. 

We may, however, restrict the number of these solu- 
tions (sometimes to a very few) by agreeing to admit only 
those values that fulfil certain conditions, such as that 
they shall be positive^ or integral, or both. 

lUustrcUive Examples, 

(1.) Find integral values of x and y from the indeter- 
minate equation, 

5a: + 83^ = 31. 

Transfer to second side the unknown quantity having the 

largest coefficient, and divide by the coefficient of the 

other, thus 

505 = 31 — 8?/, 

31 -8y ^ 1-31/ 

and a; = — —^ = 6-2/+—^. 
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Multiply — c-^ by such a number as will render the 

coefficient of y in it one more or less than some multiple 
of the denominator. 

Suitable multipliers may generally be found by inspec- 
tion. 

In this example any one of the following may be used, 
2, 3, 7, 8, 12, 13, eta 

Taking the least, we have 

l-3y_2-%^ 2-y 

^x— g—- — 5— =-y+-5- • 

2-y 
Let — ^ = m, then 2 - y = 5m, from which y = 2 - 5m, 

31 -8(2 -5m) , , 
and X = \ = 3 + 8m . 

By putting successive integral values for m, we shall 
find any number of integral values of x and y. 

When m= 2, 1/ = - 8, and aj= 19. 
Whenm= 1, y = - 3, and a;= 11. 
When m = 0, y = 2, and x= 3. 
When m = - 1, 2/ = 7, and aj = - 5. 
When m = - 2, y = 12, and a; = - 13. 



Observe that the values of m, y, and x form three arith- 
metical series, whose common differences are respectively 
1, 5, and 8. 

In the above series there is only one instance in which 
the values of x and y are positive at the same time, so that 
if positive as well as integral values had been required, 
there would have been only one solution of the equation. 

(2.) Find the positive integral values of x and y that 
satisfy the equation 

7a;+42/=153. 
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153 -7aj 152-8a; + l-|-a; 



y= 



= 38-2a: + 



4 
l-\-x 



Put 



4 
—J— = w, then X = 4m - 1, 



, 153-7(4m-l) ,^ ^ 
and y= ^^ ^' = 40-7w. 

Here, in order that x may be positive, m must be greater 
than J ; and in order that y may be positive, m must be 

less than 5^. 

As the values must also be integral, m cannot be less than 
one or greater than^re, so that the only possible values of 
m are 1, 2, 3, 4, and 5, from which we have — 

When w= 1,0?= 3, and y = 33. 
When m = 2, a; = 7, and y = 26. 
When w = 3, a? = 1 1, and y=l9. 
When m = 4, oj = 15, and y = 12. 
When w = 5, a:=19, and y= 5. 

(3.) In how many ways can the sum of £24 be paid in 

guineas and crowns ? 

Let X = number of guineas, y = number of crowns, 

then 21a; + 5^=480. 

480 -21a; ^^ , x 
y = g = 96-4a;-g. 

X 

Put ^ = wi, then X = 5m, 

5 

and y=96~ 20m-m = 96 -2l7?i. 

Here x will be positive for any positive value of m, but y 
will not be positive for any positive integral value greater 
than 4. 

The only possible values of m are therefore 1, 2, 3, 4, so 
that the sum can be paid in four ways. 
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(4.) Given 13a; - 17y = 8, to find positive integral values 
of X and y. 

17y + 8 ^% + 8 
Here 05 = — j^ — = y+~^ 

13 13 y+^+ 13 • 

_ , 11-w 

i:ut ,o =m, men y = ll - 13to, 

and «, = 1I(1^^£0±_8 = 15-17^ 

If m be a positive integral quantity, then x and y will 
both be negative; if m = 0, then a; = 15 and y = 11 ; if m 
be negative, then x and y will both be positive, and the 
number of positive integral solutions is unlimited 

The values of x are 15, 32, 49, 66, 83, etc. 

The values of y are 11, 24, 37, 50, 63, etc. 

(5.) A regiment numbers between 1600 and 1700 men. 
When they are divided into companies of 41 each, there 
are 20 left over, and when into companies of 29 each 
there are 7 over. How many are in the regiment ? 

Let N = the number 

= 41a; + 20 = 291/ + 7, 

then 29y = 41a; + 13, 

12a; + 13 
and y = x+ — ^g — ' 

As a proper multiplier to a fraction like this may not 
readily be obtained, we should first multiply by any num- 
ber that will leave the coefficient of x (after division by 
the denominator) less than at present ; thus 

« 12a; -I- 13 _ 36a; + 39 _ - 7a; + 10 
29 29" ~'^"^'*" 29 • 

It is now easy to see that multiplication by 4 will make 
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the coefficient of a; in the numerator of the fraction differ 
by one from the denominator, and therefore we have — 

7a; + 10 28a; + 40 _ 11-a; 

29 "" 29 -^+^+ 29 • 

11-a; 
Putting — oQ — = w, we obtain — 

a;=ll-29m 

41(11- 29m) -f 13 
and y= ^ — = 16 - 4l7w. 

/. N = 41(ll-29m) + 20 = 471-1189/M. 

When m = 0, N = 471; when m= -1, N=1660; and as 
this is within the limits stated in the question, it must 
be the number in the regiment. 

225. If two equations containing three unknown quan- 
tities be given, we shall, by eliminating one of the un- 
knowns, reduce the question to a single indeterminate 
equation of the same character as those just solved. 

(6.) A person wishes to purchase 100 animals for ^600; 
oxen at £21 per head, calves at £8, and sheep at £3. 
What number can he buy of each ? 

Let Xy y, and z be the number of oxen, calves, and 
sheep respectively. 

Then x+ y+ z = lOO [1 
and 21a; + 81/ + 32; = 600 [2 

EHminating «, we have— 

18a; + 52/ = 300. 

Solving as in previous examples — 

X = 5m, and y = 60 - 18m. 

Substituting in [1.] — 

» = 100-a;-2/=100-5m-60 + 18m = 40 + 13m. 
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As Xf y, and z must each be positive and integral, we 
see that x will be satisfied with any integral value of m 
from 1 upwards, and y with any from 3 downwards, while 
z will admit of m being any whole number greater 
than - 3. 

The limits therefore of the values of m are 1 and 3, and 
the person can make his purchases in three different ways, 
as under ; — 

m=l, 05= 5, y = 42, 2 = 53. 
m = 2, 03 = 10, y = 24, 2 = 66. 
m = 3, 05 = 15, y= 6, 2 = 79. 

The following may also be considered a solution : — 

m = 0, 03 = 0, y = 60, 2 = 40. 

In which case he purchased only calves and sheep. 

226. In equations of the form ax + by = c, it is under- 
stood that a, b, and c are whole numbers, for if they are 
not, multiplication by their least common denominator 
will at once render them integral. 

Likewise it is to be observed that if x and y are to be 
whole numbers, a and b cannot have a common factor not 
also common to c ; for, suppose a = rm, and b = m, r, m, 

and n being integers, then rmx + my — c, and mo3 + ny =^- 

where, if c is not divisible by r, either x or y, or both, 
must be fractional. 

EXAMPLES FOB PRACTICE.— LXZVL 

Find all the positive integral solutions of the following 
equations : — 

(1.) 2a; + 32/=ll. (3.) ix + 1y^\b1, 

(2.) 3a;+28y=149. (4.) 12a; + 7^^=336. 
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Find the least positive integral solutions of the follow- 
ing : — 

(5.) 5a;- 133^ = 48. (7.) 17a;- 1 = 443^. 

(6.) 27a; = 82/ + 55. (8.) 29a;-66y=213. 

Find the number of ways in which the foUowing equa- 
tions may be solved in positive integers : — 

(9.) 7a; + 10y=331. (11.) 3a; + 372/ =1225. 

(10.) 5a; + 73/ = 320. (12.) 36a; + 43y= 114. 

(13.) Find all the numbers under 100 which divided 
by 4 leave 1, and divided by 7 leave 5. 

(14.) A number of books — some at 6a and some at 7& 
— were bought for £5. How many were there of each ? 

(15.) In how many ways can a debt of £3, 17s. be paid 
in crowns and florins ? 

(16.) The sum of two fractions is ^J, and their denom- 
inators are 12 and 15 respectively. Find the fractions. 

(17.) Tea costing 2s. 4d. per lb. was mixed with tea 
costing 2a 9d. per lb., and the whole was sold for £2, 17s., 
bringing a profit of 6a How many Iba were there of 
each, and what was the selling price of a lb. ? 

(18.) A shopkeeper has only half guineas, and a cus- 
tomer has only crowna Find the simplest way in which 
the latter can pay a shilling to the former. 

(19.) Find the positive integral values of a;, y, and z 
that satisfy the equations 

5a;- y + 4:Z~ll4t 
2a;-5y + 62;= 70. 

(20.) A purse contains £71, 10s. in guineas, crowns, 
and florina There being 100 coins in all, how many 
are there of each sort ? 

(21.) A school numbers between 400 and 500 children. 
When they are counted by threes, there are 2 over ; by 
fives, 4 over ; and by sevens, 6 over. How many are there? 

(22.) 1000 is to be divided into three parts such that 



384 INDETERMINATE EQUATIONS. 

twice the first, thrice the second, and five times the third 
shall make up 2500. In how many ways can this be 
done? And when the smallest of the three parts is 101, 
what are the other two 1 

(23.) A coach, horse, and harness were bought for £232, 
the coach being paid for in £5 notes, the horse in guineas, 
and the harness in crowns. Now the horse, which cost 
between £80 and £90, was worth three times the price of 
the harness. What was paid for each ? 

(24.) What is the least multiple of 5 which, divided by 
7, 9, or 11, always gives a remainder of 3 ? 



CHAPTER XVn. 



PERMUTATIONS AND COMBINATIONS. 



227. PermutationB.— The different ways in which a 
number of things may be arranged, one after another, are 
called Permutations. 

If a and h be two things, either may follow the other, 
giving two permutations ah and ha. If a, 6, and c be 
three things, we may arrange them in the following ways, 
a6c, axih, bcu:, bca, cah, cha, six permutations ; or, taking 
only two at a time, a6, ac^ ba, be, ca, cb, also six permuta- 
tions. 

In some works the name permutoMona is limited to those 
arrangements that include all the quantities, while the 
others are called va/riaiiona, 

228. Prop. L — To find the number of permutations that 
can be made wUh n things taken r at a time. 

First: — If n things be taken one at a time, they can 
plainly be arranged only n ways ; for example, only five 
signals can be made with five flags when they are displayed 
one at a time. 

Second : — ^If n things be taken two at a time, they can 
be arranged n(n - 1) ways. 

25 
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Let a, 6, c, d, e, etc., be n things, which are to be 
arranged two at a time. Remove a, then the number of 
things remaining will be w - 1, and if a be placed before 
each, there will he n-1 arrangements with a first — 
namely, ab, ac, ad, 06, etc. 

Replace a, and remove h, there will again be n-\ 
things left, and if 6 be placed before ea^^h, there will be 
n-\ arrangements with h first ; thus, ha, he, hd, he, etc. 

Similarly there will be w - 1 arrangements in which 
each of the other things, c, d, e, eta, will in turn stand 
first, and as there are n things in all, the total number of 
different arrangements must be n times n—1 or n{n - 1). 

Third: — If n things be taken three at a time, they can 
be arranged n{ri - 1) (w - 2) ways. 

Take a, h, c, d, e, etc., as before. 

Remove a and h, then the number of remaining things 
will be w - 2, and if ah be placed before each, so as to 
form an arrangement of three things, there will be w - 2 
such arrangements. 

Again, if a and c be removed, there may be formed 
n-2 arrangements with three in each, and having ac 
first. 

Similarly each of the arrangements, two at a time, may 
be placed in front of each of the remaining things, and in 
every case there will he n-2 arrangements of three. 

As the number of arrangements, two at a time, is 
n(n - 1), the total number, three at a time, must be n{n - 1) 
times n-2 or n(n - l)(n - 2). 

Fourth: — By reasoning similar to the above, we can 
show that n things, taken four at a time, can be arranged 
in n{n - l){n - 2)(n - 3) ways; and taken five at a time, 
in n{n - l)(n - 2)(n - 3)(n - i) ways, and so on for higher 
numbers. 

Bringing these results together, we find that the num- 
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ber of arrangements or permutations that can be made 
with n things — 

One at a time = n. 
Two at a time = n(n - 1). 
Three at a time = n(» - l)(n - 2). 
Four at a time =n(n - l)(n - 2)(n - 3). 
Five at a time = n{n - 1)(» - 2)(» - 3)(n - 4). 

Observe that the number of factors is always equal to 
the number of things to be taken at a time, and that the 
second term of the last factor is always one less than the 
number of factors, so that if r be the number of things to 
be taken at a time, there will be r factors, and the last 
one will be»-(r-l) or n-r + 1. Therefore the number 
of permutations of n things, taken r at a time, is 
n(n - l)(7i - 2) . . . . to r factors, or, denoting the number 
by P^ we have 

'P^ = n(n- 1) . . . . (n-r+l). 

73Q, CoroUa/ry, — When n things are taken altogether, r 
will equal n., and n - r + 1 will become 1 ; therefore the 
number of permutations of n things, n at a time, is 
n{n — 1) ... 3 . 2 , 1. 

This is generally written |ri, and resA factorial n. 

It follows that |?t = yi |n- 1 = n{n - \)\ n- 2 = etc. 

Uhistrative Hxamiples. 

(1.) Find the number of permutations of 11 things 
taken 5 at a time. 

11. 10. 9. 8. 7 = 55440. 

(2.) How many signals can be made with six different 
flags? 
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One at a time, 6 

Two at a time, 6x5 =30 

Three at a time, 6x5x4 = 120 

Four at a time, 6x5x4x3 = 360 

Five at a time, 6x5x4x3x2 = 720 
Six at a time, 6x5x4x3x2x1= 720 

/, Total number of signals = 1956 

(3.) If the number of permutations of n things, taken 
5 together, is twenty times their number taken 3 together, 
how many will they form 7 together 1 

n(n - 1)(» - 2)(7i - 3)(n - 4) = 20n{n - 1)(» - 2), 
/. (n - 3)(7t - 4) = 20. 
From which n== 8. 

And the permutations, 7 together, are 

8.7.6.5.4.3. 2 = 40320. 

230. Prop. IL — To find the number of permutcUions that 
can be made with n things, which are not aU different, the 
whole being taken together. 

Of the n things let p be a% q be b\ r be c's, and the 
rest all different. 

Put P = the number of permutations made by the whole 
taken together, and suppose a^ . . . . a^a.^ .... a^ .... a, 
to be one of them, the dots representing all the things 
not a's. 

Then if a^, ag, ^3 . . . . Op were all different from one 
another, and from the rest, they could make among them- 
selves 1^ permutations, and as the other things could make 
all their permutations with each of these, the number 
would be increased \p times, and become Pjg. 

Similarly, if all the b'a were also made different, the 
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number of permutations would be Pl;?!^; and if the c's 

were likewise changed, the total number would be 
P^[£|r. 

But as the things are now all unlike, the total number 
of their permutations is |n, 

and /. P|^[£|r= |w. 



From which P 



_ ^ 



\p\q]r 
The same may be shown for any number of like things. 

lUustrative Eocample, 

How many permutations can be made with the letters 
of the word " Mississippi " ? The number of letters is 11, 
of I's 4, of ys 2, of «'s 4, and the rest are unlike. 

[n ^ 11. 10. 9. 8. 7. 6. 5. 4. 3. 2.1 
•• |4|2|4 4.3.2.1.2.1.4.3.2.1 

= 11. 10. 9. 7. 5 = 34650. 

ZSLKMBtSA FOB PRACTICE.— LXXVit 

(1.) What number of permutations can be made with 
15 things, taken four at a time, and with 19, taken three 
at a time 1 

(2.) In how many ways may 7 children be seated on a 
form? 

(3.) How many changes can be rung on eight bells? 
How many if only four be used each time ? 

(4.) What number of things, taken one or two at a 
time, will yield 225 permutations 1 

(5.) How many signals can be made with 7 flags of 
different colours, using them singly or in line together in 
every possible way % 



i 
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(6.) The variations of n things, three together, are 
double the variations of ^ things, four together. Find n. 

(7.) How many different arrangements may be made of 
all the letters of each of the words, Catarotct, AmmuniHonf 
Philippic, and Assassination ? 

(8.) If n things taken altogether make 120 permuta- 
tions, what is n ? 

(9.) A word contains 10 letters, of which 4 are a*s, a 
certain number are e's, and the rest are unlike. If the 
whole taken together make 6300 permutations, what is the 
number of e's 1 

(10.) How many permutations can be made with the 
factors of ab^c^d^x^ 1 

(11.) ^ Pi, P2i • • • • Pin respectively represent the per- 
mutations of 2n things, one at a time, two at a time, etc., 

to 2n at a time, show that ^"^ ^"^ » » » » — s/i __ l_ 

P^P^-2 • • • • P\P% 12?i 

(12.) In how many ways can five children be arranged 
on a form so that two brothers, who are among them, may 
never sit together 1 

If n be put for the number of children, and r for the 
number of brothers, show that the number of ways is 
|n - |r [ n-r + l. 

231. Oombinations. — ^The different groups, irrespective 
of order, into which a number of things may be formed, so 
many at a time, are called their combinations. Whilst 
permutations consist of the same things differently 
arranged, no two combinations can contain exactly the 
same things ; hca is the same combination as ahc 

232. Prop. L — To find the number of combina>tions thai 
can he formed with n things taken r at a time. 
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Let C„ C„ . . . C^ respectively represent the number of 
combinations that can be formed by n things, taken two^ 
three, etc., to r at a time. 

First : — Since two things taken together can form two 
permutations, but only one combination, when n things 
are taken two at a time their number of permutations 
must be twice their number of combinations. But their 
permutations, two at a time, are n{n - 1) [Art. 228]. 

.-. 2C3 = n(7t-l), and 0^= 2" ' 

Second: — Since three things taken altogether can form 
|3 or 6 permutations, but only one combination, when n 
things are taken three at a time their number of permu- 
tations must be six times their number of combinations. 
As their permutations, three at a time, are n{n - l)(n - 2), 

then 6C3 = n(n - l)(7i - 2), and 

n(n-l){n-2) n(n-l)(n-2) 
C3 = g or g . 

Third : — In a similar way we find that 
_ n(n-l){n-2)(n-3) _ n(n-l)(n^2)(n-3)(n-4:) 

and therefore generally that 

n(n -I) , , . (n -r+l)(n - r) . . . 3 . 2 . 1_ \n 

f (t* w. — r L J 



[r \n_ 



n — r 



233. GoroUary. — The number of combinations of n 
things, taken (?t - r) at a time, is the same as the number 
taken r at a time. By [1] above 
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it(n - 1) . « . . {n-{n-r) + l} _ n(n - 1) ... . (r + 1) 
*"**™ \n-r \n-r 

n(n-l) .... (r+l)r . . . . 3 . 2 . 1 _ |n 

"* Iti — r lr |yt -r |r ~ *" 

234. Prop. IL — To find how many things must he taken 
together so that the nwmber of comhinatums may be the 
greatest possible. 

Let », as before, be the number of things, and C^ the 
number of combinations required. 

Then C^ is not < either C^.j or C^+i. 

n(n^l)....(n-r4-l) .^^^ n(n-l) ..(r.-r + 2) 
^ \r \r-l 

.', is not < 1. 

r 

From which n-r+l is not < r, and — «— is not < r, 

or r IS not > — «— . [1] 

n(n-l)...(n-r+l) ^^^^ n(n-l) (n-r) ^ 

\L |r+ 1 

n ■~~ r n •~' \ 

1 is not < ^r- 1 , and r is not < ~n- . [2] 

The limiting values of r arc therefore 

n+l n- 1 

and since their difference is one, there is no intermediate 
value. 

When n is odd, ^ and — s— are whole numbers, and 
r may equal either. 
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When n is even, -«— and — s~~ are fractional, and the 
only whole number less than the first and greater than the 

second is ;« • 

Therefore ^ = o* when n is even, 

» + l n-\ . 

and - o- > or — g— when w is odd. 



Illustrative Examples, 

(1.) How many combinations can be made with 20 
things, four at a time, and also seventeen at a time ? 

Ju .ly.io.ii -^ -^ jrtji^ 

©4 = — J — 2~3~T~" * • 15 = 4845. 

20 19 18 
Ci7 = C2o-i7 = C3^ j^^^-y =60x19 = 1140. 

(2.) How many different patrols of five can an officer 
form out of 25 men under his command] Also, how 
many, if he must himself always be one of the five ] 

25 . 24 . 23 . 22 . 21 _ |25 
^6" 1.2.3.4.5 "15120' 

When he himself goes, the others must be combined four 
at a time — 

C ^ 

^*~ |4[21 • 

(3.) How many different sums can be paid with a 
guinea, a sovereign, a half sovereign, a crown, a florin, a 
shilling, a sixpence, and a penny ? 
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There are here eight pieces : — 

Ci =8 

8.7 

8.7.6 _ 
^8-1.2.3 " ^^ 

8.7.6.5 _ 
^*-l. 2.3.4- ^" 
05 = 03 = 56 

0^ = 0^ = 28 

0^ = 0i = 8 

O3 =_1 

/. Total number = 255 



TnrAMFT.TO FOB PRACTICE.— LZZVnL 

(1.) What number of combinations can be made with 
15 things, taken four at a time, and with 19, three at a 
timel 

(2.) Find the number of combinations that can be 
formed out of 21 things, fourteen at a time, and out of 
100 things, ninety-six at a timel 

(3.) What is the difference between the number of com- 
binations of 16 things, taken fivje at a time, and 15 things, 
taken six at a time 1 

(4.) A person wishes to make up as many different 
dinner parties as possible from among 21 friends. How 
many should he invite at a time 1 

(5.) From a company of 40 soldiers, four are placed on 
guard every two hours. For what length of time can a 
different set be selected 1 

(6.) How many different sums can be paid with a 
farthing, a halfpenny, a penny, a sixpence, a shilling, a 
florin, a half-crown, a crown, and a sovereign ? 
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(7.) Of ten balls of different colours, one is white. If 
they be formed into as many sets of four as possible, in 
how many of these will the white one be found ? 

(8.) Let Cv represent the combinations of n things r at 
a tima Given CJ : CJ :: 5 : 3, to find n. 

(9.) If Cr' = 7Cj, what is the value of n1 

(10.) Let PJ! represent the permutations of n things r 

at a time. Given P^ = 42P;.i and C^ = C^.i, to find » 
and r. 

(11.) Show that ^= -7||^)3' • 
(12.) Prove that CC + C;.i = CC""'. 



CHAPTER XVHL 



BINOMIAL THEOREM. 



235. When any power of a binomial quantity is expanded 
into a series, the law which determines the successive 
terms is known as the Binomial Theorem. 

236. Preliminary to giving a demonstration of the 
theorem, it will be necessary to establish the following 

Proposition. — If two expressions containing one or 
more variable quantities are identical (Art. 14), the 
coefficients of the like powers of like variables are 
equal 

First, let a^ + a^x + a^^ + . . . = 5^ + h^x + h^^ + ... be 
an identity. 

Since the two sides are equal for all values of a:, put 

aj = 0, 
Then a^ = h^ 

And a^x + a^^^- . . . —h^x + h^^^ , ; . 
Dividing by x, a^ + a^ + . . . = ^i + b^fc + . , .' 
And again putting 05 = 

Then a^ = by 

Similarly we may prove ag = b^, and so on for the other 
coefficients. 
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Second, let the following be an identity :— 

+ etc ) v + etc 

Since x and y may have any value, consider x constant, 
then aQ + a-^x + a^^^- , . . , aj^ + aja: + a'^^ + . . . , etc., will 
also be constant, and the given identity may be written 
under the form 

As in the first case, we can show that 

AQ = i5Q, Aj = i>j, A2 = i52, etc., 

and .*. «() + a^x + a^^ + . . , = \ + \x + h^ + . . . 
oIq + a\x + a'gic^ + . . . = ftj, + ^ia: + h'^^ + . . . 

al'^ + al^x + a"^^^-. . . =6o + *i«^ + ^2«^+ • •• 
etc. = etc. 

Now consider x variable, and, as before, we have-^ 

etc. etc. etc. 

237. Positive Integral Exponent.— -When we have given 
the binomials, x + a-^, x + a^;, aj + ^g, etc., by multiplication 
we can easily obtain the following : — 

(05 + cb^(x + ag) = a^ + (»! + ^2)^ "*" ^1^2 
(aj + (i^{x + a^{x + ttg) = oj^ + (oi + ^2 + ^s)^^ 

+ (a^ag + ^1^3 + ^2^3)^ "^ ^i^2®3 
(a; + aj)(a5 + a2)(a; + a3)(a; + a4) = a* + (oi + ©2 + ®3 + ^4)^ 
+ (oittg + ^S + ^1^4 + ^2^8 + ^2^4 + ^^4)^^ 
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In these successiye products observe-^ 

1st That the number of terms is one more than the 
number of factora 

2nd. That the exponent of a; in the first term is equal 
to the number of factors. 

3rd. That the exponent of x decreases by one in each 
succeeding term. 

4th. That the coefficient of the first term is one; the 
coefficient of the second term is the sum of the second 
terms of the factors ; that of the third term is the sum of 
the products of the second terms of the factors taken two at 
a time ; that of the fourth term is the sum of the products 
of the same quantities taken three at a time ; and so on. 

5th. That the last term is the product of the second 
terms of the feu^rs taken altogether. 

If now we suppose all the a's to be the same, and that 
there are n of them, then 

{x + ai)(x + a,) . . . (x + a„) will become (x + a)", 

Oi + Oj + . . . a, will equal na, 

,.. _ n(n- 1) - 

*i^ + ^^+ • • • ^n-i^n will equal — ^— « — ^a , 

.nn^ « „ « will »n„.l ^^^tlJ)tzl>„S 

and aittj . . . «« will equal a". 

From which it appears that after the first term, the 
successive numerical coefficients are the same as the com- 
binations of n things taken one at a time, twi at a time, 
lo n at a time. 

Assuming this to be true, we may write — 

, n(n-l) „ , n(n-l)(n-2) . 
(x + aY^aT-h nax^-^ + -^ — ^aV ^ _^ 228 ^ ^ 

+ . . . +w«"-^aj + a". [L] 
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Next, multiply both sides hj x + a, then 

/. (05 +a)''+^-a5*-'-^+(7i +1)005"+^-^ a2o5"-^+. . . +(7i+l)a"05+a"+^ 

or, putting n + l=m, 

(05+a)"' -aj*" +maaf"^+—^ — -a^ix^-^+,.,+ma^'^x+a*^j 

which is of the same form as I., and shows that if the law 
of expansion in I. is true for the exponent n, it is also true 
for the exponent n + 1. But in Art. 133 it was shown to 
be true for ti = 6 ; it is therefore true for w = 7, therefore 
also for n = Sy and so on. Wherefore, when ti is a whole 
number, the expansion of (x + a)** in I. is always true. 

In the expansion of (x - a)", the numerical coefficients, 
depending only on n and their position in the series, will 
evidently be the same as those of (x + a)", while the signs 
of the terms containing the odd powers of a will be nega- 
tive : — 

238. Fractional Exponent.— Since (a + x) = all+-\ , 

(05% X 

l+-r = a"(l +x')% if x' = - , 

The expansion of (a + xY may therefore be made to depend 
on that of (1 + x'f. 

Now let it be required to find the expansion of 

(1 +05)«> - being any positive fraction. 
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p 

Assume (l4-a;)« = l4-Aa5 + Ba52 + Caj34-Da*+ eta, [1] 

the first term of the expansion being 1, because when 
x — Oy each side will be equal to 1. 

Also, assume (1 4-y)« = 1 + Ay +6^2+0^3+1)2^+ eta, [2] 
the coefficients being the same as in [1], since they do not 
depend for their value on x or y. 

Put w' = (1+05)1, and v'*=(l+y)f , 

then t4«= 1 +05, and ifl= 1 +y [3] 

/. u^-'ifl^x-y [4] 

From[l], w'» = l+Aa: + Bic2 + Ca^ + Da:* + eta [5] 

From [2], v** = 1 + Ay + By2 + Cy^ + Dj/* + eta [6] 

Taking [6] from [5]— 

u^-v^ = A(aj-y) + B{x^-y^) + Q{7^-y^) + I)(a?*-y*) + eta [7] 

Dividing [7] by [4]— 
u^-v^ _ A{x-y) + B(a;2-y2) + C(cc^-yS) + ^(a^-y^) + eta 
w*-t?» aj - y 

Dividing by the common factors u-v and 05 - y, 

u^-^ + u^'^v^..,,+^'' =A + B(a^ + y) + Q(a:2+a:y + y^) 

+ D(ic3 + a.22^ + a:y2 + y3) + eta [8] 

If now 05 = y, then w* = (1 + oj)* = (1 + y)« = v*, 

and 16 = 1?. 
Substituting in [8], the left hand side becomes 

u''-^ + u^-'^ + u^-^ + . . . to jo terms p u^-^ _^ p u' 
2^9-1 + ^?-! + . ,,ioq terms "" 1 ' vF^ ^ 9 ' 1?' 

u 
by multiplying by - . 
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Also the right hand side becomes 

A + 2Ba; + 3Ca;2 + Wa^ + etc. 

/. ^ • ^ = A + 2Ba; + 3Ca;2 + 4Da^ + etc. [9] 

From [3], w?= 1 +aj; from [5],m^= 1 + Aa5 + Bcc^ + Cic^ + etc. 

p l+Ajc+Baj^+CajS+etc. ^ ^^ «^ « ^^ o r,^-. 
;.| J— = A+2Ba;+3Caj2+4Da:3+etc.[10] 

Multiplying by 1 + a;, then 
I (1 + .Ac + Bic2 + Ca^ + eta) = A + (A + 2B)aj + (2B + 3C)a;2 

+ (3C + 4D)ic3 + etc. 
Now equating coefficients of like powers of x (Art. 236), 
we get — 

A.f,B4(C-l).lf(^,) 

«-!(?-^)-rH (1-0(1-^) 

■'=Kf-')=5*if(i-O0-)(l-')- 

and similarly for the other coefficients. 

. , 1(1-') f^-'XH 

239. When the exponent is —g- , the following modifi- 
cation of the foregoing investigation will be necessary : — 

Since t.-''-t;-i> = ---=~-^-, 
equation [7] will become 

- —^-ir = A(a; -y) + ^x^ - y^) + G{afi - y*) + etc., 

26 
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from which, by division, we derive^ 

And making, as before, a; = y, and .'. u==v, we have — 
--^ -^ • -t:i= -n ' -^=A + 2Ba; + 3Caj24. eta 

But M-''=l4-Aa5 + Ba:24. eta, and v^^X-^-x^ 

p 1 4- Kx + Ba3^ 4- eta 

.*. -^ TT =A + 2Ba; + 3Caj24. eta, 

Sr 1 -tX ' 

and --^ (1+ Aaj+Ba;2+ etc.) = A+(A+2B)aj+(2B+3C)aj2+ eta 



n y ■" rt ) ^— K — ^ 



Wherefore A = ^ , - — . ^ — 

^' 2 ' 2.3 



eta 



■j=._^.;ffc).-»il.* 



.-. (l+xy^~=l-^x+±.:<^x'^- '' ^' ^ /^^ >^ a:3+eta [III.] 

As the terms of the expansion of 1 - a; to any positive 
power would be alternately positive and negative (Art. 
237), then 



p 



.u^^m..mM.. 



(l-x) ^=l+>+ ^^' >^ a?2+ "^^ /y — ^ic3+eta [lY.] 
If -^ be represented by ti, then in III. and IV. 

., v-^ /, V . W(7l-1) „ 7l(7l-l)(7t-2) „ 

(Ux) ^ = (l+a;)"=:l+wa;+ ^ ^+ 2 3 — ^ + eta 

and 

(1-^) « = (l-^)*=l-naj+^^-2— V--^2 3 «3 + eta 
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So that whether n be whole or fractional, the theorem 
always holds true that 

n(n-\) „ nin-\)in-^) „ 
(l±a;)" = l ±nx-\' ^ ^ ^ ^ ~ 23 ^^ + ^^ 

Putting - for ± x. then 

(xV* , X n(n-l)x^ n(n - l)(n - 2) a^ 
a/ a 2 a^ 2.3 a^ ' 

and (a + a;)'* = a"(l+-j 

/, X n(7i-l) x^ n(n-l)(7i-2) x^ ) 

= a"s l+n- + o • ~2 + o Q — ^ + etc. > 
(a 2 a^ 2 . o a^ j 

n(7i-l) „ „ n(n-l)(n-2) „ „ 

+ etc. [v.] 



— Cb '^'TlCb wi/T" f» M»i*/-r OQ 



240. General Term. — In the above expression, observe 
that the exponents of a and x in any term together 
amount to n, and that the exponent of x is always one less 
than the number of the term in which it stands. Where- 
fore in the rth term the exponent of a; is (^ - 1), and of a 
(n-r+l). 

Observe also that the numerical exponent of the rth 

term is — ^ — s — o / __^\ , tor m every case tne ngnt- 

hand factor of the denominator is the same as the exponent 
of x, and the right-hand factor of the numerator 'is one 
more than the exponent of a. 

We have therefore the following general expression for 
any term of the series, excepting the first, r denoting 
the number of the term : — 

'•'-'!'r?;;.(ir. r-''°-v- m 
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If multiplied by -t—^ — VT", this may be written- 






r- 1 n — r+ 1 



a'-'-^'ic'-* r^i^] 



^ote. — This expression will include the first term if |0 
be considered equal to 1. 

241. When n is a whole nunibery the coeffiderU 

n{n-\ ){n-2).,. {n-r-\-2) 

— v^ — _v — ^ ^ g^Q ^ whole number, 

1 . 2 . 3 . . . (r - 1) 

Since the product of any two consecutive numbers is 
divisible by 2, of any three by 2 and 3, of any four by 
2, 3, and 4, and so on, the above numerator being the 
product of r - 1 consecutive numbers, is necessarily 
divisible by |r- 1 . 

242. W/ien n is a j)ositive integer , the number of terms 

If r be made equal to any number up to w+ 1, the co- 
efiicient of the general term will be found to have an 
integral value ; but if r be made equal to any higher 
number, as » + 2, » + 3, eta, the coefficient will become 
nothing, since it will contain the factor w - r + 2 = 0. The 
number of terms is therefore m- 1, and no mora 

Corollary. — When n is negative or Jractional, the nuinber 
of terms is unlimited, for r being integral and positive, no 
possible value of it can make n-r +2 — 0, and therefore 
does not enter as a factor into any coefficient of the 
expansion. 

243. When n is a positive integer, the coefficient of the rth 
term from the end is equal to that of tJie rth term from, the 
beginning. 
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Since the total number of terms isn+1 (Art 242), the 
rth from the end will be the (n-r + 2)th from the begin- 
ning, aaid its coefficient will be — 

n{n-l) . , . {n-(n-r+ 2) + 2} 
1.2.3... (n-r+ 1) 

_ n(n- l){n-2) . . . r 
"1.2.3... (n-r + l) 



n~r+l Ir-l 



which is also the coefficient of the rth term from the 
beginning (Art. 240). 

This proposition may be made useful in expanding any 
binomial having a positive integral index, for the co- 
efficients after the middle being the same in reverse order 
as those before it, may be at once written down without 
calculation. When the number of terms is odd, there will 
be one middle term ; when even, two ; and as in this last 
case the first is as far from the beginning as the second is 
from the end, their coefficients must be equal. 
. The number of terms will be odd or even according as 
n is even or odd (Art. 242). 

244. The Greatest Coefacient.— From [V.] and [VL], 
Arts. 239 and 240, the coefficient of the rth term is 

— times that of the previous one. 

So long as ^^^j — is > 1, the successive coefficients 

will increase, and when ^ — is < 1, they will dimin- 

isL Now, n and r being positive integers, as r becomes 

n-r + 2 
larger, _^ , must become smaller, and eventually < 1. 

The coefficients will, therefore, form a series increasing up 
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to a certain point, and then decreasing to the end. As by 
last article the coefficients of the first part of the expression 
reckoned from the beginning are identical with those of 
the second part reckoned from the end, the greatest co- 
efficient must be that of the middle term when the number 
of terms is odd, or of either of the two middle terms when 
the number of terms is even : — 

That is, when r = — x— for n even ; 

And when r = — h— or — s — for n odd. 
245. The Greatest Term.— From Arts. 239 and 240, the 

^ 7* + 1 X 

(r+l)th term is • - times the rtL So long as 

71 — 7* -i" 1 OS 

• - is > 1, the terms will increase; but when 

• - is < 1 they will diminish. The rth term 

r a ' ./ 

n—r+1 X 
will therefore be greatest when • -= 1, or is first 

T d 

< 1, that is, when {n-r'+\)x — ary or is first < ar, that 
is, when (n-\-\)x = (a-\-x)r, or is first < {a + x)ry that is, 

{n + l)x . {n+\)x 

when r = — ; , or is first > ; . 

a+x ' a+x 

The greatest term is, therefore, the one whose place is 

indicated by ^^ — —^ , or the first whole number 
•^ a + x ' 

(n + l)x 
a + x 

xTh + \lX 

When ^^ — is a whole number, there are two equal 

a + x ^ 

terms greater than any other. 



> 
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In the expansion of (a±a;)'**, n being a whole number, 
the greatest term may, in similar manner, be found to be 

indicated by . 

•^ a-x 



246. The Sum of the Numerical Coefficients. 

In the expression 

n(n- 1) 
(a + xY = a" + wa**-'ic + — , — k^ aT'^a^ + etc., 

let a and x each equal 1, then 

that is, the sum of the numerical coefficients = 2". 

247. The Sum of the Numerical Coefficients of the 
alternate terms. 

In the expression 

(a-a;)'' = a«-wa— ^aj+--j— 2^a"-W- eta, 

let a and x each equal 1, then 

^, _ ^ , n(n-l) n(n-l)(n-2) 

(l-l)"=0°l-^+-TTT- 1.2.3 +^^- 

n(n-l) n(n-l)(n'-2) 

:. 1 + -\ — 2 + ®^ =n + -^ — 2 3 + ^^• 

That is, the sum of the coefficients of the odd terms is 
equal to the sum of the coefficients of the even terms, and 
since the sum of the whole is 2", that of the coefficients 

2** 
of the alternate terms must be -^ or 2*"^ 
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248. Applications of Binomial Theorem. 

lUvstraHve ExannpUa, 
(1.) Expand (1 -05)"^ to five terms. 

o 5 40 110 

(1 -a!)^ = l-»+3(l)-4a!+g(l)-»a:2+gj {\)-^a? + 2j3(l)-Va;*+etc 

_ 2 5 jj 40 „ no 

(2 ) Write down the sixth term of the expansion of 
( 2 - w j , and say which is the greatest term when x = 20. 

Substitute in the general term, noticing that the even 
terms are minus. 



9 

«=4 


r = 


6..-. 


n- 


-r+l = 


9 

'4" 


-5 = 


11 

" 4 • 








6th term = 


-1 
4' 


f9 


■)( 


!-)( 




m 


-) 


2 


¥ 


a:5 




1 


.2.3 


. 4. 


5 




•35 



9 5 1 / 3\ / 7\ 1 _ ^ t 

= -4*4*4V"4|V"4/iT273r4."5-2¥'3^ 



7. 2i 



o S/ . 



- 2»« . 33 

/9 \20 

Also <!L±l)^=Vi^=^ 20 2i 
a + aj ^20 4 26 ^ 

2 + y 
.'. the third term is the greatest. 

(3. ) Expand a-j-o in a series of ascending powers of x. 
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~ 4 \42~4/ H 43 42 P v4^ "" 43/ I 45 "" 4^ /^ "" ®*^' 
^3_2 3 2 _9 o 27 

(4.) Find approximately the third root of 225. 

^225 = (216 + 9)* = 216i + g • 216"^ • 9-^- . 216"^ • 92 

5-10 
+ p . 216-t . 93-g— ^^ . 216-'8' . 94 + etc. 

39 45 270 

= 6 + -0833333 - OOl 1 574 + -0000267 --0000007 + eta 
= 6-0822019 + eta 

(5.) Find the sum of the squares of the coefficients in 
the expansion of (1 +«)'*, n being a positive integer. 

Put (1 +«;)'• = A + Ba; + Cic2 + +Ca;»-'* + Ba:*-^ + Aa;«, 

also (1 +a;)" = Aa:« + Ba;"-^ + Ca;"-2 + +Caj24-Ba; + A. 

Multiply these lines together, and on second side write 
first those terms that contain af*, 

then (1 +a;)^ = A2a;" + B2a;* + C2a;* + . . . ; +C2a;" + B2af 

+ A2a;" + etc. . . . eta . . . eta 

= (A2 + B2 + C2 + ....+C2 + B2+A2)a;^+eta 
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But the coefficient of af* in the expansion of (1 +«)*• is 

2n(2n-l) . . . . {2n-(n+l) + 2} 
1 . 2 .... 71 

^ 27i(27t~l) (^+1) 

1 . 2 .... 71 

^W' (^^tiplying by -|) . 
.-. by Art. 236, A2 + B2 + C2 + eta = n^ . 

(6.) UXr^x(x + l)(x + 2).. . (x + r-l), 
and Y, = 2/(2/+l)(y + 2).. . (y + r-l), 

then (X + Y), = X, + rX,.,Y + -^[y^^X,^,Y,+ . . . .+Y, 

Expand (1+2;)^ and (1 + zf, 

then (l +z)^ =1 +Xz + ^z^+ . . . -^ -rr^sT-^ + ^z''+etc, 

Y Y Y 

and (l +zy =l + Yz + j^z^+. . . + y^z''-^+ rf^'+etc. 

Multiply, and write first the terms containing z^. 

Bnt{l+z)''^''=l + (X+,Y)z + ,.... + ^^~^z^ + etc 

Equate coefficients of ^f, 

4.\. (^ + Y)r ^ , ^r-i "v , ^-a Yg Y^ 

then ^^ j =n — I t- i + -j s~ * i — n + . . . + -t-^* 

Z fc \r-i |r-2 1.2 ^ |r 

Multiply by Ir. 
.-. {X + Y)r = X, + rX,.iY + '^^^^X,_,Y,+ .... +Y,. 
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EXAMPLES FOB PRACTICE.— LZZDL 

(1.) Expand (3 - aj2)9 

(2.) Find the eighth term of (2 + x)^y and the sixth of 

/2 1 Y 
(3.) Expand 1 3 ~ o^j ' 

(4.) Find the middle term in the expansion of 

/I V^ 

I H + 2a;2 j , and the coefficient of afi. 

(5.) Expand (1 + 3aj)"3 to four terms. 

(6.) Write the sixteenth term of (l-x)'^ and of 
(l+aj2)-2 

(7.) Expand (1 + 4a;) ^ to five terms. 
(8.) Find the term that does not contain x in the ex- 
pansion of la^ - - j . 

(9.) Expand (1 - 3x)^ to six terms. 
(10.) Find the rth term in the expansion of (l+o;)®, 
and of (1 - 4a;)i 

(11.) Expand (a^ + x'^)~^ to ^\e terms. 

(12.) What are the greatest terms in the expansion of 

/3 Y^ 1 

I J + 2aj2 j J when x=l, and when aj = h ? 

(13.) Expand t^ ^=rr to six terms. 



(14.) Find the general term in the expansion of 

1 
and of y 



\ m) *""* ""- 71 + bx 

(15.) Find approximately the sixth root of 730, and the 
tenth root of 1000. 



Ul 



i liL I A&er w&idk tezKS do ike eTpMganps <^ 1 1 - ^ j 



smi ll-r?l beefsio decreaael 



.-^ I. s,l 1-^ 1.3.5 
(I..P ai>^i&«^2 = l-r^ -h j^ + 47sTT2"*"^^ 

u> axjiiLLiii. 

(If.) Wbtf is ike lErsi ten with a neg^dTe coeffident 
in ihe expsoaioiL of « I -^ ±r'>^ ! 

1 19. » If in ife e^WBSBQQ of («+'>", S| be tlie sum of 
ciie odi ceroEk. and ^ ike ssm of tlie eren terms, show 

1 1.3 

(20.) Find the geoer^ torn of 1 + x x + ^^ a:* 

1.3.5 

+ 2 — g — Q JB*+ete^ and its sam to infioitr when x=l. 

(21.) Ph7Te that ihe coefficient of the (r+ l)th term of 
(1 -hx)*^ is eqoal to the snm of the co^Bcients of the rth 

and (r-h l)th t^rms of (1 +x)'. 
(2±) ^ow that 

, / 2ii \ »(»-l)/2»V »(»-l)(»-2)/ 2j» V 

1 +»(rri)+ TT2-(rr^) + 1 .23 (rrrj +^^ 

is equal to 

(23.) find the sum of 

1^2.^3^-^^4^L_JL_^ + eta 

(24.) Prove that if x, represent x(x - 1) . . . (x - r + 1), 
and a similar notation apply to y and x-k-y, then 

r(r — W 



CHAPTER XIX. 



LOGARITHMS AND EXPONENTIAL 

THEOREM. 



249. The logarithm of a number is the exponent of the 
power to which a second number, called the base, must be 
raised in order to produce the first. Thus, if N = a*, then 
X is the logarithm of the number N to the base a. 
This is usually written log^N = x. 

Suppose 2 to be used as a base, then the logarithm of 8 
will be 3 or log^S = 3 for 8 = 2^, also log264 = 6 for 64 = 2«. 

The small figure written to the right of the contraction 
(log.) indicates the base employed. 

Since an index may be positive or negative, whole or 
fractional, a logarithm may also be any of these. 

250, From the definition of a logarithm we may easily 
derive the following Theorems : — 

I. — The logarithm of a 'product is obtained hy adding 
together the hga/rithma of its factors. 

Let log^jN = Xj and log^P = y. 

By definition, N = a*, and P = a". 

By multiplication, NP = <fa^ = a'"^. 
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By definition, log^NP = aj + v. 

But X = logaN and y = log„P. 

/. log,NP = log,N + log,P. 

The same can be proved for any number of factors. 

IL — TJie logarithm of a quotient is obtained by svhtract- 
ing the loga/rithm of the divisor from the loga/rithm of the 
dividend. 

Let log«N = X, and log^P = y, 

then N = a', and P = aK 

N a' 
By division, p = -, = «'-. 

N 
By definition, log, p = jc - 2/ = log^N - log,P. 

III. — The logarithm of the power of a number is obtained 
by multiplying the logarithm of the number by the index of 
the power. 

Let log„N = aj, then N = a*. 
Raise both sides of this equation to the nth power, 

By definition, logj^'^ — nx — nlogj^. 

This must evidently be true whether n be whole or 
fractional. 

IV. — The logarithms of a number in. two different 
systems are inversely as the logarithms of their bases in any 
system. 

Let logaN = ic, and log^N = y, 
then N = a* and N = 6', 
.'. a' = 6^. 
Take logarithms of these in any base, say e, 

then log^* = log,6*', 
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and by Theorem III., x log^a = y logjb, 

:, Art 203, x:y:: logJb : log^, 

that is, log^N : log^N :: logJb : log^a. 

V. — In every system the logarithm of the base is \, o/ 1 
is 0, and qfOis - oo. 

Since a^a^, log„a = l. 
Since 1 = a®, log^l = 0. 

And since = -^ = a" ", log„0 = - oo . 

a ° 

Obviously this must hold for any base. 

251. Exponential Theorem.— A quantity having a vari- 
able exponent is known as an exponential quantity ; and 
the law of its expansion in a series in terms of the exponent 
is called the Exponential Theorem. 

Given the exponential quantity a*, it is required to 
expand it in a series in terms of ascending powers of y. 

Assume a^ =^m + Ay + By^ + Cy^ ^Dy^ -i- etc. [1] 

Square both sides — 
a^ = m2 + 2m Ay + (2mB + A^)y^ + (2mC + 2AB)y^ 

+ (2mD + 2 AC + B^)y^ + etc. [2] 

Write 2y for y in [1], then — 
a^=^m-{- 2Ay + 4:By^ + 8Cy^ + I6D3/* + etc. [3] 

Equate coefficients of like powers of y (Art. 236) — 



Then m^ = m, and 


/. m=l 


2A = 2mA, 


:. A=A 


4B = 27/iB + A2, 


• ^= 2 


8C = 2mC + 2AB, 


• C- "^^ 


16D = 2mD + 2AC + B2, 


^ A* 
••^-2.3.4' 
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Substitute these values of B, C, etc., in [1], 

A^2 AV A*v* 
then a*=l+Ay + ~^ + 2-^ + 2-34 + etc. [4] 



To find the value of A write a = 1 + a - 1, and expand 
by binomial theorem — 

=l + |(a-l)-|(a-l)2 + g(a-l)3-l(a-l)4 + etc.ly + 
terms containing higher powers of y. [5] 

Equate coefficient of y in [1] with that in [5], then — 

If in [4] e* be the value of a* which results when Ay — x, 
then — 

e^-l+x + l + ^ + gTg-j + etc. [6] 

and if Ay or x be made equal to 1, then — 

= 2-718281828459 by calculating the 

value of the dilSerent terms. 

252. Logarithmic Series.— When, as above, Ay=l, we 
have a* = a^ = e, and /. a = e^. 

Take logarithms of both sides, and 

log^a = loggf^ = A loggC (Theorem IIL) 
= A, since logee= 1 (Theorem V.) 

= (a-l)-l(a-l)2 + ^(a-l)3-^(a-l)4 + etc. 
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Let a = 1 + x, then 

111 
log^(l +x) = x- n^ + saJ^ - 703* + etc. [7] 

Instead of x, write - a;, and the above will become — 

loge(l -x) = -x- ^x^ - ofls^ - jod^ - eta [8] 

By subtraction — 

log,(l +x)- log,(l -x) = 2{x + ^x^-\-^x^ + etc) 

1 +03 

But log,(l + 03) - log,(l -x) = log, Y~^ (Theorem II. ) 

l+x / 11 \ 

T ^ 1 l-hx n + 1 

^^g-C'^O = ^{2;^ + 3(2^ + 1)3+ 5(2^1 1)5 + ^^' } [10] 



or 



l«g-('*^l) = l°g-"+2|2^+3p^+5p^5+etc.| [11] 



253. By means of this formula the logarithm of any 
number to the base e may be calculated, for when log^n is 
known, loge(/i + 1) may be found. 

The following exhibits this calculation for the first ten 
natural numbers : — 

logj = (Theorem V.) 

log,2 = log,l + 2(| + 3^3 + 5^5 + y^^ 

•6931472 

log,3 = log,2 + 2(g + 3^3 + 5^5 + y^ + ete^^ 

1-098612? 
27 



418 LOGARITHMS AND EXPONENTIAL THEOREM. 

log,4 = log,22 = 2 log.2 = 1 -3862944 

log.5 = log4 + 2(g + 3--^3 + g-g5 + ^-y7 + etc.j 

1 -6094379 
log.6 = log.2 + log,3 = 1 -7917595 

logJ=log6 + 2(j3 + 3-j33 + 5-^3-5 + etaj 

1-9459101 

log.8 = log.23 = 3 log.2 = 2 0794415 

log.9 = log.32 = 2 log.3 = 2-1 972246 

logelO = log.2 + log.5 = 2-3025851 

In obtaining logarithms for higher numbers, the work 
can in many cases be shortened by the employment of 
arithmetical artifices. 

Although any number may be employed as a base, 
only two systems of logarithms are tabulated — ^namely, 

that in which the base is e, or 2-718281828459 

and that in which the base is 10. Logarithms in which 
the base is e are called natural or Napierian logarithms, 
and are employed in mathematical analysis ; those in 
which the base is 10 are known as common, or Briggs's 
logarithms, and are much used in arithmetical and trigo- 
nometrical calculations. 

254. From Theorem IV., by changing h into c, we have 

log^N : log^ :: log^e : log/i, 
and since log^g = 1 

Whereby it appears that the logarithm of a number to 
any base may be found by multiplying the Napierian 
logarithm of the number by the reciprocal of the Napierian 
logarithm of the new base. 
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This multiplier is usually called the Modulus, and rep- 
resented by M. 

255. Common Logarithms.~If in the above expression 
we put a =10, then 

logioN = ^jg log JT = M log^, 

or, representing log o by Log, and log, by log. 

Log N = M log N. 

That is, the common logarithm of a number may be 
found by multiplying the Napierian logarithm of the 
number by the modulus. 

n+l . n+1 
Substituting for N, and using the value of log 

obtained in [10], we have — 
Log = 2 M log 

==^^|2^Tl"^ 3(2/1 + 1)3 "^5(271+1)5'^®*^ I 
or Log (n + 1) 

= Log « + 2m{2^ + 3^2^3 + gp^5 + etc. } [12] 

From this formula, the common logarithm of any num- 
ber may be calculated when that of the previous number 
is known. 

Let it be required to find Log 1 1. 

^ = I5i30° 2 -302585092994 = -434294481903 + etc. 

.-. Log 1 1 = Log 10 + -86858896 Q^ + 3-^3 + g-i-^ + etc.) 
= 1-04139268. 
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* 

Note, — ^The number of figures used in the modulus may 
be lessened or increased a-ccording to the degree of accuracy 
required in the logarithm. 

256. The integral part of a logarithm is called the chofl'- 
acteristic, and the decimal part the mantissa. 

In the system of common logarithms, since 1 = 10^, 
10 = 10S 100 = 102, 1000 = 103, etc., then Logl=0, 
LoglO = l, LoglOO = 2, Logl000 = 3, eta, and for a 
number between 

1 and 10, the Log is between and 1, with for characteristic. 
10 and 100, the Log is between 1 and 2, with 1 for characteristic. 
100 and 1000, the Log is between 2 and 3, with 2 for characteristia 
etc. etc. etc. etc. 

10» and lO'H-i, the Log is between n and ti+I, with n for characteristic. 

So that the characteristic is always one less than the num- 
ber of integral places the number contains. 

Thus the characteristic of Log 251 is 2, and that of 
Log3456-75is3. 

Since tq = 10"^ Too ^ ^^ '' ®*^'' 
then Log jo = -l, Log^Qg = - 2, eta 
From which the logarithm of a number between 1 and 
^-A must be less than 0, and greater than - 1 ; that is, it is 

a negative fraction. It may also be represented by 
~ 1 + a fraction, and this method is generally adopted 
Therefore, for a number between 

1 and '1, the Log is between and - 1, with - 1 for characteristic. 

•1 and -Ol, the Log is between - 1 and - 2, with - 2 for characteristic 
•01 and "001, the Log is between - 2 and - 3, with - 3 for characteristic, 
etc. etc. eta etc. 

(•l)»and (•l)*»+i, the Log is between -n and -(n+1), with-{n+l)for „ 

where n is the number of ciphers following the point 
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The diaracteristic of Log -042 5 is - 2, and that of 
LogO00025 is - 5. 

257. In the tables of common logarithms, opposite the 
number 5432, in the logarithmic column, will be found 
7349598. This, however, is only the mantissa of the 
logarithm, the characteristic having to be supplied. By 
the rule given above, it is found to be 3, and therefore 
Log 5432 = 3-7349598. 

Let it now be required to find Log 543*2. 

5439 
Log 543-2 = Log -^ = Log 5432 - LoglO 

= 3-7349598 - 1 = 2*7349598, 

the mantissa being the same as before. 

5432 
Also Log 5-432 = Log ^qqq = Log 5432 - Log 1000 

= 3-7349598 - 3 = -734959.8, 

the mantissa still remaining unchanged. 

5432 
Also Log-5432 = Log j^gg^ = Log 5432 - Log 10000 

= 3-7349598 - 4 = -7349598 - 1 

= 1-7349598, 

the characteristic being written with its sign above it, as 
it only, and not the mantissa, is negative. 

5432 
So also Log-005432 = Log ^^ = Log 5432 - loglO^ 

= 3-7349598 - 6 = 37349598. 

From all this, it appears that the mantissa is invariable 
for the logarithms of all numbers consisting of the same 
successive digits, and that the characteristic is determined 
by the position of the decimal point. 

The operations of addition, subtraction, multiplication. 
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and divisioii are performed on positive logaritlnns as on 
ordinary numbers ; those with negative characteristics 
follow the rules of algebra. 

lUtLStrative JSxtmiples. 

(1.) Find the base used when log 32 = 2*5. 

Let X = the base, 
then by definition, ar»» = 32 = 2». 

/. a; = 22» = 22 = 4. 

(2.) Given Log 2 = -3010300, and Log 3 = 4771213, to 
find Log 648 and Log-0045. 

Log648 = Log(8x81) = Log23+Log34 = 3Log2+4Log3 

= -9030900 + 1-9084852 = 2-8115752. 

45 9 

Log-0045 = Log yqqqq = Log gQoo = Log 9 - Log 2000 

= 2Log3 - Log2 - LoglOOO 
= -9542426 - -3010300 - 3 
= 3-6532126. 

(3.) From the Formula [12] in Art 255 calculate the 
common logarithm of 26, Log 2 ^ -3010300 being given. 

Log 26 = Log 25 + 2 X -4342944 ( ^ + g-^3 + etc. j 

100 
Log25 = Log -^ = Logl00-Log4 = 2-2Log2 

= 2 - -6020600 = 1 -3979400 

•8685889 (^ + g-^p) = 0170333 
.-. Log 26= 1-4149733 

(4.) Find the value of x and y from the equations 
a' = 6" and oaf* = 6?/**. 
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Extract nth root of second equation — 



1 s* 



a'^x^ = ft^y 






Take logarithms of first equation, then, by Theorem III., 

X log a = y log ft. 
Substitute in this the value of y obtained above — 

05 log a = I T ■"a;" log h. 
Divide by oi* log 



n-tn 



njim /«\« log h 

^\^J loga 

Similarly, or by substitution, we find — 

f a/log ftX** ) '^■^^ 

(5.) Bring 0625 to the power denoted by f, having 
given Log 2 = -3010300, and Log 8504937 = 6-9296711. 

625 1 

Log -0625 = Log jg^gg = Log Yg = Log 1 - Log 16 

= 0-4Log 2 = -1-2041200 

= 2-7958800. 

The whole logarithm being negative, the mantissa is 
subtracted from 1 in order to render it positive. 

By Theorem III, Log (0625)1 = 1 Log -0625. 

Log -0625 = 2-7958800 

8 

9) 10-3670400 
2-9296711 
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In multiplying, there is a carriage of + 6 from the man- 
tissa, and as the characteristic becomes — 16, these added 
together make - 10, which is written 10. In dividing, 
10 is changed into 18, so as to be exactly divisible by 9, 
and 8 is prefixed to the next figure, making 8-3 to be 
divided by 9. 

The work may be arranged thus — 

-18 + 8-3670400 ^ ^^ -_ 
g = -2 + '92 + etc. = 2-92 + etc. 

Since the mantissa of the answer is the same as that of 
the logarithm of the given number 8504937, and the 
characteristic is 2, the above is the logarithm of -08504937, 
and therefore 

(•0625)*= -08504937. 
(6.) Prove that 

By [6], Art. 252, log,([+x)=x-^x^ + ^a^~etc. 

Forxput-,log.^l+^j = --2.-3 + 3.-,-etc. 
Subtract under from upper line — 

log.(l +a:)-log.(l +^) = {^-^^-1{^'-S)*l{"^4)-^^ 

(1\ 1 +x 
1 + - j = log. J- , (Theorem II.) 

X 

(\+x)x 
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EXAMPLES FOB PRACTICE.— LXXZ. 

(1.) From the definitions, find the base used when 
log 16 = 4, when log 6 J = 2, and when log 4 = §. 

(2.) Find the logarithm of 1296 to the base 6, of 6-25 

to the base 2-5, and of 1728 to the base 2>^3. 

(3.) What is the characteristic of 9 to the base 21 
What of 15 to the base 4, and of 1000 to the base 5 1 

(4.) The logarithms of a, 6, and c being known, show 

how to find log «^^ and log g. 

(5.) If log 75 = a and log 45 = 5, what is the logarithm 
of 151 

(6.) Given log3 = m, and log 5=^, to find the loga- 
rithms of 15, 135, 375, f, and 161 

(7.) The common logarithm of 2 being -3010300, find 
the common logarithm of 5, of 25, and of '125. 

(8.) Given the common logarithm of 2 as above, and 
that of 3 = 4771213, to find log 48, log 225, and 
log -006. 

(9.) The common logarithms of 2 and 3 being as in 

, ^ , , ,/5\3 /4V ^/2\* 

previous example, find those of I q j > It^ ) > ^^'^ \Q/ • 

(10.) Given the Napierian logarithms of 1, 2, 3, ... . 
10, as in Art. 253, to find those of 13 and 31. 

(11.) From the Napierian logarithms of 13 and 31 
found in last example, derive the common logarithms of 
the same numbers. 

(12.) From the formula [12] in Art 255, calculate the 
common logarithms of 101 and 257. 

(13.) Making use of such of the logarithms given or 
found in previous examples as may be necessary, say how 
many figures will be required to express the twentieth 
power of 12, and the tenth power of 31. 
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(14.) Given Log 392 = 2-5932860, and Log 448 = 
2'6512780, to find Log 686, and Log -0875. 

(15.) Find the value of a; in each of the exponential 
equations, 20*= 100, and 16* x 9*= 125. 

(16.) Solve the equations, 

(l) log X - log y = log a - log b, oc^ - y^ = a -{• b. 
(il) a log x = b log 2/, x log a = y log b. 

(17.) Show that 

logy = log„(2/*^ - 1) + 2 I 2^2171 + 3(2y2_ 1)3 + etc. j 

(18.) If - , T- are the roots of the equation x^-px + q=Oy 
prove that 

log,(a;2+joaj+g) = log^+(a+ft)a;-- 2(^^+^^)^^+3(^^+^*)^--®te» 



CHAPTER XX. 



INTEREST AND ANNUITIES. 



258. Interest.-— -The terms used in interest are so well 
known as to render it unnecessary to give an explanation 
of them hera 

"We shall adopt the following abbreviations : — 

• Let P = the principal or money lent. 
T = the rate per cent, per annum. 
n = the number of years. 
I = the interest. 
M = the amount. 
R = the amount of one pound for one yea/r. 

259. Simple Interest.— If r be the rate per cent, or 
interest on £100 for one year, the interest on one pound 

T Pt* 

for a year will be tqq , and on P pounds for a year -r^ • 

P^ 

If the interest on a sum of money for one year be ^qq » 

that on the same sum for n years will evidently be rd 

Pr Vnr 

tunes jqq; ory^ = L 
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Plainly also M = P + I = P+jqq = P(1 + jqqJ. 

From these equations, when any three of the quantities 
are given, the other two can be found. 

Pr 
260. Oompound Interest.— If ^^ be the interest on a 

sum of P pounds for one year, the amount at the end of 
the year will be 

P + ^ = p(l+jJg) = PR (Art 258.) 

PRr 

The interest on this sum for one year will be -rj^ , and 

its amount at the end of the year will be 

PRr / r \ 

PRV 
Similarly the interest on this will be , - .^ , and its amonnt 



PRV 
PR-2 + 100' = ^^'' 1 + T^ ) = PR8. 



{l+TSo) 



So that when Compound Interest is reckoned — 
The amount of P pounds for 1 year is PR; 
The amount of P pounds for 2 years is PR2 ; 
The amount of P pounds for 3 years is PR^ ; 

and so on for any number of years. 

We have /. M = PR- 

andI = M-P = PR--P = P(R--l). 

Note, — ^This result is strictly accurate only when n 

is an exact number of years. If ?i = m + -, where - is a 

T <l 

proper fraction, then 



M = PR"* 



('iiSo) 
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281. Interest is generally payable annually, but it may 
be paid quarterly, monthly, etc., in which case, while the 
payments are more numerous, the sum added each time 
will be less. 

Suppose the payments made q times a year, then the 

r 1 
interest per pound on each occasion will be ttwv x - , and 

the number of payments will be qn. 
As in last article, it can be shown that 

(1 r \^ 
i+i too) • 

262. From this we may find the amount of a sum of 
money laid out at compound interest for a number of years, 
the interest being due every instant. 

(r \^ 
1 + ^QQ j by the Binomial Theorem, then 



qn{qn - \){qn - 2)f r y 
1.2.3 



(r^; +^*^} 



V 100^ 1.2Vl00^ 1.2.3 VlOOy 



+ etc 



} 



and since q is very great, - , - , etc., are very small, and 
may be put = 0. 

•'• ^=^t^ + Ioo+r72Viooj "*T72T3\,Tooj +^*^7 

= PcS, by[6], Art. 251. 
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263. Present Worth.— The sum P which on the lapse of 

a certain time, by the accumulation of interest, becomes 

M, is the present worth of M, and since PR" = M, we 

M 
have P = 5«* 

264. Annnities. — If an annuity of A pounds, payable at 
the end of each year, be left unpaid for a number of years, 
it will amount 

At the end of the first year to A ; 

At the end of the second year to AR + A ; 

At the end of the third year to AB^ + AR + A. 

At the end of the nth year to A(R"-^+R"-2+. . .4R+I), 
orA(^-£^y Art 214. 

265. If P be the present value of the annuity, we have, 

by Art. 263— 

A(Rn-l ) , 

■^" R-1 •^• 

_ A(R^-1) 
" R«(R - 1) • 

266. If n be supposed very large, then ^^ may be put 
= 0, and we shall have — 

A(R"^1) X'Br) 
^~R«(R-1)~^ R-1 

_ A lOOA 
R-l~ r ' 

the present value of an annuity in perpetuity. 
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267. When an annuity is to commence at the end of p 
years, and to continue thereafter for q years, its present 
value will be the present value ior p-\-q years, minus that 
for p years. 

A(RP+^-l) A(E;'-1) _ A(Rg -l) 
^^ ^ " R^+«(R - 1) E;'(R - 1) " I^+«(R - 1) • 

268. Also, since 

A(R«-1) _ A A 

R^+*(R-1)~R;'(R-1) R^+^pTT) 

by making q very large, we have^ 

A ^ lOOA 
^~R;'(R-1)~ rB? ' 

the present value of a deferred perpetual annuity. 

Illustrative Examples, 

(1.) Find the amount of £500, for 10 years, at 5 per 
cent, compound interest. 

By the formula, Art 260, 

M = PR« = 500(l+^ 
= 500(1-05)10 • 

The solution may be completed by the ordinary processes 
of arithmetic, the answer being — 

500x1 -628894 = £814-447; 

or by logarithms, in which case we have^ 
Log M = Log 500 + 10 Log 1 -05. 






By Miif^hfir ninnxd^ to the taUee. we find that tins sum 
M the \fjpurtCtau 'A «>14'i47; so that the ansver is the 
Naroe >/r >xxfa metly^di, 

i'L) Izt vhat tiiue viH a sum of money dooble itself at 
4 per cenc orffup^imd iiixerest I 

By the qoestkoi we have — 

PR*=2P, 
thatw, R*=a'04)*=2. 

Taking logarithms of both sides — 

then, nl>5gl'04 = l>5g2, 

Log2 '3010300 
an^l »-Logi^4- ^170333-1' -67. 

Log 1 04 may be calculated from some of those given or 
frnind in [previous examples, for 

104 
Ix>gl<>4 = I>)gj^-^-Logl04-L()gl00 = Logl3+31og2-2. 

(3.) Find the present value of an annuity of X30, to 
c^>niinuo for 40 years, interest being at the rate of 6 
jKjr cent. 

., XI i. IT. ACR**-!) 100A(l-R-«) 
By the formula, P =« ^^n^ __ ^ . = ^ . 

FirHt find LogR-"=-wLogR = -40LoglO6. 
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Prom the tables, Log 1 -06 = -0253059, 

/.~40Logl-06 =-1-0122360 = 2-9877640 = Log0972219. 

100 X 30(1 - -0972219) 

= 500 X -9027781 = 451 -38905 
= £451, 7s. 9id. 

(4.) Four persons, H, I, K, L, contribute equal sums 
towards the purchase of an estate. How long may the 
first three enjoy it in succession, so that the fourth may 
be entitled to the absolute reversion 1 

Let X, y, 2 = the required times in order, and h, i, k, 1= 
successively the present values of the different occu- 
pancies. 

Then, by Art. 265, h = :^^-^ • -^ ; [1] 

Then, by Art. 267, i = ^;zri ' W^ > t^] 

Then, by Art. 267, k = ^^y • ^^, ; [3] 

Then, by Art. 268, ;= ^ - g^. . [4] 

As these values are all equal, we have — 

From [3] and [4], R* = 2, and « = J]^^ • 
From [2] and [3], R>' = |, and y = ^^^^^^ . 

From [1] and [2J, R'' = g,anda;= ^^LoR^^ • 

If interest be taken at 5 per cent, it will be found that 
the successive times are nearly 6, 8, and 14 years. 

28 ' 
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I 



(1.) Find the diSerence between the am^ and the 
campotmd interest on J&IOO for 3 jean at 3^ per cent. 

(2.) What is the amonnt of £600 laid out at 5 per crait. 
compound interest far 16 jearst 

Given Log6 = -7781513 

Given Log 1 -05 = 021 1893 
Given Log 1-309725 =1171801. 

(3.) Find the present worth of £800, dne 10 jean 
hence, reckoning compound interest at 4 per cent 

Given Log 2 = -3010300 

Given Log 1 -04 = -0170333 
Given Log 5-40452 = -7327570. 

(4.) How long would it take for £1 to become £10, at 
6 \)er cent, compound interest ? 

Given Log 1-06= -0253059. 

(5.) What will £10,000 amount to in 5 years, at 5 per 
cent per annum, the interest being added quarterly ? 

Given Log 1-0125 = -0053950 
and Log 1-282 =-1079000. 

(6.) What would be the amount of £1000 in 10 years, 
at 5 per cent., if the interest were payable every instant? 
Also, in what time would £1000 become £2000 on the 
same conditions ? 

(7.) The heir of an estate being a minor, the rents 
accumulated at the rate of £3250 a year for 8 years, with 
interest at 4 per cent. : what was their amount when he 
became of age ? 

Given Log 1 -04 ; and Log 1 -368568 = -1362664. 
(8.) In five years B will be entitled to an annuity of 
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£40, to last for 25 years. If interest be reckoned at 4 
per cent., what is the present value of the annuity ? 

Given Log 1 -04 ; and Log 2-66583 = -4258325, 

and Log 3-243388 = -5109990. 

(9.) Ten years' purchase is paid for an annuity to con- 
tinue a certain time, and 16 years* purchase for another 
which is to continue twice as long. At what rate is in- 
terest reckoned 1 

(10.) A property worth £1000 is to be paid for in 
yearly instalments of £100. Li what time will it be free 
of debt, the first instalment being due at the end of the 
year, and interest being allowed at 5 per cent. ? 

(11.) Three persons buy an estate jointly, the first 
paying one-half of the price, the second one-third of it, and 
the third the remainder. How long should the first two 
enjoy the estate in succession, so that it may afterwards 
become the absolute property of the third 1 

(12.) A farm is offered on a lease of 20 years at a rent 
of £150, or of £135 with a present payment of £200. 
Literest being at 5 per cent., which offer is the more 
advantageous to the tenant ) 

Given Log 1-05, and Log 2-653298= -4237860. 
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MISCELLANEOUS EXAMPLES. 

PriricipaUy selected from other works, 

(1.) Find the square root of 

x^ y^ (x y\ „ 

(2.) Required the cube root of 

a« - 6a:« + 1 5cc4 _ ^Oa^ + 1 5aj2 - 6a; + 1. 

(S.)S,„pli^(f)'x(^'x(^)'. 

(4.) Solve by inspection the equations — 

(l) aj2 = i8a.-77. 
(n.) a;2-16a; = 36. 
(5.) Find the values of the unknown quantity in the 
following :— 

(x - 2\i /a; + 2\i 

\x+y "^Kx-y ~ ' 

(6.) Extract the square root of the following : — 
4a;2(aj2 -y) + yS(^ _ 2) + y^ia^ + 1). 

(8.) Divide 3a + 6a* - a* + 2a* - 2aH + 4at 

by 3a^ - at + 2ai 

(9.) A person bought a certain number of oxen for 
£240, and, after losing 3, sold the rest for X8.a head 
more than they cost him, thus gaining £59 by the bargain. 
What number did he buy ? 

(10.) Approximate to the ratio of 50l4 : 5004, and of 
5014 : 5004. 

(11.) By performing the operation for extracting the 
square root, find a value of x which will make on* + 6x^ 
+ lla;2 + 3a; + 31 a perfect square. 

(12,) Solve in positive mtegers, 39a3 - 56y =11. 



P-9 
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(13.) Extract the cube root of a;^ + Bic^ _ 400^3 + ^q^ - 64. 

answth.t ^^ + ^^)<^+^^)^^^-^ ) /^ 

(14.) Show that (5 _ ^5)(i ^ ^3) -/^ g • 

(15.) Find the sum of the arithmetical progression 

1 n+l 

- + -o — -h, , . to n terms. 

(16.) Find the square root of 1 - 2jx'\-3x - 2xjx + x^. 
(17.) If a: 6 = 6: c, 

then a + b + c : a-b + c :: (a + b + cy : a^ + b^ + c^, 
(18.) Solve the equation — 

V(aj-l)(2-aj) = V3^:^ + V3S^. 
(19.) Simplify -^^± j ^^- ^^ I * 

(20.) Find the square root of 5-12^^-1, and the 

value of V4 + 67-5 + V4~67-5. 

(21.) A farmer bought oxen, sheep, and hens. The 
whole number bought was 100, and the whole price £100. 
If the oxen cost £5, the sheep £1, and the hens Is. each, 
how many of each had he 1 

(22.) If a"*** = (a*^)", find m in terms of n. 

(23.) Solve by inspection the following equations : — 

(l) 110aj2-21a; + l = 0. 
(n.) aj2+ 4a; =320. 

(24.) What are the values of x and y, when 

35 : 27 iiy :9 :: 2 :x-y'i 
(26.) Insert 5 arithmetical means between - J and ^. 
(26.) Reduce to their simplest form 

1+72+73 ^^^V 1+72-73 

(27.) Find the sum of the geometrical series 

\/l+ n/^ + - • • ^ infinity. 
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(28.) Solre the eqaaJdaos — 

^=(^-^)(y+f)- 

a:y = (a:2 + 3)(y»-4X 
(29.) Three diickens and one duck sold for as mndi as 
two geese ; and one chicken, two dncks, and three geese 
were sold together for 25& What was the price of each t 

(30.) Extract the square root of 6 + ^-13. 

(31.) Yind the number of peals which can be rang on 
eight beUs, the great bell always coming last. 

(32.) In a mile race between a bicycle and a tricycle, 
their rates were proportional to 5 and 4. The tricycle 
had half a minute's starts but was beaten by 176 yards. 
Find the rates of each. 

(33.) If A a B and B^ a C^, express how A varies in 
respect of C. 

(34.) Find what c and d must be, in order that the 
quantity a^a^ + bx^ -^cx + d may be a complete cube. 

(35.) Given \x^ "" ^/ "*" l^ ~ "2/ =~~ > to find x. 

(36.) One hundred stones are placed at the distance of 
a yard from each other, in a right line with a basket 
which is distant one yard from that next to it. A person 
starts from the basket, and brings them one by one into it 

What space does he travel over % 

z y 11 

(37.) If a; a -o and z^ o:-. show that oj a - a - . 

(38.) Simplify (^^ + ^1) and (« + 6)^^^^^^ . 

(39.) A basket contains 12 apples and 8 pears. Three 
apples and two pears are offered for a penny. In how 
many different ways may a boy select his pennyworth 1 

(iO,) A woman, coxm^m^ \i«t e^^^ reports that when 
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she counts by threes there are two over, and when she 
counts by sixes there are three over. Is she right 1 

(41.) Solve the equation -i , ^ '=^' 

(42.) Show that the ratio a :b ia the duplicate of the 
ratio a + c ib + Cj ii c^ = ab. 

(43.) In an arithmetical progression, ii8—pn + qn^ what- 
ever be the value of n, find the with term. 

(44.) Solve the equations, 

1 1^1 
a;"*" y ~2' 
x^y + xy^^^ 162. 

(45.) Find the value of 

ajx+\ + J{a^x^-\) ^ 2 
when 05 = 



ax+l-V(a2a:2-l) """"-"- ^i^T^' 

(46.) The time which an express train takes to travel a 
journey of 180 miles is to that taken by an ordinary train 
as 9 : 14. The ordinary train loses as much time from 
stoppages as it would take to travel 30 miles without 
stopping. The express train only loses half as much time 
as the other in this manner, and it also travels 15 miles 
an hour quicker. Supposing the rates of travelling uni- 
form, what are they in miles per hour % 

(47.) Simplify -MV^+IL. . 

^V(5±V5) 

(48.) Solve the equation, aj^ - 2a;3 + ^ = 132. 

(49.) Prove that if 'h^J^ ^<h+^ ^^_zj^ ^^ „f 

1 +aJ 

these ratios is equal to |-— , supposing a^-\-a^ + a^ not to 
be zero. 
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(50.) Divide X500 among A, B, and C, in the propor- 
tion of i, i, y ; and if A's portion be to B*s :: 9 : 8, and to 
C*8 :: 6 : 5, show that the shares of A, B, and C are in the 
proportion of IJ, IJ, IJ. 

(51.) Sum 2. 5-3.9 + 4. 13-6. 17 + a.21-7. 25, etc., 
to 2m terms. 

(52.) Find the least multiple of 7, which divided by 2, 
3, 4, 5, 6, leaves always unity for remainder. 

(53.) Find the relations which exist among the quanti- 
ties m, n, Pj g, when ma^ + nx^ +2)x + q ia & complete cube. 

(54.) At an election, where every voter may vote for 
any number of candidates not greater than the number to 
be elected, there are 4 candidates and 3 members to be 
chosen. In how many ways may a man vote 1 

(55.) Solve the following equations : — 









Jx + Jy 

(56.) Prove that terms of an arithmetical progression, 
taken at equal intervals, form an arithmetical progression. 
(57.) Solve the equation — 

s/(x-hjx) - J(^~\/^)='^\^^^^ • 

(58.) Find the sum of n terms of the series — 

1 + 3 + 6 + 10 + 

(59.) Find the value of 

V(a2 + a;2) + aj a(b-c) 

// o , — 2^ when 0?= ^ ,— • 

(60.) A guard contains ten men and three officers. The 
patrol consists of three men and an officer. How many 
different patrols are tYvet^^ Ixl \vg^ Taasv^ of these will 
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a specified man serve ? a specified officer ? a specified man 
with a specified officer 1 

(61.) Find the values for x, y, and z from the following 
equations : — 

a; + 2/ + 2J=14, 
a.2 + y2 + 2;2 = 84. 
(62.) A dealer takes £1000 to market to buy horses and 
cows. He finds that he can get five cows and a horse for 
£98, and five horses and a cow for £178. Required the 
prices of a horse and of a cow ; the number of ways in 
which he may disburse his money ; and what he will obtain 
in each way. 

(63.) If Sj, Sgj *3 ^6 the sum of n, 2/t, and 3n terms of a 

geometrical progression, then will sj + sj = ^1(^2 + ^s)* 
(64.) Solve the equation — 

a;2 + a;8/S^=208, 

(65.) If a; = ^ find the value of x^-3x + ijx. 

(66.) Solve the equations — 

(L) 4096* =gji; 

4* 
("•) 2^+1; = 8, a; = 3y. 

(67.) Extract the square root of 

a6 + c2 + ^{(a2_c2)(62-c2)}. 

(68.) Given ,- ,, — - — r = ■ - . . . to find x. 
Ja-\-J{a + x) Ja-J{a-x) 

(69.) If a^y h^, c2 be in arithmetical progression, then 

T— ;— , — ~ , — —7 are in arithmetical progression. 
o+c c+a a+o ^ ° 

(70 ) A point moves with a speed which is different in 

different miles, but invariable in the same mile, and its 
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speed in any roile varies inversely as the number of miles 
travelled before it commences this mila If the second 
mile be described in two hours, find the time occupied in 
describing the nth mile. 

(71.) If the square root of the product of two quantities 
is rational, show that the square root of the quotient 
obtained by dividing one by the other is also rational ' 

(72.) Solve the following equation : — 

a^ + ax + a^ a^ 

a^-ax + x^ x^' 
(73.) Show that 

15 

JT0+J20+ V40- V5 - V86=^^^(^ ■*■ ^^^>• 
(74.) Prove that every term of the series 1, 2, 4, ... . 
is greater by unity than the sum of all that precede it. 

(75.) Find the value of ^^^ ~ ^^^ to five pla<5es of 

decimals. 

(76.) Extract the square roots of 

n + 6V2 7^473 27 

(77.) Solve the equation, 2*+^ + 4' = 80. 
(78.) Find the sum of the geometrical series 

+ .i ' + ... to 20 terms. 



V3 + 1 V3 + 2 
(79.) The increase in the number of male and female 
criminals is 1 '8 per cent. ; the decrease in the nimiber of 
males alone is 4*6 per cent. ; and the increase in the 
number of females is 9*8. Compare the number of male 
and female criminals respectively. 

(80.) Find the values of x and y in the equations 

^x + 2/) = 3x1/, 
a -V ^ -V x^ -Vy^ « ^6. 



k 



2 

+ 
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(81.) Snow that r-H = 4, >7, or >10, accord- 

C — c — ct 

ing as c is the arithmetical, geometrical, or harmonical 

mean between a and b, 

/o« V rx, , .„ ay-bx cx-az bz-cy 

(82.) Show that if — = — t — = ^, then 

^ -^ c a ' 

X _y z 
a b c 

(83.) Solve the following equations : — 

/ a^-a^ y^ - b'^ i d?' + x^ y^ + b^ 

(84.) Sum tow terms (r-^y + (r2-iy + (r3-iy 

(85.) The number of combinations of n+ 1 things, taken 
n-\ together, is 36. What is the number of permuta- 
tions of 7i things 1 

(86. ) Find values for x and y in the following equations : — 

a;2 + y2 -_ 2ixy^ 

(87.) Find the sum of the infinite series — 

ar + (a 4- a6)r2 ■\'(a-\-ab-\- akP^)i^ + . . . , 
T and br being each less than unity. 
(88.) Solve the equations — 

(89.) An annuity A is to commence at the end of p 
years and to continue q years ; find the equivalent annuity 
to commence immediately and to continue q years. 

(90.) Solve the equations — 

x^y^z^ — a^ ^y^z^^b, x^y'^z^ — c. 

(91.) If a + 6 + c = 0, x + y + z + w — 0^ then the two 
equations J{ax)+J(by)+J{cz)= 0, J{bx) -sl{ay) +J{cw) = 
are deducible the one from the other. 
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(92.) Find the sum of 1.3 + 4.5 + 7.7 + 10.9, etc. tow 
terms. 

(93.) Solve the following equation — 

^J{1 + a;)2 - y(l - xy = v(i - ^^)' 
(94.) A diamond of a carats is worth m times a ruby of 
b^ carats, and both together are worth c pounds. Find 
the value of a diamond and of a ruby, each weighing v)^ 
carats, having given that the value of diamonds varies as 
the square of their weight, and the square of the value of 
rubies varies as the cube of their weight. 

(95.) If ^ be the harmonical mean between x and z, and 
X and z respectively the arithmetical and geometrical means 
between a and b, prove that 

2(a + b) 



y = 



m<^r 



(96.) Find values for x and y in the following : — 

(97.) Show that {^^±^}V { -'-f-'> }' 

is equal to 2 if ti be a multiple of 3, and equal to - 1 
if 71 be any other integer. 
(98.) Solve the equations 

ax -{-by cz + <zx by + cz 

— 7Z — ^ — rr~= ^^ ^x + y + z. 
cz oy ax ^ 

(99.) Prove that 

Log|(l+a.) ' (l-x) ' I =^ + 3-^ + ^+... 

/^/^/^^ t<. 1 . 3 . 5 . . . . (2r -- 1) 

(100.) If p^.= 2.4.6.... 2r ' P^^^® 

Pfm+l +PlP2n +PiPi,i-l + +Pn-lPn+2 +PnPn+l = J- 
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SECOND STAGE. 

(1. ) If aj = ^^ , then (a - ea;)^ + (a^ - 1)(62 - eP) is a complete square. 

(2.) Solve two of the following equations : — 

15 8 3 



(a) 



x-1 x-2 x-S' 



^°' \a^-ax+x^} ~a-2x* 

( x{y+z) = 2S ) 
{c) ly{x+z) = lsL 
{z{x+y) = 20] 

(3.) Show that if ^ = ^ = £±?, then ^ = ^ = ?- 
^ a+b h+c c + a* a b c 

(4. ) Solve two of the following sets of equations : — 

a;3+5a;+6 x^+Ux-^dO 



(a) 



a^ + X + l 052 + 735 + 5 » 



!x+y+z= 1 
2x+6y+7z= !!!►; 
9a;+25y+492 = 121 

(c) K+y = ll*} 
^^' \ynx = llyS' 



(5.) Find the square root of 39+ V1496. 

(6.) There are two numerical quantities such that twice the first 
added to the reciprocal of the second is equal to the second ; while the 
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square of the second, together with the product of both, is equal to 4. 
Find them. 

(7.) K a+h:a-h\:x+y;x-y, show that n^+a^in^-a^iiy^-k-l^iy^-V^. 

(8.) Solve the equations 3?-\-2yz=y^-k-2az=:?-\-2a:y=Za*, 

(9.) A vessel makes two runs on a measured mile, one with tide, in a 
minutes, and the other against tide, in h minutes. Find the speed of 
the vessel (through the water) and of the tide, supposing both to be 
uniform. 

(10.) Show that the arithmetical, harmonical, and geometrical 
means of a and c are given by the value of 6 in the following propor- 
tions : — 

a '.a I'.a-h :b-e 

a :b ::a-b :b-c 
a:c ::a-b :6-c, 
and state which is which. 
(11. ) Show that if jp2 - 2^ = (« - a)2 [1] 

^2-y2 = (a;-6)3 [2] 

r2-y2 = (a;-c)2 [3] 

and a, h, c are all different, then 

i)2(6-c)+g2((;-a)+r2(a-6)+(6-c)(c-a)(a-6) = 0. 

(12.) Extract the square root of 

4a:8+9a:8-12a:*+16«2+9-2ic(6a!«-8a:*+9x2-12). 

X 05** — ay** x^ — b(x — y)*« 

(13. ) Find the value of - , having given ^2n+ay2» = xn+b(x-y)n ' 

(14. ) Show that 2(a - b){a - c) + 2(6 - c){b - a) + 2(c - b){c - a) is the sum 
of three squares. 
(15.) Solve the equations — 

05^ + ^2 = 15, 

yz+zx = 12, 
zx+xy = 7. 

(16.) I have an alloy containing a ounces of tin, and b ounces of 
lead, and also another alloy containing c ounces of tin, and d ounces of 
lead. In what proportions must I mix them to get an alloy contain- 
ing equal parts of each metal ? What limitation is necessary to make 
this question possible, and how does this limitation appear in your 
algebraical work ? 

4 

(17.) Calculate to four places of decimals, -^= — i . 

V5 + 1 

(18.) Simplify— 

. 1 3 2 

^^' ix?-ox+6 x^-x-6'^x^+x-e' 
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(19.) Solve the following equations, giving all the values of x and y 
which satisfy them : — 

(a) i««^+&y =^l; 
^ ' \bx+ay =dr 

(b) aa^-bx = a-\-b; 
ic) l^+y =^\ 

(20.) A man buys a certain number of acres of land for £1600; by 
selling it at £28 an acre he gains as much as he gave for three acres. 
How many acres did he buy ? 

(21.) Given that a :6::6:c, to show that a2+62+ca=(a+6+c)(a-6+c). 

(22. ) Show that the value of (a^ - 6c) + (6^ - oc) + (c^ - a6) is not altered 
if a, b, and c are each increased or diminished by the same quantity. 

(23.) Find the values of x and y which satisfy the following equa- 
tions : — 

( «+-= 9 

(a) I 

I3x-- = 1S 

^ y 

(6)m(a:-i)+^x+^)=0; 

. . J3x2-7a^+2y2= 0) 
^^^ \ 3a;+4y = 12i- 

(24.) A carpet, in shape a rectangle, has an area of 315 square feet; 
if a piece is taken off so as to reduce its width by 3 feet, the remaining 
area is ^ths of what it would havo been had its length been reduced 
by 3 feet. What is its length and breadth ? 

(25.) Solve two of the following sets of equations : — 

(6) a;+y = 7, «5+y3 = 133; 

(2a?y-V«+y = 13) 

(26.) Two towns on a imiformly flowing river are 27 miles apart. A 
steamboat takes an hour and a half on its downward trip from one 
town to the other, and a row-boat three hours. The steamboat returns 
against stream in one-tenth of the time that the row-boat takes. Be 
quired the velocity of the river and the speed of the boats in still water. 

(27.) What is the least integral multiplier which will make 
17a:* - 68x*^ + 102a:8y» - 68xV + 17a^ a complete cube ? 
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(28.) Two boys start at the same instant from the same comer of a 
square, the length of one of whose sides is 200 yards, and they ran 
round it in opposite directions : one (A) runs at the rate of 100 y aids in 
15 seconds, and loses two seconds in turning a comer ; the other (B) 
runs at the rate of 100 yards in 16 seconds, and loses one second in 
turning a comer. Where do they meet ? 

(29.) Solve two of the following sets of equations, finding all the 
values of 0^ or X and y, which satisfy them : — 

^^^ x+a x+b a-x h-x' 

(b) \ ^+y= ^M. 

(A } V(«+y)+V(«-y) = 5 ) 

(90.) There are two coins such that 15 of the first and 14 of the second 
have the same value as 35 of the first and 6 of the second. What is 
the ratio of the value of the first coin to that of the second ? 

(31.) A traveller starts from A towards B at 12 o'clock, and another 
starts at the same time from B towards A. They meet at 2 o'clock, 
at 24 miles from A, and the one arrives at A while the other is still 
20 miles from B. What is the distance between A and B ? 

(32.) Jiz=^/{a^+y^), show that 

x+y+z: -x+y+z::x-y+z:x+y-z. 



THIRD STAGE. 

(33.) Explain (a) why a^ means the cube root of a ; a^d simplify — 

(34.) Ifa; = ^2+a6 + 6^ ^^y= aa-i-a6+6a > show th&ta^+y = y^+x, 
(35.) Solve the equation — 



x^+i = x\/2\/x^-i, 
(36. ) Prove the Binomial Theorem for a positive integral index, and 

write down the expansions of (l+a5)~2 and of (1-505)*^, each to four 
terms. 



^ 
» 
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(37.) n g = ^Y^^)„- , show that ^^ = ^^ \ «+(i+^)«+i [ • 

(38.) Establish the formula for obtaining the present value of an 
immediate annuity for a given term of years, at a given rate of com- 
pound interest. 

(39.) Solve the equations — 

. 39 14 2 42 13 
y X * ^ X y 

(1 2 1\2 (a;+2v+2)» 

(41.) Show that w(»i - l)(m - 3)(m - 6) is divisible by 8, when m is 
an integer, either positive or negative. 

(42.) Write down the general term of the expansion of (l-ac)-' by 
the Binomial Theorem ; and find the coefBicient of a^ in the expansion 

^ 1+X+iX? 

^^ (l-a:)3 • 

(43.) In how many diflferent ways can an even number of things 
(2») be divided into two equal groups? Also, how many different 
pairs can be made of 2n different things ? 

(44.) The sum of n terms of a geometrical progression beginning with 
unity is p, and the difference between the (n+l)th term and the first 
term is q. Find the common ratio of the series. 

(45.) Obtain x from the equations — 

(1 - a;)y = a(l +aj) -y, {bx)» = a, 

(46.) Write down the first four terms of the expansion of (2-|sc)-5. 

(47.) Solve the equation — 

x-Z ag-4 a;-21 g-ie 
x-4 x-6 aj-24'^«-20'~"- 

(48.) The first term of a series is unity, and its nth term is 
2«-i+2n-2. Find the sum of the first m terms, and verify your 
result by writing down the first six terms and adding them together. 

(49.) Find the numerically greatest term in the binomial expansion 
of(l+#. 

(50.) Establish the rule for finding the nimiber of permutations 
among x things, including p of one sort, q of another, and so forth. 
Apply your rule to the letters of the word Trinitarian, 

(51.) When can the limit of the value of an infinite geometrical series 

29 
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be found? Find the value of n terms of a+ar+ar^-k- , and the 

sum of the infinite series 8+i+l+ 

(52.) Assuming the Binomial Theorem, show that when n is an 
integer, {a+xY* has n+1 terms, that the coefficient of every term is an 
integer, and that the coefficients of terms equidistant from either end 
are the same. 

(53.) Find the middle term of (1 +«)*», the «th term of (3a -2a;)^, 
and the greatest term of (3+5x)7, when x = i, 

(64.) Solve the equations — 

2ic(y+2) = a^-2yz = P+2^ 

(55.) What relations between the coefficients A, B, C, a, 5, c, and 
ifc, will make {A-k)a>^+{B- k)y^+{C-k)z^+2apz+2bzx+2cxif, a com- 
plete square, irrespectively of the values of sc, y, and z? 

(56.) The first and second terms of a progression are 5J and 2}. 
Find the fourth term on the three suppositions that the prc^^ression is 
(a) arithmetical, (6) geometrical, (c) harmonical. 

/rcTxai 3«^-2«*_19 , logai;+log2a; 5 
(57.) Solve 35.+-^ - 35 and i^^n^^ = 3 ' 

(58.) Prove the rule for finding the number of combinations of m 
things taken n together, and show that it is equal to the number of 
combinations of m things taken m-n ti^ether. 

(59.) Write down the first four terms of the expansion of (32 - 10a;)"s, 

(60.) Solve completely the equations — 

xz+y = 19y 
xy-z=^n. 



ANSWERS. 
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(1. 

(2. 

(3. 

(4. 
(5. 

(6. 

(7. 
(8. 

(9. 

(10.; 
(11.: 

(12.; 
(13.; 

(14. 

(15. 
(16. 

(17. 
(18. 



EX. XLVL— (Page 240.) 

8a^; -6463c6yi2; ^^ ; -12&c5». 
,„ . o. . o 16 c8 

««. 6« ^^'^ 18 

icS + 6a:5j, + 15«4y 2 + 20x32/3 + i5ac2^ + 6a.y5 + j^ . 

a5 - lOa^ + 40a3«2 _ 80a2a:3 + 80aa?» - 32{c». 

1 + Kkc + 96x2 + 256x3 + 256x4. 

x6-3a:5+9x4-13x3+18x2-12x+8. 

243aio + 2025a8 + 6750a« + 11250a^ + 9375a2 + 3125 ; 

243aio - 2025a8 + 6750a« - 11250a4 + 9375a2 - 3125. 
a^+8aa;7+28a2x6 + 56a3x«+7()a4x4 + 56a'Vc3 + 28a«x2+8a7a;+a8. 
2dJ + 168a«62 + Ii20a364 + 896a«»«. 
fl^-4sc5+10x3-4x+l. 
aji2+3a;io+6a^4.7ic6+6x4+3a;2+l. 

g .5_^20. 160 3^802 64 ^64 
3 27 27 81 729 

a;i2-3x9+3x6_xS. 

2(ax-6y+C2-l). 

x3-6x2+15x-20+15a;-'-6x-2+a;-8. 
-283^; 137. 
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(1.) ±12x«. 
(2.) -bafiyh, 

(8.) ±3g. 



(4.) 



2gV 
3a2« 



EX. XLVn.~(Page 843.) 

(5.) a^x-y), 

(6.) ±(a-6)(a:a-3^)2. 

(7.) a^; ±a"6^. 
(8.) ±a«a;; -ajy». 



(9.) 58(o-aj)2(6-aj)-i. 
(10.) ±(a»-x3). 



(12.) 



{a-x)P:fi+^ 



(1.) a-3x. 
(2.) 4a:+l. 
(3.) 3oa-2a6+6>. 

(4.) 2X+4+-. 

(»•) f -f ' 

(6.) |«-f . 
(7.) 3^-2ax+a^ 
{S,)^-lx + l-lx-\ 



EX. XLVm — (Page 847.) 

(9.) «?_^+«. 

y z X 

(10.) a?«-a*»6+262. 

fll ) 1-5- — - — 

^^•' 2 8 16' 



anda+2--2^+4^. 



(1.) a;+2. 
(2.) Ax^-y. 
(3.) 3a-26+c. 
(4.) 2a^»-a^+3y2 

(5.) Ql? + Ql? + X + 1. 

(6.) a-2+^. 
(7.)l+^xy-ia:23^. 



EX. XLDL— (Page 261.) 

(8.) &Ba_yn. 

(9.) 2x4-a^ + ia:3. 



(10.) aa;-6+ca;-i. 

(11.) m-3n+9.--gj.-3. 



EX. L.— (Page 254.) 
(1.) a^+2a;-4. 

(2.) a-o*"^^" 8*~'^~i6*"^' 



(3.) 1+ 



|-2g)V6(|)'-2x(|)'. 
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EX. LL— (Page 267.) 



(1.) db 2. 
(2.) ±3. 

t3.) ±4. 



(4.) ±1. 
(5.) ±3. 

(6.) ±V5. 



(7.) ±2. 
(8.) ±N/6i. 

(9.) ±Va6. 



(10.) ±sfl_ 

(11.) ±V-i. 



(12.) ±^'. 



W-2 
m-f4' 



(1.) 2 or 4. 
(2.) 4 or -5. 

(3.) §or -3. 
(4.) 6 or -I 



(1.) 5 or -1. 
(2.) 5orl. 
(3.) 7 or 2. 
(4.) 9 or -4. 

(5.) 3±V5. 
(6.) 8 or -2J. 



EX. LIL— (Page 262.) 

(5.)3ior-li 
(6.) -lor -^ 

(7.) 5 or -1. 
(8.) 3 org. 

EX. Lm— (Page 266.) 

(7.) i (7±Vi7). 
(8.) §. 



(9.) 5 or -3. 
(10.) or 2 or 4. 

(11-) IT »' -r • 

(12.) No rational root. 



(9.) 



l±V-3 



(10.)^or§. 
(11.) -11 or -6. 



(12.)-or-l. 



(13.) 



-25±V85 



(14.) -J or -2. 

(IS-) "A~ or 



a+h 



(16.)0ori(3±V44). 
(17.) a +4. 

(18-) a+b+c{ fl*+«c+&cT\/a262+a2c2+62c2-a6c(o+6+c) | - 



(1.) gor -6. 

(2.) j3or-3. 

/ox 3 4 
(3.) 4 or 5* 



EX. UV.— (Page 268.) 

(4.)^(5±V69). 
(5.)^(51±V^^343). 

^^'' 2ab 



(1.) ±2 or ±5. 
(2.) ±lJor±V2. _ 

(3.) 2 or -lori(l±V-ll). 
(4.) 3 or -4 or lor -2. 



EX. LV.— (Page 270.) 

(5.) 9 or 1 (1 inapplicable). 
9 



(6.) OK or 4 (4 inapplicable). 
(7.) 5 or 8 (8 inapplicable). 
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(8.) 13 or 3 (3 inapplicable). 

.n X 2 3 -l±y/m 
(9.)3or-|Or 24^" 

(10.) 2 or "2 or — ^- ' 



(11.) 9 or o 



(12.) a-» = l± V2orl. 



EX. LVL— (Page S74.) 



(L 
(2. 
(3. 
(4. 
(5. 
(6. 

(7. 
(8. 

(9. 
(10. 
(11. 
(12. 
(13. 

(14. 
(15. 
(16. 

(17. 
(18. 



13 and 5. 

8} miles. 

16 miles and 15 miles. 

6 and 5. 

30 feet. 

18 minutes. 

45 miles and 42 miles. 

132 yards and 110 yards. 

22^ gallons. 

30 days ; 20 days ; 60 days. 

80 feet by 60 feet. 

50 miles. 

10 shillings ; 8 shillings. 
160 members ; 6 shillings. 
1524. 

4 o'clock or 6 o'clock. 

11 and 7. 

Train, 1 hour; coach, 4 hours. 



(19.) £630; £735. 

(20.) £1, lOs.; £3. 

(21.) 2) miles per hour. 

(22.) 240. 

(23.) 18 feet and 16 feet. 

(24.) £616; £624. 

(2.5.) £40. 

(26.) 8d. per dozen. 

(27.) 3^ and 3 miles per hour. 

(28.) 9 gallons. 

(29.) 5 and 4^ miles per hour. 

(30.) 4550. 

(31.) 6; 7; 8; 9. 

(32.) 5 hours ; 7 hours. 

(33.) 16§ per cent. 

(34.) 16 oxen. 

(35.) £275; £225. 

(36.) 72 bees. 



EX. LVn.— (Page 287.) 



(1. 
(2. 
(3. 

(4. 
(5. 

(6. 
(7. 
(8. 
(9. 

(10. 

(11. 
(12. 
(13. 
(14. 



7; 4. 

5 or 2; 2 «»r 5. 

3 or -6; 2 or -25. 
2 or 1^ ; 1 or 2^. 
± 4 or ± 1 ; 1 or 16. 
±6 or ±5; ± If or ±2. 

2 or 1 ; 1 or 2. 
±7; ±3. 

20 or 10 ; 15 or 0. 

db4or±-^;±2orT^. 
V19 V19 

6 or 4 ; 4 or 6. 

8 or -6; 6 or -8. 
i or i ; § or J. 

3 or 1 ; 1 or 3. 



(15.) 5 or -3; 3 or -5. 

(16.) 7 or 4; 4 or 7. 

(17.) ±2or±i; ±iordb2. 

(18.) 3ori; J or 3. 

(19.) db 6 or ± 2^/"^^; 2 or -20. 

(20.) 2 or 3 or ^^^— ; 



1 or - s or 



-5±^A7 



(21.) 9 or 2 or -6or-7; 

2 or 9 or -7 or -6. 

(22.) 4 or 1 or 4 (5 ±V-159) ; 

J^r4orij5TV^^159)- 
(23.) ±V±3; ±V±2. 
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(24.) ±6or±5or±^(V33+V89); 

±5or ±6or ±i(V^-V89). 
(25.) ^ ; ia. 



(26.) ^(3»±V9/i2+40w); 
1 



20 



(ll»=F3V9/iH40w). 






(28.) a±lor -i(2a+l=FV4a+5); 
a^ 1 or - i(2a + 1 db V4a+5). 

(29.) - or o*: -, or - . 
(30.) o2+62; ab; etc 



(1.) a5 = 
(2.) a;: 
{S.)x 

(5.) a:: 
(6.) a;: 

{7.)x 

(8.) a; 

(9.) a; 

(10.) X 
(11.) a; 



EX. LVm.— (Page 291.) 
±4; y=±5; 2 = ±6. _ 

±1; y=±2; 2=±5. 



db 



a 



; y = ± 



; 2=±- 



±9; y = ±6; 2=±4. 

±1; y = ±2;2=±3. 

57 1, 22, 1 18 

aor ^a; y=^hor ^b; z = ^C0T^e. 

±5;y=±2; 2 = ±1. 

± 4 or T — ^; 2^= ±3 or ^ —-z ; 2 = ±1 or db — . 

V7 V7 V7 

5or2ori(3dbV-31); y = 3or7; 2=2 or5 or i(3TV-31). 
±4|a-6+V(a + 6)2-'8Pt; y= dbjja-ft- V(a+6)2-862(; 

2=±6. 



(12.)a; = ±8or±-^; y= ± 6 or T -^ ; 2= ±3 or ±-5L. 

V^l V«'l v«>i 



EX. LIX.-OPage 294.) 



(1.) 18 passengers ; 6d. 

(2.) Tea, 38.; coffee, Is. 8d. 

(3) 9 feet; 13 feet. 

(4.) 220 yards, and 176 yards per 

minute ; 1980 yards. 
(5.) 10 hours; 15 hours. 
(6.) 3 miles ; 11 miles ; 34 miles. 

(7.) f. 

(8.) 32 yards ; 30 yards ; 24 yards. 
(9.) A, 10 days; B, 12 days; C, 
15 days. 



(10.) Side of square, 12 feet; 

rectangle, 14 feet by 9 

feet. 
(11.) A, 3i ; B, 4 ; C, 2J miles per 

hour. 
(12.) ^^(lb pounds ; 



10 



\ 



/(v;-) 



years. 



(13.) 343 cubic inches; 64 cubic 
inches. 
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(14.) Either 10k. per yaid for the 
one and 5s. for the other, or 
12i. 6cL per yard for the 
one and 2b. 6d. for the 

(15.) A, 10 miles ; B, 12 mfles per 

hoar. 
(16.) 5 and 3. 
(17.) £6000 at 7 per cent.; £7000 

at 6 per cent. 



(18.) 44 miles per hour walking; 

44 mfles per hour rowing. 
(19.) 18 boQ^t ; 3 reserved. 
(20.) 11 and & 
(2L) 3 mfles per hoar. 
(22.) 5 years at 4 per cent., or 8 

years at 2| per cent. 
(23.) 3 and 2. 
(24.) 30 sheep at £1, 13^ 4d., and 

10 00W8 at £5. 



807.) 



(L) a'; aV; 2'bVp ; (a*'ix^yx*p^; , . , ; ^x*. 

x^p^z^ (a+6)* 



3(x-y)» 



(2.) ^a«; ya»r; l/{a^-l}^; ^\^^^' 
(3.) IjM'm^m-a)^. 

^^-^ V 729m«ii« • _ 

(6.) >v^8^; -y8a3(a2+6») or !7-8a»(a*+6^ ; \/p; 

^ \ (o«- ft2)2; y^a^»-a:y+jf«). 
(6.) 4^f; da^B^^; 2{a-x) *]^{a-^xf or 2(o-a;)^2(a+a;) ; 

(8.) V9r«+«W6+#; Ia«(a5-y)%-2)2t* 

(9.) V6i2; 4/81; («864)^; )a«(«-a5)^(^; )a«(6-a;)«(^. 

ay 

(10.) {a-x)\Jax{a+x)\ ^^ 2M 



(11.) ^a-«.-, (;^)"-^^ 



(12.) (a+x)\l(a-x'?\ ax\J o'x"'- 



ANSWERS. 
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(1.) 7V2^. 

(2.) {2x-h2y-xy)U3x. 

(3.) 2ay/a+x, 



EX. LZL— (Page 309 ) 

(4.) 2i/Q^, 
(5.) ay/Sax. 
(6.) 0. 



EX. LXn.— (Page 312.) 

(1.) xy/ah; X ^a^bhi, 
(2.) 4^63; 24 ^^4^. 

(3.) {a-b) '^(a2+a6+62)«(a+6)^a-6). 

, . 1 /a Sx 
^^•) 2V 6' 4y- 






(a+aj) 



im+n 



EX. LXm.— (Page 814.) 



(1.) Qja-AXIh+2tJc- tj2c, 

(2.) 3V«y-2(2a-6)a;+5Va;+3V2^. 

(3.) a-6. 

(4.) a +6. 

(5.) a-h. 

(6.) a2+a5+62. 

(7.) x-\-2y/xy+y-xy, 
(8.) a;*-2a;^+l. 



(9.) m^+3m^i)"^-2p-i. 



(10.) 



V3-1 

V3+1 



(U.) oaj'^+a'V-a"*!!?. 

(12.) ^2(64- 192a;* + 240a;* 

- 160a;*+ 60a;*- 12x*+«). 



EX LXIV.—CPage 8ia) 



(1-) 5^5; 2/^/2; 3V^- 
(2.) Vn+3; |(V10-1). 



. «/«% . Xla[a+xf{a-xf 
ahu 



a-x 



(4.) 0; 2-V2. 



a- .* J^J 
'*' a^+ax-i-a^' a-x 



(6.) (Va+1-Va)2. 



EX. LXV.— (Page 822.) 

(1.) l-a;*+2a;*-3a;^. 

(2.) 2a;+a;*-2a; . 

(3.) V3+V2; V3-V2; 2V2+V5; Vi3-2. 
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(A, \ V5-V3 3+V5 V13+1 5-V2 
^ ' V2 ' V2 ' 2 ' 2 

(o.) Va-Va-1; ^-^ 

(6.) a-2-2V2^; V^E^-l. 



EX. LZVL-(Page 826.) 



(1.) a+6; db2V-'l. 
(2.) -06; 9. 

(3.) (2+ V~l)(2- V^) OT 

(l+2V^l)(l-2V~l)etc. 

(4.) ?V3; V^. 



(5.) l+V-2+V-3 + \/-« 

-2V3-3V2. 



(6.)1;1. 

(8.) a8-3a62+(3a36-68)V^; 16. 

(9.) 3-2V^; 2-3V^. 
(10.) v^; 4-a2. 
(11.) a4-a«6»+1664 
(12.) a+V^. 



(1.) 4. 
(2.) f 
(3.) 9or0. 

(4.) 4. 
(6.) 8. 
(6.) 4. 

(7.) dbiV5. 

(8.) 5 or -3. 

(9.) 3. 
(10.) 1. 
(11.) 0+6. 



EX LZVn.— (Page 880.) 

(12.) 3 or -1^ 
(13.) ±iV3. 



(14.) ±Vl+4(a-l)2 
ordbl. 

(15.) db^/loril. 
(16.) 2 or -3. 
(17.) 4 or g^^. 



(18.) 



6(Va-V2) 
a V2 - V« 



(19.) a; = 16orl; 

y = 1 or 16. 
(20.) a: = 8; y = 12i 
(21.) a; = 256; y = 81. 

(22.)a: = (Va±VW 

y = (VaT\/6)2. 

(23.)«=±20V~1, 
orO. 



EX. LXVm.— (Page 889.) 



(1.) 23:48. 
(2.) 9:10. 
(3.) 16:15. 
(4.) 27:125; 5:6. 
(5.) a+6 \a-h. 
(6.) 9:10; 40:41. 
(7.) 15; 18. 



\ 



(8.) See AH. 109. 
(9.) a6(a+6). 

(10.)a; = db4; y = ±6; 2;=±10. 
(11.) 5 parts of 1st to 6 parts of 

2nd. 
(12.) a; = (a-6)c2; y = {c-a)b^; 

2 = (6 - c)aK 



ANSWERS. 
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(2.) 1; 2V3. 
(3.) 3. 
(4.) 91. 

(6.) X = \Jab. 

(7.) (100+a)(6-c):(100 + 6)(c-a). 

(8.) (2), (a-c)2>0 .-. (a+c)2>462, 



EX. LXDL— (Page 346.) 

ora:6::6:c,a-6:6::6-c:c, 
a-hih-C'.h :c, and since 
6>c, .'. a-6>6-c. 

(9.) Proof as in No. 8. 

(10.) 14:15. 

(11.) x = 2^or -\y. 



EX. LZX.— (Page 361.) 



(1.) x = 5y, ,\x cxy- 
(2.) 20. 

(3.) 3/ = 3x2+1 

(4.) 37. 

(5.) x2+ie2/+y2 = (TO2+m+l)y2. 

(6.)a2+62=2^)^. 



100 



100 



(8.)mii(xa-3r»)=^x^ = l,or 

x2-3^= "* 



ffin 



(9.) 4BP = A, .-. B = 



2A 



or B a p . 



(10.) 6 days. 

(11.) 24 miles ; 71 carriages. 

(12.) « = 2ft.3. 



(1. 
(2. 

(3. 

(4. 
(5. 

(6. 

(7. 
(8. 

(9. 

(10. 
(11. 
(12. 



38. 

S-4n. 

_i 
16* 

in{n+l); 500500. 

22; -180. 

|(n+2);901. 

2/1-1; ns. 
9. 

a -b 
m-n' 
58, 69, 80. 

Art. 209. 



EX. LZZL-(Page 367.) 

(13.) 21. 
(14.) 25orl. 



(15.) Middle tenn = o+^d. 

(16.) 6, 7, 9, etc. 

(17.) 25; 25. 

(18.) 240. 

(19.) 21, 31, 41. 

(20.) £278, 6s. 3d. 

(21.) 9 p.m. 

(22.) Common difference 

= |(n-l). 

(23.) 12 seconds ; 23 times. 
(24.) 50 parties ; 60 days. 



EX. LXXn.— (Page 363.) 

(1.) -(5/i-2)(-l)'\ 

(2.) [I.] -20; [II.] 25; [iii.] - Jjl+(4n-l)(-l)'*j. 
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(a) -2n(2n+lX-ir. 
(4.)^jl-(2»«+4»+l)(-ir(. 
(6.) 64 ; 59. 
(6.)^n(n+l);gn(»+l)(/*+2). 



(7.) ^n{2n^+Sn-l), 



(a) -r(4r+8);3+r(4r+7); 

|jl-(4n2+6n+lK-ir|. 

(9.) I n{2n^l){2n+n 

(10.) g »(n+l)(6»2+14n-5). 

(11.) They are each equal to 

J n(n+l) ) a^ 



(1.) 31260; 
(2.) 



64 
2187* 



2176 
2187" 



EX. LZXm.— (Page 368.) 

(10.)2;4;li;2§. 
(11)4. l.glS. 

45 



(3.) 
(4.) 
(5.) 



(6.)1 



4+\/-2+l"V-2-2. 

5461 ; 547. 
2441406 209715 
1953125 ' 262144 * 

4" 



n l/4"-3"\ 



(7.) 



2 -a; 



x\{2yf-{-^xjr\ 
2""y(2y+rB) 

36, 108, 324;?,|,1,|,^. 



a;*"'(2-a;) 



(8.) 

(9.) 342; oV2. 



8 
15* 



n9\5 23 . 10000 _ 387 
^^•' 9'100'^1-T[^~1650' 
(13.) 70153. 
(14.) 18, 162. 

nth term 



(15.) 



sum of following terms 



— ar 



n-i . ar 



1-r 



1-r r 

(16.) 16 gallons; 3 gallons, 6| 

pints. 

(17.) l+l+i+etc.;H-^+i + 
eto. 



EX. LXXIV.-(Page 371.) 



(1.) (n-l)2'*+l. 



,n+l 



(2.) 2 j(4;i-3)3"-*->9(. 

(3.)4{8-(15n+8)(-4)''(. 
(4.)3-2|±?;3. 

(5.) 8^(10'*"'^- 10 -9n;. 

,^ . o K T -\ mVm* - Ij %n ) a 
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EX. LXXV.-(Page 376.) 


(1) 2 12 




(6.) 36 and 4. 




(7.) i, h h 


(204, 00, -I, 




(10.) 48 and 12. 
.1 1 


(3.) IM. W, 3M. 




{I2.)i + {q-p)d-l, 


(4.) 3, 6, 00, -6. 






(5.) 6 and 24. 




^+(r-g)d=-,ete 



EX. LXXVL-(Page 382.) 



(1.) jc = 1 or 4 ; y = 3 or 1. 

(2.) a; = 3 or 31; 2/ = 5 or 2. 

(3.) a; = 34, 27, 20, 13or6; 
y = 3, 7, 11, 15 or 19. 

(4.) x = 0, 7, 14, 21 or 28; 
y = 48, 36, 24, 12 or 0. 

(5.) a; = 20; y = 4. 

(6.) x = 6;y = 10. 

(7.) a: = 13; y = 5. 

(8.) a; = 21; y = 6. 

(9.) 5 ways. 
(10.) 9 ways. 
(11.) 11 ways. 
(12.) None. 
(13.) 33, 61, 89. 

(14.) Either 12 at 6s. and 4 at 7s., 
or 5 at 6s. and 10 at 7s. 



7 J 4 3,9 
j^andjg or j^andgj. 



(15.) 8 ways. 

(16.) 

(17.) 

(18.) 



3 lbs. at 2s. 4d., 16 lbs. at 
28. 9d.; 3s. per lb. 
Pay 17 crowns and receive 8 
half guineas. 
(19.) a; = 12, y = 10, 2 = 16. 

(20.) Either 60 guineas, 30 crowns, 
and 10 florins, or 63 guineas, 
11 crowns, and 26 florins. 

(21.) 419. 

(22.) 166 ways; 197,702. 

(23.) £120, £84, £28. 

(24.) 2775. 



(1.) 32760; 5814. 

(2.) 5040. 

(3.) 40320; 1680. 

(4.) 15. 

(5.) 13699. 

(6.) 16. 



EX. LXXVn.-(Page 389.) 

|8 110 



(7.) 



|2 (3 ' |2 g |2 ' 
[9 ^ 



13 1 3 » |2 12 |3 |4 



(8.) 5. 
(9.) 4. 



(10.) 



fl2 



|2 [2 |3 |4 
(12.) 72. 



EX. LXXVia-CPage 394.) 
(1.) 1365 ; 969. 

21 100 . 99 . 98 . 97 '"' |6 



(2.) 



|14 |7 ' 1.2.3.4 



(3.) i5-iilii?JLi? (110-96) 



= 637. 
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(i.) 10 or IL 
(ot.) 90 oommoo 

(6.) 511. 



AKSWKR& 



>t 



315 dayS) 
20houis. 



It • . 

(8.) 7. • 

(9.)UL. , 
(10.) 83'; 42L 



84. 



t 



411.) 



(L) 
(4.) 



8^-9 . 3^+36 . yx*- 84 . 3%«+126 . 35a<-126 . dh^+ 84 . 3^^ 

-36.S»BW+9.3xi«-a:is. 
l&r ; -112a66a«. 

M 32 .20 .20 .5.1 ..1. 
729 81 "^27 27 "^12^ 8^"^64^* 

S2iJ«; ^|. - 



(5.) l-ftr+5Lca-270kr»+ete. 

(a) ««; -iar». 

(7.) l+22x+19&ta+924a:»+231(k*+etc. 

20 



(8.) The 3id = 
(9.) 

(10.) 
(U.) 



9 • 
l-22;-a:*- ^x'-sx*- 3 af'-etc. 

9.8 (11- r) r-i 1.1.3.5 (2r-5) 

1.2 (r-l) * ' ""1.2.3 (r- 1) ^^^ 



r-l 



1 31:3 21x« 

+ 



77iB^ ^ 1155«8 ^ 
1 ^-etc. 



(12.) 
(13.) 

(14.) 

(15.) 
(16.) 

(17.) 
(18,) 



J 4a^ 32a^ 1280^*^ 2048a^ 

The 8th and 9th when x = l, the 5th when ^ = o 

-\ +3 - +5 ^ +7^3 +9^ +11^3 + etc 
ah a J a^ ^f a^ 

m{m+l) (m+r-2) /ac 



r-l 



/x^-^ 1.6.11...(5r-9) . .^.1 

w ' ^"^^ * 



30006&54+ ; 1-9952623 +. 
After the 4th ; after the 12th. 

_ 1 . 3 . 7 . 11 . 1 5 (xY 
1 . 2 . 3 . 4 . 5 V^) • 



(' - r ■ 



-n 



ANSWERS. 463 

(19. ) «i + « J = (a + «)**, and 81-8^ = (a- xf, etc. 

(22.) Develop ^ {^^ in the two forms /l + j^)" and 

(23.) l + n+^^^etc.+n+2^^M + etc. = 2«^^^^ 
(34.) See No. 6, page 410. 



EX. LZXX.-(Page 426.) 

(l.)2;2i;8. 

(2.) 4; 2; 6. 

(3.)3;1;4. 

(4.) 31oga+21og6-logc; floga+tSlog^-flogc. 

(5.) i(a+6). 

(6.) m+n; 3m+n; m+3/i; m-n; 4m-w. 

(7.) -6989700; 1-3979400; 1-0969100. 



2-a521826 ; 3-7781513. 

i-9043281 ; 2-5302716. 
3-4339872. 
1-4913617. 
2 4099331. 



(8.) 1-6812413 

(9.) i-3876400 
(10.) 2-5649493 
(11.) 1-1139433 
(12.) 2-0043214 
(13.) 22; 15. 
(14.) Solve the equations, 3 Log 2+2 Log7 = 2-5932860, 6 Log 2+Log7 

= 2-6512780 ; Log 686 = 2-8363240 ; Log 0875=2-9420080. 
<15-) iTfe2 = 1-^72435 ; ^^^^^S = -^174877. 

b a 

/ic \ / \ I " . ft / X /l0ga\a-6 /loga\a-6 



EX. LXXXI.-(Page 434.) 

(L) 7s. 5id. ne.rly. 1 (3.) £540-4.52. 

(2. ) £1309 -725. . I (4. ). 39 -516 yeare. 



- . 1. 
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(5l] 
(C] 

(7. 
(JL] 



0-1 

(3.) 
(^] 
(5.) 

(^] 

(7.) 

(8.) 

(10.] 

(U.) 
(12.) 

(13.) 
(15.) 
(16.] 
(17.] 

(18.] 
(19.^ 



2 



4pcr 



(IL 



« = 7orll; « = lSor -X. 

a; . 

16. 

1001:1000; I501:L^00. 

aj = 10. 

The nmnber of answen b nn- 
liifiitod, the least bemg 
a; = 29aiid]f = 20. 

1-Vi+je. 

etc. 
«=»|or±V8. 



(2L 
(22. 

(a 
(M. 
C». 

(». 

(27. 

(28. 
(29. 

(90. 

(3L 
(32. 

(33. 

(34. 

(35. 

(36. 
(37. 



= 14-8 






die 2^ 



LogR 



The fint bj neailj £1, U. 



4M.) 



3-2V-1; 6. 

19 oxen, 1 sheep, 80 hens. 



=•■-1 



\ 



(38.) 



xac^flr A; x = 16or -20. 
*-*«;3r = i3. 

-!• -A,0. A. 4- 

l+v^; l-J-v2+>/l 

a;=:3or -lA; y=4or -2^. 

Si.; 4s.; 5s. 

Vi3+V^ 

Omit the great bell, 5040. 

440 yards and 352 yards per 
minate. 

A=»mM; .'. AaC^. 

_^ y 

*^-3a»' *'-27a«* 

10100 yards, or 5|| miles. 
Fiist prove ma* = ny*. 

Va+V6 



tidb 



a-6. 



ANSWERS. 
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(39.) 

(40.; 

(41.: 



(42.; 
(43.; 

(44.; 

(45.) 

(46.; 

(47.: 

(48.; 

(50.; 
(51.; 
(52.; 
(53.; 

(54.; 
(55.; 

(57.; 

(58.; 

(59.; 
(60.; 

(61.] 

(62.; 



12.11.10 8.7 «-^ 

No. (See Art. 226.) 

Divide by 1+05, and x^^ 

3±V5 ^^ -3 j: V^55 " 

X = — = or ==- . 

2 8 

(a+c)2:(6+c)2 = a:6. 

p+q+{m-l)2q. 

05 = 6 or 3 ; y = 3 or 6. 



V 



4a-6 



45 miles and 30 miles. 



v 



'^78- 



4 or - 3 or 



l±V-43 



£212|f ; £lbm i £127ff . 

-m(8»i+9). 

301. 

^2 :p2 .. ffip . Yiq^ and 

4.3.2 4J4_ 
1. 2.3^1. 2^1"^*- 

05 = 9 or 4 ; y = 4 or 9. 
' (a-l)2+l)2 



05 = 



n 



2(o-l) 



g(n+l)(n+2). 

c 

360; 108; 120; 36. 

05 = 8 or 2; y = 4; 2 = 2 or 8. 

Horse, £33 ; cow, £13. Two 
ways — either bu3dng 11 
horses and 49 cows, or 24 
horses and 16 cows. 



(64.) 
(65.) 

(66.) 
(67.) 



a!=±8; y=±27. 
3. 

* = 6' * = ^» y = ii 



Vi 



(68.) 
(70.) 

(72.) 
(74.) 

(76.) 

(77.) 
(78.) 

(79.) 
(80.) 

(81.) 
(82.) 



(a+c){h+c) ) 

05 = or ± -5-*' 
2(n - 1) hours. 

a; = |(-l±V5)or±rtV-l. 

Sum of n terms = 2** - 1, 

(n+l)th term = 2". 
•25403. 
3+^ 2-V3 7-V5 

05 = 3. 

Female criminals = f of male 

a; = 4 or 2 ; y = 2 or 4. 
a3+62 



Use 



ab 



> 2. 



(83.) 



Put the fractions each = m, 
and show that (a' + 6^ 
+ <^)m = 0. As the sum 
of three squares cannot be 
nothing, then ap = hx, etc. 

V3±r 



05 



. /V3T1\ 



r*»-l/ 1\ 
(84.)^5Tl(^+iSii)-2n. 



30 
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(85.) 40830. 
(86.)x=>^(V5±l), 

_Vio 



'=avf<^^=^«- 



^^'^ (l-r)(l-6r) • 

(88.) Add, then (a^-a;)2+(ya-y)> 
= a+6, from first {y^-y)^ 
= |a-(a?-a;)(», .*. x = 

j{l ± Jl+2a±2s/2{a+h)-a^i . 
(89.) |; . 

(90.)a;=;y^^, y = Y-^, 



(9L) (a+6K«+y) = c(2+w), etc. 
(92.) ^(4»3+5»-3). 

(l±V5)"+2'» 

(94.) Value of diamond is # , j^> a 
pounds; value of ruby is 

CIO* , 



(96.) a; = i(4a+lT V8a+1), 



y = 4(-i±V8a+l). 

(98.) Either ax = by = cz = 
2dbc 

= and x+y+z = - 1. 



EXAMINATION PAPERS.— (Page 446.) 

(1.) (ab+cd+l^-(JP)». 

(2.) (a)6or2i; (6) ±aV^orO; (c)a; = 4, y = 2, 2 = 5. 

^^•'a+6""6+c c+a a+6+c ' ''a b c* 

(4.) (a)fl5 = 0or -6i; (6)a; = 3, y = -8, 2 = 6; (c)a;=10 or6±2V6, 

_ y = 10 or 6 T 2 V6* 

(5.) V22+V17. 

(6.)±;^; ±V3. 

(7.) Prove first that a :b i:x:y. 
(8.) aj = y = 2 = a. 

,..30(6+0) 30(6 -g) ., , 

(9.) — ^^ , — ^ — miles per hour. 

(10.) Ist, Arithmetical; 2nd, (xeometrical ; 3rd, Harmonical. 

(11.) Take [2] from [1], and [3] from [2], multiply the first remainder 

by 6-c, and the second by a -6, and again subtract. 
(12.) 2a;*-3«3 + 4a;+3. 



• « 



(13.) 



X ^ b^^'Jb^b^^+iar) . 



X 

y 



1 

26** 
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(14.) 
(15. 

(16.) 

(17.: 
(18.] 

(19.: 



(20.: 

(21.] 

(22.: 

(23.: 
(24.: 

(25.: 

(26.] 

(27.: 
(28.: 

(29.] 

(30.: 
(31.: 

(32.; 

(33.) 

(35.] 
(36.] 

(38.: 

(39. 

(40.: 
(41.: 



(42.) 



(a-6)2+(6-c)2+(c-a)2. 

a; = ±l, 3/=±5, g=±2. 

d — c ob—h 

^T^ ounces of the first to — rr ounces of the second. If a > 6 

then c^ > c as appears from the above numerators. 
1-2360. 

, , 12^ ,.. x±l 

^^^(a;2_4)(a;2-9) > ^^' 4 • 

ac-hd ad -he a+& - , . ^ ^ 

:A:V13-1 , - drV13-l 
or 2 , y = -1 or 2 or g • 

60 acres. 

a2+62+c2 = (a+c)2-62, etc. 

Substitute a ± a; for o, etc. 

(a)a; = 5,y = i; (6)x = ±a/^; (c)a;=*orJ^, y=J,;iorf. 
21 feet by 15 feet. 

(a) ic = — or ; {h)x = 5 or 1, y = l or 6 ; (c) re = 8 or 1, 

y = 1 or 8. 
14 miles, 5 miles, and 4 miles per hour. 
289x2(x-3/)2. 

A goes 403|fr yards, B goes 396§f yards. 

(a) ic = 4 V2(a2+62) ; (6) «= ±7 or ± V5i, y = 2 or 0; (c)a; = 8, 

y=-±fV7; 
The ratio is 2 to 5. 

60 miles. 

jb2 = 02 - 2/2 = {z+y){z - y), etc. 

(o) For a^. a^. oW^"*^*''*= a ; (6) 1 ; (c) V7+ V2. 

a; = ±>/4(lzfcV2). 

Art. 237, l-\x+ia?-^^-¥etc.y 1 - 17a; + 102x2 _ 238x3+ etc. 

Arts. 264 and 265. 

jc = 4, y = 2. 

Transpose and resolve into the factors {x-z)'^y^-xz) = 0. 

Put m = 2n or 2n+l, then m(wi-l)(m-3)(m-6) = 4»(n-3) 
(2n - l)(2?i - 3) or 4n(n - l)(2?i + l)(2n - 5). As either w orn - 1 
must be divisible by 2, and alSo either n or n - 3, each of the 
expressions must be divisible by 8. 

r(r+l) , 3»2+ 3/1+2 
2 * ' 2 






>■ 
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2ii(2n-l) 
' 1.3. * 







(43.) 

(44.) ^ • 

(45.)aj = =^2 ■ - ' :•' ' * 

1/3 ff . 189 \ 

(46.>^^l+2 «+5:ip«^+p:y+ ^1 • 

' 12 

(47.) « = ^. _. .^ 

(48.) Sm = 2~-l+ni(iil-l); Se = 1+4+8+14+24+42 = 9a 

3* 
X49.) TheBixthtertll,9«28.19.]!^.^. 

(60.) Art. 230; Ap = 41B800. 

(5L) Art. 215; ~^^ ; 2§. 

(52.) Arts. 241, 242, 243. 

,,„, ;2n 1. 4.9 (6a;-ll) 1 /2 \«-i 

" fourth term, 7.5^. 3^x8. 

(54.) a; = i(V;5+^+V;5i:^), y+2 = i|2(r2+aS)+2(r2-P)-4x2(4, 

y-2=JJ2(r2-o2)+2(r2+f^)-4a;2(*. 

6c ac ^ oft 

(55.) (A-ifeXB-A;)(0-A:)=o6c, A = -+A:, B= . +A;, C=-+*. 

1125 ♦ 

(56.) (a) -3J; (6)2^;(c)lA. 

{67.)x = i;x = i^i2. 

(58.) Arts. 232, 233. 

1 a; 3a;2 HgS 
(59.) 2 + 2* "^ 2** "*" "21*" "^ ®^' 

(60.)a; = 5or-5or±V^26, y=4or-^ or =Fl7V-26-19 ^ 

lo 25 

,_o„, 56 „. =F19V ^26+17 



i* 



ft _ 
I 



.} 



